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PREFACE

The Sindh Textbook Board, is assigned with preparation and publication of the
textbooks to equip our new generation with knowledge, skills and ability to face the
challenges of new millennium in the fields of Science, Technology and Humanities. The
textbooks are also aimed at inculcating the ingredients of universal brotherhood and to
reflect the valiant deeds of our forebears and portray the illuminating patterns of our rich
cultural heritage and tradition.

The textbook, in your hand, of Mathematics for class X has been developed according
to provincial curriculum 2017 in the continuity of Mathematics for class IX. The curriculum
contains 30 units, first 16 units were included in Mathematics for class IX (previous year).
Hence, remaining units (from 17 to 30) are included in this textbook of Mathematics for
class X.

The Sindh Textbook Board has taken great pains and incurred expenditure in
publishing this book inspite of its limitations. A textbook is indeed not the last word and there
is always room for improvement. While the authors have tried their level best to make the
most suitable presentation, both interms of concept and treatment, there may still have some
deficiencies and omissions. Learned teachers and worthy students are, therefore, requested
to be kind enough to point out the shortcomings of the text or diagrams and to communicate
their suggestions and objections for the improvement of the next edition of this book.

In the end, I am thankful to our learned authors, editors and specialist of Board for their
relentless service rendered for the cause of education.

Chairman
Sindh Textbook Board
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SETS AND
FUNCTIONS

Student Learning Outcomes (SLOs) A
After completing this unit, students will be able to:
> Recall the sets denoted byN, W Z, |, ©,IP, Q and R

»  Type of sets and representation of sets
»  Operations on sets
%  Union,
% Intersection,
+» Difference,
% Complement.
»  Symmetric difference of two sets
»  Give formal proof of the following fundamentalproperties of union and intersection of two
or three sets.
< Commutative property of union,

°,

% Commutative property of intersection,

% Associative property of union,

«  Associative property of intersection,

% Distributive property of union over intersection,

®,

% Distributive property of intersection over union,
« De Morgan’s laws.

»  Verify the fundamental property of given sets.

» Use Venn diagrams to represent
<+ Union and intersection of sets,

e

% Complement of a set.
*  Symmetric difference of two sets.
» | Use Venn diagram to verify
« Commutative property of union overintersection of sets,
% De Morgan’s laws,
ﬁ “  Associative laws,

°,

Distributive laws.
Recognize order pairs.
To form Cartesian products.
Define a binary relation and identify its domain and range.
Define a function and identify its domain, co-domain and range.
Demonstrate the following:
% Into and one-one function (injective function),
% Onto function (subjective function), -
< One-one and onto function (bijective function).
Examine whether a given relation is a function ornot.
Differentiate between one-one correspondence andone-one function.

YVVVVVYY
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17.1 Operations on Sets:

17.1(i) Recall the sets denoted byN, W Z, [E,O,P, Q and R
As a matter of fact, set is one of the fundamental concepts of Mathematics which is useful

in formulating and analyzing many mathematical notions. The concept of set, in detail; has

already been discussed in previous classes. Let us recall some important sets.

Set of Natural Numbers: N ={1,2,3,...}
Set of Whole Numbers: W ={0,1,2,3,...}

Set of Integers: 7 {0 +1,+2,43,.. }

Set of Even Numbers: K {0,i2,i4,i6 }

Set of Odd Numbers: ) {+1 13,45,.. }

Set of Prime Numbers: P ={2,3,57,..}

Set of Rational Numbers: Q@ = {x |x= P where p,ge Zag+ 0}
q

Set of Irrational Numbers: Q' = {x |x# swhere p,qe Zng # 0}

Set of Real Numbers: R ={x|x=§vx¢§wherep,qe Z/\q;tO}
ie R=QuQ

Note:

» The above sets can resented by N,W,Z,E,O,P,Q and R.

» R* and IR "denot: of positive and negative real numbers respectively.

» The set of all rati ational and real numbers cannot be written in tabular form

17.1 (ii) Types of sets and representation of sets
Firstly, we discuss the representation of sets. We are already familiar with the three
methods or forms of representing a set which we studied in previous classes. These are
1. Descriptive form.
2. Tabular form or Roster form.
3. Set Builder form.
Recall that, in descriptive form, a set is described by common characteristics of its
elements in any common language, for instance
A = Set of natural numbers between 5 and 10.
In tabular form, a set is described by listing its elements within braces.

The above set is written in tabular form as A ={6, 7, 8,9} while in set builder form a set is

described by common characteristics of its elements using symbols.
The given set A can be written in set builder form as A ={x |xe NA5<x <10}




Example 1: Write the set A ={6,8,10,12} in descriptive and set builder form.

Solution: >
Descriptive form: A = Set of even numbers between 5 and 13

Set builder form: A ={x|xe EA5<x <13}
Example 2: Write the set B= { ylye Pay< 10} in tabular and descriptive form.

Solution:
Tabular form: B={2,3,5,7}
Descriptive form: B = Set of first four prime numbers

Now, we discuss some types of sets.
Empty set or Null set:

A set having no element is called an empty or null set. It is denoted by & or { }

For example: (i) A = Set of even numbers between 5 and 6.
(i) B={x|xeNAx<1}
Finite Set:
A set having limited number of elements is called a finite set.
For example: (i) A= {10,12,14,..., 50}
(if) B=Set of all countries of the world
Remember that the empty set is considered as a finite set.

Infinite Set:
A set having unlimited number of elements is called an infinite set.

For example: (i) P= {10, 20, 30,...}
(i) Q={x|xeQAl<x<2}

Subset:
If every element of set A is also an element of set B then A is called a subset of B. Symbolically
we write as A < B.

For example:If A ={2,3,5,7}, B ={ 1,2,3,4,5,6,7} and C={ 6,7,8,9}
then Ac Bbut A ¢C (A is not subset of C)

A 4
\) Every set is subset of itself.
(i) Empty set is a subset of every set.
\ (iii) Every non-empty set has at least two subsets.

(iv) Number of all subsets of a set of n elements is 2".

Superset:
If set A is subset of set B then B is called superset of A.
Symbolically we write as Bo A

For example: If X={a,e,i,0,u} andY ={a,b,c,...,z} then Y © X




Equal Sets:
Two sets A and B of same order are called equal sets if all the elements of both the sets
are same. Symbolically we write as A = B.

Thus A=Biff AcBand Bc AalsoA=Biff AoBand Bo A

Example: Let A={1,2,3,6},B={x|xe NAx<6} and C = Set of divisiors of 6
Here A=Cbut A#B

Note: Order of set A means the number of elements of A. It is denoted by O(A) or n(A) or |A|.
Equivalent Sets:

Two sets A and B are said to be equivalent sets if their orders are equal. Symbolically,
we write as A~ B, 1.e., A~B iff O(A)=0(B)

Thus, if A ~B then one-one correspondence between their elements can be established.
For example:

LetA ={ x|xeRAx* = 64} and B = Set of prime numbers less than 5.

Here A ~B because O(A)=0(B)=2
Proper Subset:
Let set A is a subset of set B. The set A is called proper subset of B if A # B. Symbolically
we write as A C B.
For example: If A={2,4,6} and B={2,4,6,8}
then Ac B because A is subset of B and A # B.

Improper Subset:
Let set A is a subset of set B. The set A is called improper subset of B iff A =B

For example: If A = { a,b, c} and B =Set of first three letters of English alphabet

then A is improper subset of B.i.e. A=B

Power Set:
The set of all the subsets of set A is called power set of A. It is denoted as P(A).
For example:

If A ={x,y, z} then

R(A)={@ Ayt Az Axut Ay 2 Ax 2h A xy 2}
NA\err set of an empty set is non-empty.

Singleton or Unit Set:
A set having single element is called singleton or unit set.

For example: A={x|xe W Ax<1} is singleton.

Universal Set:
The superset of all the sets under consideration is called universal set. It is denoted by U
or X.

For example: If A={1,2,3,4} and B<{2,4,6} then U= {1,2,3,4,5,6}

Further types of sets will be discussed in section 17.1(iv).




N

Exercise 17.1

1. Write the following sets in tabular form.

(1) A =Set of all integers between —3 and 3 é
(i) B=Set of composite numbers less than 11.

(iii) C={x|erP/\5<xSI3} QQ

(iv) D={y|ye@A7<y<17) @

) E:{z|zeIRAz2=121} @

i) F={p|peQnp*=-1] 5

2. Write the following sets in set builder form.
(1) A = Set of all rational numbers between 5 an : 1 2,3,4,6 12}

(iii) C={0,£1,%2,..,+40}  (iv) D={-4 @ !
(V) E={1,4,9,16,25) (vi) F= @ 7.}
3. Write any five examples of empt
4. Classify the following as finite and
(i) Set of Asian countries.
(i1) Set of all the medical unive of the world.
(iii) Set of all real numbers - 6 and 9.
(iv) Set of all the even p @ umbers.

(v) Setofall odd s than 5.

5. Write an equl , an improper subset and three proper subsets of each of the
following se

) J

(i)

6. Write any two examples of singleton in set builder form.
lte power set of the following sets.

510 15
xlxe ZA— 1<x<4}

> 8 Find a set which has only
(i) two proper subsets.
(i) one proper subset.
(iii) no proper subset.




17.1 (iii) Operations on sets
» Union
> Intersection
» Difference
» Complement
Union of two sets
The union of two sets X and Y, denoted as XU Y, is the set of all those elements which
belong to X or to Y or to both X and Y.

ie., XuY={x|xe Xvxe Y}
For example: If X={1,3,5} andY={1,2,3,4} thenXuY={1,2,3,4,5}

Intersection of two sets
The intersection of two sets X and Y, denoted as X Y, is the set of all those elements
which belong to both X and Y.

ie., XﬁY={x|xe XAxe Y}
For example: If X={2,4,6,8} and Y ={1,2,3,6} thenXnY ={2,6}

Difference of two sets
For any two sets X and Y, the difference X-Y is the set of all the elements which belong
to X but do not belong to Y. It is also denoted as X\Y.

ie., X—Y={x|xe XAxe Y}
Similarly, the difference Y — Xis the set of all the elements which belong to Y but do not belong
to X. It is also denoted as Y\X. i.e, Y=X={y|ye YAy X}
For example:
IfX={4,6,8,9,10} and Y ={2,4,6,8}
then X—Y ={9,10}
and Y-X ={ 2}
Complement of'a set
If set A is a subset of universal set U then the complement of A is the set of all the
elements of U which are not in A. Tt is denoted by A" or A°.
Thus A'=U-A
ie, « A'={x|xe Unx¢ A}
For example: If U={1,2,3,...,20} and A ={1,3,5,...,19} then A’ ={2,4,6,...,20}

17.1 (iv) Symmetric difference of two sets
The symmetric difference of two sets A and B, denoted AAB, is the set of all the elements

of A or B which are not common in both the sets.
ie., AAB={x|xe AUBAXx¢ AmB}

or  AAB=(AUB)-(ANB)




For example: If A ={1, 2,3,4,5} and B ={ 1, 3,5,7} then AAB ={ 2,4, 7}
In continuation of section 17.1(ii), further types of sets are given below:
Disjoint Sets:
Two sets A and B are called disjoint sets if they have no element common
i.e, Two sets A and B are disjoint sets if ANB=
For example: The sets A ={ 1, 3,5} and B ={ 2, 4,6} are disjoint sets.
Overlapping Sets:
Two sets A and B are called overlapping sets if there is at least one element common in
both. Moreover neither of them is subset of other.

ie, Two sets A and B are overlapping sets if AnNB=#< and A /éB or B /éA
For example: The sets A ={ 1, 2,3,4} and B ={ 2,4, 6,8} are overlapping sets.
Exhaustive Sets:
If two sets A and B are subsets of universal set U then A and B are called exhaustive sets
if AUB=U.
For example: If A = { 1, 2,3,4} ,B= { 1,3,5} and U = { 1,2,3,4,5} then A and B are exhaustive
sets because AUB=U
Cells:
If A and B are two non-empty subsets of universal set U then A and B are called cells if
they are disjoint as well as exhaustive sets.
i.e, A and B are called cells if A'and B are non-empty subsets of U and
AnB=Y
Also AUB=U
For example: IfAz{ L3,5, 7,9},B={2, 4,6, 8,10} and U ={1, 2,3,..., 10} then A and B are cells.
Some important laws related to the operations on sets are as under.
Identity Laws:
For any set A
(i) Avd=A (i) AuU=U (i) AnU=A (iv) AN =9
Idempotent Laws:
For any set A
i) AUA=A (i) ANA=A
Laws Jof the Complement:
For any set A
(i) AUA'=U (i) ANnA'=¢
(i) (A) =A (ivv U=Z@and@=U
De Morgan’s Laws:
For any two sets A and B.

() (AUB)=A'NB (i) (ANB)=A"UB




Exercise 17.2

1. Which of the following sets are disjoint, overlapping, exhaustive and cells.
(i) {1,2,3,5,7} and {4,6,8,9,10}

(i) {1,2,3,6} and {1,2,4,8)
(iii) E and O when U = Z (U denotes universal set) Q
(iv) Nand W when U={x|xe ZA x>0} 6

(v) QandQ whenU=R
2. 1fA={1,2,3,4,5,6} and B={2,4,6,8,10} then find

(1) AUB (i1) BN A (iii)  A-
(ivy B-A ) AAB }

en find:
(1) A’ (i1) B’ (ii1)

3. IfU={1,2,3,..,10}, A={1,2,3,4,5} and B= 13d

B (iv) ANB

v) (AUB)  (vi) (ANB) % A'AB' (viii) (AAB)

(ix)y A-B (x) A'-B Q
4. IfU={x|er/\—4<x<6},P A-4< p<6)
oW thd

={q|qe PAg<6} thensh

1) P-Q=PnQ ii Q-P=QnP
(i) (PUQ) =P'NQ (PNQ) =P LUQ

5. IfA={2n|neN |neN } and C={4n|ne N} then find:
(1) Ame AuC (iii) BnC

17.1.2(i) Properties-of Union and Intersection.

Giye formal proof of the following fundamental properties of union and

intersection of two or three sets.
» Commutative Property of Union

We know that for any two sets A and B, AUB=BUA

This property is called commutative property of union.
Proof:
LHS=AUB
:{x|xe Aorxe B} (By definition ofunion)
:{ x|xe Borxe A} ~. Order of elements in a set is not preserved
=BUA (By definition of union)
=R.H.S

LHS=RH.S
AUB=BUA

Hence proved.




» Commutative Property of Intersection

We know that for any two sets A and B,  AnB=BnA

This property is called commutative property of intersection. >
Proof:
LHS=A "B

={x|xe Aandxe B} (By definition of intersection)

= { x|xe Bandxe A} *.* Order of elements in a set is not preserved

=BnNA (By definition of intersection)

=R.H.S

L.HS=R.H.S

AnNB=BnA
Hence proved
» Associative property of union
We are already familiar with associative property of union which is as follows.
For any three sets A, Band C, [A U(BUC) = (AuB)uC|

Proof:
LHS=AuBuUC)
={x|xe Aorxe BUC} (By definition ofunion)
={x|xe Aorxe Borxe C}
={x|xe AUBorxe C} (By definition of union)
=(AUB)UC (By definition of union)
=R.H.S
LH.S=R.H.S
AU(BUC)=(AUB)UC
Hence proved.
» Associative property’of intersection
We already know the associative property of intersection which states that,
for any three sets A,B and C, [An(BNC)=(AnB)N C|

Proof:

LHS=ANn(BNC)
={x|xe Aandxe BNC} (By definition of intersection )
={x | xe A and xe B and xe C}
={x|xe AnBandxe C} (By definition of intersection)
=(AnB)nC (By definition of intersection)

=R.H.S
LH.S=RH.S
AN(BNC)=(AnB)nC
Hence proved.




» Distributive property of union over intersection
We have already studied distributive property of union over intersection in previous

classes which is as follows,
For any three sets A,B and C, |[AU(BNC)=(AUB)n(AUC)

Proof:
LH.S=AU(BNC)

={x|xe Aorxe BNC} (By definition of union)
={x |xe Aor (xe B and xe C)} ( By definition of intersection)
={x|(xe Aorxe B) and (xe Aorxe C)}

= { x|xe AuBandxe Au C} (By definition of union)
=(AUB)N(AUC) (By definition of intersection)
=R.H.S

LHS=R.H.S

AU(BNC)=(AUB)N(AUC)
Hence proved.
» Distributive property of intersection ever union
We are already familiar with distributive property of intersection over union which is as
under.

For any three sets A,B and C, Am(BuC)z(Am B)U(Am C)

Proof:
LH.S=An(BUC)

={x|xe Aandxe BUC} (By definition of intersection)
={x |xe Aand (xe Borxe C)} (By definition of union)
={x|(xe Aand xe B) or (xe Aandxe C)}

= { x|xe AnBorxe An C} (By definition of intersection)
= (A N B) U(Am C) (By definition of union)
=R.H.S

LHS=RH.S

An(BuUC)=(AnB)U(ANC)
Hence proved.




» De Morgan’s Laws
We have already studied in section 17.1(iv) that there are two De Morgan’s Laws which

are as under. >
For any two sets A and B
(i) (AUB)=ANB (i) (ANB)=A"UB

Proof: ()  (AUB) =A' "B’

(
={x|xe Uandx¢ AUB| (By definition of complement)
={x|xe Uand (x¢ Aandxg B)}
={x|(xe Uand x¢ A) and (xe Uand x¢ B)}

={x|xe A’ andxe B'} (By definition of complement)
=A'NnB (By definition of intersection)
=R.H.S

LH.S=R.H.S

(AUB) =A'NB’
Hence proved.
Proof: (i)  (ANB) =A'UB'

LHS=(ANB)
={ x|xe Uandxg An B} (By definition of complement)

={x|xe U and (xeé Aorxg B)}
={x|(xe U and x¢ A) or (xe U and x¢ B)}

={ x|xe Al orxe B’} (By definition of complement)
=A'UB (By definition of union)
=R.H.S

LHS=RH.S

(ANB) =A'UB’

Hence proved.
17.1.2(ii) Verify the fundamental properties of given sets.
Let us verify the fundamental properties with the help of the following examples.

Example 1:
If A={1,2,3,4,6,12} and B <{4,6,8,9,10,12} then verify commutative property of

union and intersection.




Verification:

(a) Commutative property of union

ie. AUB=BUA

LHS=AUB
={1,2,3,4,6,12} L{4,6,8,9,10,12}
={1,2,3,4,6,8,9,10,12}

RHS=BUA
={4,6,8,9,10,12}U{1,2,3,4,6,12}
={1,2,3,4,6,8,9,10,12}

LHS=RHS

AUB=BUA
Hence verified.
Example 2:

(b) Commutative property of intersection
Le. ANnB=BNnA
LHS=ANB
={1,2,3,4,6,12}{4,6,8,9,10,12}
={4,6,12}
RHS=BnA
={ 4,0, 8,9,10,12} 0{1,2,3,4,6,12}
= { 4,6, 12}
LHS=RH.S

ANB=BnA
Hence verified.

If A={1,2,5,10},B={2,3,5,7} and C={1,3,5,7,9} then verify associative property of

union and intersection.

Verification:

(a) Associative property of union
ie. AU(BuC)=(AuB)UC

LHS = Au(BuC)

={1,2,5,10}U[{2,3,5,7} 41,3.5,7.9} |

={1,2,5,10} 1,2,3,5,7,9}
={1,2,3,5,7,9,10}
LHS=RHS
AuU(BUC)=(AUB)UC
Hence verified.
Associative property of intersection
ie. . An(BNC)=(AnB)nC
LHS=AN(BNC)
={1,2,5,10}[{2,3,5,7} {1,3,5,7,9} |
={1,2,5,10} n{3,5,7}

(b)

LHS=RH.S
AN(BNC)=(ANB)NC
Hence verified.

RHS =(AUB)UC
=[{1.2,5.10}1{2,3,5,7} ]{1,3,5,7,9}
={1,2,3,5,7,10} J{1,3,5,7,9}
={1,2,3,5,7,9,10}

RHS=(AnB)nC
=[{1,2,5,10}{2.,3,5,7} |~{1,3,5,7.9}
={2,5}n{1,3,5,7,9}

{3}




Example 3: If A={1,2,3,...,10}, B={2,4,6,8,10} and C={3,6,9} then verify

(a) Distributive property of union over intersection.
(b) Distributive property of intersection over union. >
(a) Verification:
(a) Distributive property of union over intersection

ie, AU(BNC)=(AUB)N(AUC)
LHS=AU(BNC)
={1,2,3,..,10} U[{2,4,6,8,10} ~{3,6,9} |
={1,2,3,...,10} U{6}

={1,2,3,...,10}
RHS=(AUB)N (AuC)
=[{1.2,3,..,10} L{2,4,6,8,10} | n[{1,2,3,...10} U{3,6,9} |
={1,2,3,.. ,10} {1,2,3,...,10}
={1,2,3,...,10}
LHS=RH.S

AU(BNC)=(AUB)n(AUC)

Hence verified.
(b) Distributive property of Intersection over union

ie, An(BUC)=(AnB)U(ANC)
LHS=An(BuC)
={1,2,3,..,10} " [{2,4,6,8,10} L{3,6,9}]
={1,2,3,..,10}n{2,3,4,6,8,9,10}

={2,3,4,6,8,9,10}
(AnB)uU (Am C)
=[{1,2,3,..10} n{2,4,6,8,10} JU[{1,2,3,...10} ~{3,6,9} ]
={2,4,6,8 10} {3,6,9}

={2,3,4,6,8,9,10}

LH.S=R.H.S
ANn(BUC)=(AnB)U(ANC)

R.H.S

Hence verified.




Example 4:  If U={1,2,3,...,20}, A={1,3,5,..,19} and B={2,4,6,...,20} then verify
De Morgan’s laws.

ie, (@ (AUB)=ANB () (ANB) =A'UB'

Verification:

(@ (AUB)=A'NB

LH.S=(AUB)
=U-(AUB)
={1,2,3,..,20} -[{1,3,5,..,19}U{2,4,6...,20} |
={1,2,3,..,20} —{1,2,3,...,20}

RH.S=ANB
=(U-A)n(U-B)
E{ 1,2,3,..,20} —{1,3,5,..,19} | [{1,2.3,....20} —{ 2,4,6,..., 20} |
2,4,6,...,20} N{1,3,5,...,19}

LH.S=R.HS
(AUB)’ =A'NB
Hence verified.
()  (ANB) =A'UB'
L.H.S:(AmB)
U-(ANB)
={1,2.3,...20} - [{
={1,2,3,...,20} -{
=11,2,3,...,20}
RHS=A"UB
=(U-A)u(U-B)
[{1,2,3,...20} -{1,3,5,...19} | U[{1,2,3,..,20} {2,4,6,...,20} |
{2,4,6,...,20} U{1,3,5,...,19}
{1,2,3,...,20}

13,5,..,19}1{2,4,6...,20} |

(
}

LHS=R.H.S
(AN B)’ =A"UB’
Hence verified.




Exercise 17.3
1. Verify the commutative property of union and intersection for the following sets.

(i)A={a,b,c,d,e} andB:{a,e,i,o,u} <

(ii)P={x|er/\—3<x<3} andQ={y|yeE+/\y£4} &
2. Verify the associative property of union and intersection for the followi O
(1) A={1,2,4,5,10,20}, B ={5,10,15,20} and C ={1,2,5,10} ( \
(i) A=N,B=Pand C=2Z 6
3. Verify @
(a) Distributive property of union over intersection.
(b) Distributive property of intersection over union fo @wing sets
1 A ={1,2,3,...,10}, B ={2,3,5,7} and C ={1,3,5,7,9$
(i) A=N,B=P and C=W

4. Verify De Morgan’s laws if &6
U={1,2,3..,12},A ={1,2,3,4,6,12} and B .8}
5. If, A and B are subset of U then prove t ing using properties.

(i) AU(AnB)=AN(AUB) UB=AU(A'NB)
(iii) B=(ANB)U(A'"B) . B=AU(A'NB), ifAcB

17.1.3Venn Diagrams:

We have already studied in previous classes that the sets, their relations and operations

can also be represented geometrically. This geometrical representation is called Venn Diagram
named after the English mathematician John Venn who introduced it in 1881 AD. In Venn

Diagram, a rectangle is usually used to represent the universal set whereas circles or ovals
represent sets.

Recall some Venn diagrams

(i)  Venn diagram showing a set A inside universal set U.

(i1) Venn diagram showing two disjoint sets A and B.




(iii) Venn diagram showing two overlapping (iv) Venn diagram showing a subset B of A. i.e.

sets A and B. Bc A
U U

s El

17.1.3(i) Use Venn diagrams to represent
» Union and intersection of sets
» Complement of a set
» Symmetric difference of two sets
» Union and intersection of sets
In Venn diagram, the union of two sets A and B is represented by the entire region of both
sets A and B. In Fig (i) the shaded or coloured region represents A UB.
Whereas the intersection of two sets A and B is represented by the common region of both
A and B. In Fig (ii), the shaded or coloured region shows A " B.
AUB AnB
U u

A B A B
Fig (i) Fig (ii)
Example 1: If U ={1,2,3,...,10}, A :{1,2,3,4,5} and B ={2,4,6,8} then use Venn diagram to
represent A\UB and A MB:

Solution:
In Fig (a), coloured or shaded region represents In Fig (b), the coloured or shaded region
AUB. represents AN B
From the Venn diagram, we have From the Venn diagram, we have
AUB={1,2,3,4,5,6,8} ANB={2,4}.
AUB ANnB
U A B [U A B
10 10
7 y 7 L




> Complement of a set A’

In Venn diagram, the complement of set A is

represented by the region of universal set excluding L >
the region of A. In Fig (i) shaded or coloured region
represents A'. O

For Example:
If U={1,2,3,...,8}and A ={1,2,3,4} then use Venn y {

diagram to represent A’ \{ (/
Solution: 5 8

In the adjacent Venn diagram Fig (ii) the shaded or
coloured region represents A’ . 7

So we have A’ ={ 5,6,7,8}

Fig (ii)
. AAB
» Symmetric difference of two sets - Y B
In Venn diagram, the symmetric difference of two
sets A and B is represented by the entire region of
both A and B except the common region.
In Fig (i), the coloured or shaded region represents
AAB.
Fig (i)
Example:
If Uz{a,b,c,d,e,f},A={a,c,e} ande{a,b,c} AAB
U A B

then use Venn diagram to represent AAB.
Solution:
In adjacent Venn diagram fig (ii), the shaded or
coloured region represents AAB.

i.e, AAB={b,e} . S

Fig (ii)




17.1.3(ii) Use Venn diagram to verify
» Commutative property of union and intersection
> Associative laws

» Distributive laws
> De Morgan’s laws
» Commutative property of union and intersection
Let us verify the commutative property of union and intersection using Venn diagram
with the help of the following example.

Example: If A= { 1,2,3,4,5, 6} and B = { 4,6, 8} then verify commutative property of union and

intersection using Venn diagram.
Verification: (i) Commutative property of union, i.e., A\ wB=B UA

AUB BUA
A B B A
Fig (1) Fig (ii)
From Venn diagram of Fig. i From Venn diagram of Fig. ii
AUB:{1,2,3,4,5,6,8} BUA={1,2,3,4,5,6,8}
" Shaded or coloured regions and their elements are equal as shown in the Fig (i) and Fig(ii).

.. AuB=B UA
Hence verified.
Verification: (ii) Commutative property of intersection i.e. ANB=BMA.

ANB BnA
A B B A
Fig (i) Fig (ii)
From Venn diagram of Fig. i From Venn diagram of Fig. ii
ANB={4,6} BN A ={4,6}
Shaded or coloured regions and their elements are equal as shown in Fig (i) and Fig (ii)
ANnB=BnA

Hence verified.




» Associative Laws >
In order to verify associative laws using Venn diagram, we take the following
example.
Example:
If A={1,2,3,4,5,6},B={6,8,10} and C={5,6,7,8} then verify associative laws
of union and intersection.
Verification: Associative law of union i.e. AU(BUC)=(AUB)UC

LHS=AU(BUC) RH.S=(AUB)UC
BuUC AUB
A C A C
4

(5)
270

T

B
Fig (iii)
(AUB)UC
A C

B
Fig (ii) Fig (iv)
From Venn diagram of Fig: (ii) From Venn diagram of Fig. (iv)

AU(BUC)={1,2,3,4,5,6,7,8,10} (AUB)UC={1,2,3,4,5,6,7,8,10}
Shaded or coloured regions and their elements as shown in Fig: (ii) and Fig: (iv) are equal
AU(BUC)=(AUB)UC

Hence verified.




Verification: Associative law of intersection i.e. AN ( Bn C) = (Am B)m C
LH.S=AN(BNC) RHS=(ANB)NC

B
Fig () Fig (iii)
ANn(BN C) (AnB)n C
A C A C

B B
Fig (ii) Fig (iv)
From Venn diagram of Fig. (ii) From Venn diagram of Fig. (iv)
AN(BNC)={6} (AnB)nC={6}

Coloured or shaded regions and their elements of Fig:(ii) and Fig:(iv) are equal
AN(BNC)=(AnB)nC

Hence verified.

» Distributive Laws
Now we verify distributive laws using Venn diagram with the help of the following
example.
Example:
Verify distributive laws using Venn diagram

if A={1,2,3,4,5,6},B={3,4,5,6,7} and C={2,4,6,8}.




Verification:
(i) Distributive law of union over intersection

ie. AU(BAC)=(AUB)A(AUC) )
LHS=AU(BNC) RHS=(AUB)N(AUC)
BNC

AU(BN C) (AUB)N(AUC)

A B

S

Fig (i) Fig (iv)
From Venn diagram of Fig.(ii) From Venn diagram of Fig.(v)
AU(BNC)={1,2,3,4,5,6} (AUB)N(AUC)={1,2,3,4,5,6}

Shaded or coloured region and their elements are equal as shown in Fig (ii) and Fig (v)
AU(BNC)=(AUB)N(AUC)

Hence verified.




Verification:
(ii) Distributive law of intersection over union

ie.  An(BUC)=(ANnB)U(ANC)
LHS=AN(BUC) RHS=(ANB)U(ANC)
ANB

B D

(A

Fig (iii)
ANC

A B

Fig (iv)
(AnB)U(ANC)

B U

4

Fig (i1) Fig (v)
From Venn diagram of Fig. (ii) From Venn diagram of Fig. (v)
Am(BUC)={2,3,4,5,6} (AF\B)U(AF\C)={2,3,4,5,6}

Shaded or coloured regions and their elements as shown in Fig. (ii) and Fig. (v) are equal
An(BUC)=(ANB)U(ANC),

Hence verified.




» De Morgan’s Laws
Let us verify De Morgan’s laws using Venn diagram with the help of the following
example.
Example: Verify De Morgan’s laws using Venn diagram.

If U={1,2,3,..,10}, A={1,2,3,4,5,6} and B={2,4,6,8,10}

Verification: (i)(AUB) =A'NB'

LH.S=(AUB) RHS=A"nB’
AUB
A B
8
10
T 9
Fig (1)
U A B
7 9
Fig (iv)
A'NnB
U A B
7 9
From Venn diagram of Fig. (ii) From Venn diagram of Fig. (v)
(AUB) ={7,9) A'NB'={7.9)

Shaded or coloured regions and their elements as shown in Fig. (i) and Fig. (v) are equal
(AUB) =A'NB’
Hence verified.




Verification: (ii) (AmB)' =A'"UB

LHS=(AnB) RIHS=A' UB
ANnB
U A B
7 9
Fig (1)

U
Fig (ii) Fig (v)
From Venn diagram of Fig. (ii) From Venn diagram of Fig. (v)
(AnB) =1,3,5,7,8,9,10} A'UB'={1,3,5,7,8,9,10}

Shaded or coloured regions and their elements as shown in Fig: (ii) and Fig: (v) are equal
(ANB) =A"UB'
Hence verified.




Exercise 17.4
1. If A and B are any two subsets of U then draw Venn diagrams in general of

AUB, AN B, AAB and A - B, if <

(i) A and B are disjoint sets. é

(i) A and B are overlapping sets.
(iii) A is subset of B.
2. Verify commutative property of union and intersection using Venn di i
(6) Az{a,b,c,d,e} and B :{a,e,i,o,u} %
(i) P={12,3,.,10} and Q ={2,4,6,8,10} &
3. Verify De Morgan’s laws using Venn diagram if
A={1,3,5,7,9},B={5,6,7,8} and U={1,2,3,...,10}
4. Verify associative laws and distributive laws using n ram
if A={1,2,3,..,8},B={4,6,7,8,9,10} and C={5;’ }
17.1.4 Ordered pairs and Cartesian products
Cartesian product is named after French mathematician Rene Descartes who introduced
Analytic Geometry. In Analytic Geometry ordered pairs are used to locate points in plane. Let
us discuss ordered pair and Cartesian product in-detail.
17.1.4 (i) Recognize ordered pair

A pair of numbers in which order is maintained is called an ordered pair. For any two
real numbers a and b, if we regard a as first and b as second then the ordered pair of @ and b is

denoted as (a,b). In the ordered pair (a,b), a s called first component or element and b is called

second component or element.
Two ordered pairs are equal if their corresponding components are equal

ie., (a,b)z(c,d) iff a=candb=d
Example: Find x and y if (x+5,8) and (9,y —6) are equal

Solution:

We have (9, y—6)=(x+5,8)
= 9=x+5 and y—6=38
= 9-5=x = y=8+6
or x=4 or y=14

So the value of x and y are 4 and 14 respectively.
1711.4 (ii) To form Cartesian products
If A and B are any two non-empty sets then the Cartesian product of A with B, denoted

as Ax B, is the set of all ordered pairs (a,b) where ae A and b e B.
ie Ax Bz{(a,b) |ae A and be B}

Similarly, Cartesian product of B with A is defined as
BxAz{(b,a) |he B and ae A}




For example: If P ={1,2,4} and Q ={5,10}
then Px Q ={(1,5),(1,10),(2.5),(2.10),(4.5).(4,10)}
and Qx P ={(5,1),(5,2),(5,4),(10,1),(10,2),(10,4)}

Note: O‘
(i) AxBis read as “A cross B”. Q
(ii) IfO(A):m and O(B)=n then O(Ax B)=mn 6

(i) AxB=#=BxA in general A
17.2 Binary Relations

Define a binary relation and identify its domain and range:

» Binary Relation

If A and B are any two non-empty sets then any subset R of the Cartesian product AxB
is called a binary relation from A to B.
Example: If A ={ a,b,c} and B= {2,4} then find

(a) Two relations from A to B.

(b) Three relations from B to A.

(c) Four binary relations in B.
Solution (a) Two relations from A to B

Here, AxB ={(a,2),(a,4),(b,2),(b,4),(c,2),(c,4)}

Now R, ={(a,2),(b.4)} andR 55(5,2).(c.2).(c.4)}
are any two relations from A to B.
(b)  Three relations\from B to A

Here, Bx A ={(2,a),(2,b),(2,c),(4,a),(4,b),(4,c)}
Now R, ={(2.a)}sR,={(2.a),(2.b)} and R, ={(4,a).(4,b),(4.c)}

are any three relations from B to A.
(©) Four'binary relations in B

Here, BxB={(2,2),(2.4),(4.2).(4.4)}
Now ' R;=@, R, ={(2.2)},R;={(2,4),(4.2)} and R, ={(2.2).(2,4)}

are any four binary relations in B.
> Domain and Range of a Binary Relation
Let R be a binary relation from set A to set B. Then domain of R, denoted as Dom R, is
the set of first components of all the ordered pairs of R.
The range of R, denoted as Range R, is the set of second components of all the ordered pairs of

R. For example If A={1,2,3,4} , B={4,5,6,7} and R={(1,4),(2,4),(3,5).(3.6)} is a

binary relation from A to B.
then, DomR={1,2,3} and Range R ={4,5,6}




Example:
If x, ye Nand a binary relation R in N is given as R ={(x, y)|x+y= 5} then write R in tabular

form. Also find its domain and range.
Solution:

In tabular form, R ={(1,4),(2,3),(3,2),(4,1)}
Here DomR ={1,2,3,4}
and  RangeR={1,2,3,4}

17.3 Functions:
Function is one of the basic concepts of calculus, the branch of Mathematics, which has
revolutionized the field of science. Function, in fact, is a rule or relation which relates two sets

or quantities, for instance, area “A” of circle is related with radius “/> by rule A = 7>, At this
level, we will only discuss function on the basis of sets.

17.3 (i) Define a function and identify its domain, ce~-domain and range

A function is a binary relation in which for each element of domain there is one and only
one element of range. For example:{(1,3),(2,4),(3,5),(4, 6)} is a function.
Whereas{(l,5),(2,6),(2,7),(3,9)} is 'not-a function because the element “2” of domain is

associated with more than one element of range.

> Function from set Astorset B
Let A and B beany two non-empty sets and R be a binary relation from A to B. Then R
is called a function from A to B if
)] Domain of R = A
(i)  Every -element of A is associated with unique element of B under R
Le. if (a, b)e R and (a, c)e R then b =c. Functions are usually denoted by letters of
English and Greek alphabets like f, g, h etc and a, f,y etc.

If f'is a function from A to B then we write it as f: A — B, and for every (a,b)e f,bis

called the image of @ under f and we write itas b={ (a )

Example: LetAz{l, 2,3,4} andB={2,3,4,5}.Identify which one of the following is a
function from A to B.

0 Ri={(1,2),(2.3),(34)}

(i) Ry ={(1,2),(23),(2,4),(3,4),(4,5)}




Solution:

Mapping Diagram

O R ={(1,2),(2.3).(3.4)}

R,is not a function because Dom R; # A as shown in
the adjacent mapping diagram.

(i) R,={(12).(2.3).(2.4).(3.4).(45)}
R, is not a function because an element “2” of

domain is not associated with unique element of B as shown
in the adjacent mapping diagram.

(i) Ry ={(1,2),(2.3).(3.4),(4.5)}

R;is a function because Dom R; = A and each

element of domain is associated with uniqueelement of B as
shown in the adjacent mapping diagram.

> Domain, Co-domain and Range
If f is a function from A to B i.e. f: A — B then
A is called its domain (First set)
and B is called its co-domain (Second set)
Whereas,
Range is the set of all the images of f.
Example:

If f is a function from A to B as shown in the given mapping
diagram then write down its domain, co-domain and range. Also write
down the values of f(a) and f(c).

Solution:
From mapping diagram of f

Dom f :Az{a,b,c}, Co-domain off=B={x,y,z} and Range f ={ x,z|
Also f(a)=xandf(c)=z

No?e: 0 Range of f'is subset of its co-domain.
(i)  Every function is a relation but converse is not true.

17.3 (ii) Demonstrate the following
» Into and one-one function (Injective function)
» Onto function (Surjective function)
> One-one and onto function (Bijective function)
First of all we define into function and one-one function.




» Into function:
For any two sets A and B, a function f:A — Bis called into

function if Range of f is proper subset of B (i.e. Range f ¢ B.)
For example: For A ={ X, y,z} and B ={a,b,c},
a function f : A — Bdefined asf ={(x,a),(y,a),(z,b)}

is an into function because Range f — B as shown in the

figure where Range of /' ={a,b}.

> One-one function:
For any two sets A and B, a function f:A — B is called one-one function if distinct

elements of A have distinct images in B. i i
For example: FOI'A={1,2,3} andB={2,3,4}, a functionf: A =B A B
defined as f ={(1,2),(2,3),(3,4)} is one-one function because distinct

elements of A have distinct images in B as shown in the mapping diagram.

> Into and one-one function or injeetive function:
A function which is into as well as one-one, is called an injective function.

For example: For A :{1, 2,3} and & / B
B={2,3,4,5} a function f : A — Bdefined as
f:{(1,2),(2,3),(3,4)} is an-injective function
because it is into as well as one-one as shown in
the mapping diagram Fig (i). Fig (i)
A function g: A — B defined as

g :{(1,3),(2,5),(3,4)} is also an injective

function as shown in mapping diagram Fig (ii).

» Onto fanction or surjective function:
For any two sets A and B, a function f:A — B is called onto function or surjective

function if Range f=B
For example: 2 I .
For A={a,b,c} and B= { p,q} a function f: A —B
defined as
f ={(a, p),(b,q),(c,q)} is an onto  function because

Fig (if)

Range f= B as shown in the adjacent figure.
» One-one and onto function or bijective function:
A function which is one-one as well as onto, is called one-one and onto function or

bijective function.




For example: For A={1,3,5} and B={1,9,25} a functionf:A —B
defined as
f ={(l,1),(3,9),(5, 25)} is a bijective function because it is one-one

as well as onto as shown in the adjacent figure.

17.3 (iii) Examine whether a given relation is a function or not

In order to examine whether a given relation is a function or not we have to concentrate
on domain of the relation.

If there is any element of domain without image or any element of domain with more
than one image in a relation then this relation is not a function.
Example:

Examine the given relations from A to B whose mapping diagrams are given decide
which one is function and which one is not.

(i1) (iii)

(1)
R, R, R,
Aﬁs AEB & ; B

Solution:
R,is not a function because an element “4” of domain is without image.

R, is also not a function because an element “3” of domain has more than one images.

R;is a function because each element of domain has unique image.

17.3 (iv) Differentiate between one-one correspondence and one-one function.

Let A and B be two non-empty sets. In one-one correspondence between A and B, each
element of either set is associated with exactly one element of the other set.

i.e. one-one correspondence always represents a bijective function.

Whereas one-one function is not always bijective.

For example, In figure (i) there is a one-one correspondence.
Whereas in Figure (ii), there is no one-one correspondence but it represents one-one
function. A B A B

Fig (ii)




Exercise 17.5
1. Find the values of x and y if:

(i) (x-510)=(1Ly-7) é
(i) (5x+8,5y-4)=(3x+10,2y+2) O
(iii) (2x—3y,5x+y):(3 16)

2. If set P has 10 elements and Q has 15 elements. Find the number ents of

PxQ,QxPand PxP
3. IfA={1,2},B={2,3} and C={1,3,5} then find:
(i) AxB (i) BxC (iif) ?5@2)

(iv) Bx(AuC) v) (AnB)x(BNC) 6

4. If A={5,6} and B= {1,2,3} then find: &

(i) Three relations in AxB (i)  Four rela ions in Bx A

(iii) Five relations in B @iv) Allre A

5. For two sets A and B, if O(A)= d ):4,then find number of all binary
relations in AxB.

6. Write the following bina relations of AxB in tabular form where
A={0123} and B- {24 ch that ae A and beB

@) {(a b)| b <5)} (i) R,={(ab)|a+b=9)}

(i) Ry = a b) | a—

7. If relatlon y= 2x+5 1s in Z then:

(i) findr n am is 2,—1,0,1,2}

@) fi frange 1s 11 13,15 17}

8 If x,y rep esent elements of W, find domain and range of following relations

|3x+y 11 (i1) {(x,y)|x y—6}
f A—>B is a function given by f={(1,5),(2,6),(3,7),(4,8)} wherc

> A:{l, 2,3,4} and B= Nthen write its domain, co-domain and range. Also write the
values of f(Z) and f(4).

10. If A= { 0,1, 2,3,4} and B= { 2,4,6, 8,10} then find whether the following relation from
A to B are functions or not. If they are functions find their types:

i) R ={(0,2),(1,4),(2.6).(3.8)}




(i) R, ={(0,10),( 18) 26) (2,4),(3.4),(4.2)}

(iii) Ry ={(0,2).(14) 8)a(4’ )} <
(iv) R,= {(02)( 3,2).(4.8)} &
(v) Rg={ 5 O

(0,2), ) (3 8),(4,10)}
11. Which of the followmg is one-one function or one-one correspondencee%‘ther of

them
(i)

® (i)

12. If P={a,b,c}, Q={x,y,z} and R={ p,q,r,s} t&
(1) a function f from P into Q. @

(i1)) a function g from R onto P. Q

(iii) a function h from P to R which is 1%

(iv) a function k from Q to P which is b

?*w Exercise 17
1. Choose the correct optio

@) Which one is subs
(a) Z Q (0 E (d P
(i)  Tabular fo x|xe Zaxt= 25} :

(a) { h‘. ) {55}
@ {5
(iii)

o sets A and B, lfO ) O(B) then
(a) AcB () B=A

6 ©) A B @ AcB
{x|xeN/\x<1}is
N\

>

(a) Singleton (b) Infinite set

(c) Empty set (d) Super set
v) IfA:{1,2,3,4} andB:{2,4,6} then AAB=

(@) {1,2} (b) {6}

() {13} @ {136}




(vi)

(vi)

(viii)

(ix)

x)

(xi)

(xii)

(xiii)

(xiv)

(xv)

(xvi)

Which operation is not commutative

(a) Symmetric difference (b)  Union

(c) Difference (d)  Intersection

{x|xe Pvxe Q}=

(a) PnQ (b) PUQ

() P-Q (d  PAQ

{x|xeUAxg ANB}= :

(a) ANB (b  (AUB)

(©) (AN B) d ANB

For any two non-empty sets A and B, if AuB=Uand AnB= then A and B are
(a) Cells. . (b) Overlapping sets

(c) Equal sets (d)  None

(( A ) _ :

(a) (A) b A

() A (d) B

If AoBthen AUB=—= . .

@ A (b) B

(c) & (d U

In Venn diagram, . is used to represent universal set.
(a) rectangle (b) circle

(c) oval (d)  all of these

1t (x,6)=(2,y—6) thenx+y =

(a) 8 (b) 10 (c) 12 (d)
1f O(AxB)=100 and O(B)=5 then O(A)=

(a) 10 (b) 15 (c) 20 (d)
A function is called surjective ifrange - co-domain

(@) 2 b <

(c) = (d)  all of these

A function is called into ifrange_ co-domain

(@ 2 (b) c

(c) = (d)  none of these
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(xvii) Which one is a function

@ {(2.5).(2.7).(3.8)} ®  {(6.7).(7.6).(6.8)}

(xviii) Which one is always bijective

() {(0,5),(6,0),(5,6)} (d)  none of these Oé

(a) Onto function (b) One-one function
(c) Into function (d) One-one correspondence s.

(xix) If f:N — R then which one is not possible

(2

(xx)  Which one is commutative >
(a) Difference (b)  Union g
1

(a) £(5)=6 ®  f(7)=8
(© f(-2)=6 @  f(9)=0 ®®

(c) Cartesian product (d)  None
If A={1,2,5}, B={2,4,6}, U={1,2,3,4,5,6}, thek
(a) AUB (b) AnB (c) AAB

the following

(d)A-B (e) A (f) B
Verify De Morgan’s laws for the set 2.
Verify commutative properties of uni intersection for the sets.

A:{a,b,d}, B ={a,d,e}
For sets P ={ L 3,5} and Q :Q represent the following set by using Venn diagram.

(a) PUQ (b) PN PAQ (d)P-Q

If A ={ a,c} and en find

(a) Two relation (b) Three relations in B

(c) Three relati x B (d) Two relationsin AUB

If A= ,i@ A ={ 6,8} then find function from A to B, which is
(a) on (b) Into function



Summary
Tabular, descriptive and set builder forms are the method of representation of a set.
Empty set has no element.
If A is subset of B then B is superset of A.
If AcBandBc A then A=B.
Equivalent sets have one-one correspondence.
If AcBand A#Bthen AcB.
Union, intersection, difference, symmetric difference, complementation and™ Cartesian
product are operation on sets.
If AnB={ then A and B are disjoint sets.
If AUB=Uthen A and B are exhaustive sets.
Cells are always disjoint and exhaustive.
Difference and Cartesian product are not commutative.
Union, intersection and symmetric difference are commutative and associative.
Union and intersection are distributive over each other.

De Morgan’s Laws: @) (AUB)' =A'NnB (i) (AN B)' =A'"UB’
Geometrical representation of sets, their relations and operations is called Venn diagram.
Venn diagrams were introduced by John Venn in 1881 AD.

Sets and universal set in Venn diagram are represented by circles or ovals and rectangle
respectively.

If (a,b)=(c,d) & a=cand b=d
O(AxB)=0(A) - O(B)
AxB={(a,b)|ae Anbe B}

Every subset of Cartesian product is called binary relation.
Function is a.binary relation in which each element of domain has unique image.
If f: X'—> Yis a function then X and Y are domain and co-domain respectively whereas
range is the set of all images.
A function'is called (i) Into if range — co-domain (ii) Onto if range = co-domain
(iii) One-one if distinct elements of domain have distinct images in range.
» A function is called
(1) Injective if it is one-one and into. (ii) Surjective if it is onto.
(iii) Bijective if it is one-one and onto
» One-one correspondence is always bijective.
» One-one function is not always bijective.
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VARIATIONS

Student Learning Outcomes (SLOs)
After completing this unit, students will be able to:
»  Define ratios, proportions and variations (direct and inverse).
» Find 3%, 4% proportionals in proportion and mean proportional in.a continued proportion.
»  Apply theorems of:
* invertendo,

R/
R/
%* alternando,

¢ componendo,

*
*
7
+* dividendo and componendo
X3

P
B
** dividendo to find proportions.

Define joint variations.

Solve problems related to joint variations.

Use k- Method to prove conditional equalities involving proportions.
Solve real life problems based on variations.
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18.1: Ratio, Proportions and variations
18.1.1 Define ratio, proportion and variations (direct and inverse)

(a) Ratio:
Ratio is a comparison of two quantities having same units. It is the relation between two
quantities of the same kind. In other words, ratio means what part of one quantity is_of the
other. If a and b are two quantities of the same kind and b is not zero, then the ratio of'a and b

. ) a
is written as a @ :b or —

For example: If in a class there are 13 boys and 8 girls, then the ratio of the number of boys

to the number of girls can be expressed as 13:8 or in fraction E .

Note that:
1) The order of the elements in a ratio i
(ii)) A ratio has no unit.
(iii) In a:b the first term a is c &a ecedent and the second term b
called consequent.

Example 1: Find the ratio
(1) 400m to 900m (i), 700gm to 2kg
(ii1)  30sec to 2min (iv)  Rs 200 to 300gm
Solution:
(1):  Ratio of 400m to 900m

400: 900 = )2

4. 9 is the simplest (lowest) form of the ratio 400 : 900
(i)  Ratio of 700gm to 2 kg
Since, lkg=1000gm

2kg. =2000gm
therefore,
700: 2000 —mzl 7:20
2000 20

(ii1) - Ratio of 30 sec to 2 min
Since, 1 min = 60sec
2 min = 120sec
therefore,

30: 120= 01 =1:4

120 4

(iv)  Ratio of Rs 200 to 300gm
Since, the quantities are not of same kind, so ratio between Rs 200 to 300gm cannot
be found.




Example 2: Find the ratio Sa+2b:4a+3bif a:b=4:5

Solution:  Giventhat a:b=4:5 or % = i

5
Now Sa + 2b : 4a + 3b = 24+ 20
da +3b
S5a+2b a b
__ b _ S(Z)”(Z) (Dividing numerator and
4a+3b a b denominator by “b”
4CH+30) v
b b b
sh+2
_ (5)+ 442 6 30 - (g):(i)
B ) T30 731 0 WS
atyrs 045 23
5 5 5

Hence, 5a + 2b: 4a +3b = 30: 31
Example 3: Find the value of m,when the  Example 4: What number must be added to

ratios 3m +5 : 4m + 3 and 2 :3 are equal. each term of the ratio 4:15 to make it equal
Solution: According to the given condition 2
to —.
N 3m+5 _ 2 3
4dm+3 3 Solution: Let the required number be a.

= 3@m+35)=2(4m+3) According to the given condition

= Om+15=8m+6 4+a 2

=  9m-8m=6-15 = 1s+a 3

= m=-9 = 3@4+a)=2(15+a)

Thus the required value of m is 9. - 1243a=30+2a

= 3a—2a=30-12
= a=18
Thus the required number is 18.

(b) Proportion:
The equality of two ratios is called proportion or a proportion is a statement, which is

expressed as an equivalence of two ratios. If %=2 then a, b, ¢ and d are in proportion and

we can write it as a:b::c:d where quantities a and d are called extremes where b and ¢ are
called means. The proportion of a, b, ¢ and d is written as

a:b:c:d
or a:b=-c:d
a c
or —=—
b d
ad =bc

Note that: The product of extremes = product of means




Example 5:  Find the value of x , if 40:60=50:x

Solution:
Given that 40:60=50:x >
Product of extremes = product of means
40x =60x50
o 60x 50 _ 75
40
e, x = 75
Exercise 18.1 \‘

1. Find the ratio of the following.
i) 70kg and 28kg (ii) 60cm and 1m ii 40sec, 3min
iv) 200 ml and 2/ ) 135° and 360 i)  3.5kg, Skg 200gm
2. In a factory, there are 120 workers in which 45 a n and remaining are men.
Find the ratio of

1) men to women (i1) n to men
(iii)  women to total worker (v to total workers

If 5(4x—2y)=3x—-4y, find x:y ’
Find the value of ‘a’ if the ratios 3a 0 a+5and 4:3 are equal
What number must be added toeach term of the ratio 5:27 to make it equal to 1:3?
If a:b=5:8,find the value o b:5a+7b
Find the value of x in th ing.
() 2x+5:5:3x-2:7 (ii) e B PG
9 5 4 3 2

— 3 3
=2, 2 ’% * @) (@—ab+ b)) et (e by

2 x% x+4 a—b
) ll;x:m: —x:16—x

(e) Variation:

Variation is defined as the change in one quantity due to change in other quantity.
There are two types of variations.

» Direct variation » Inverse variation

Direct Variation:

If two quantities A and B are so related that when A increases (or decreases) in given
ratio, B also increases (or decreases) in the same ratio then this variation is called direct
variation. If a quantity y varies directly with regard to a quantity x , we say that y is directly
proportional to x and is written as y oc X

e B0 B

or y=k x where k=0

The sign oc is called the sign of proportionality or variation and k is called
constant of proportionality or variation.




For example:

(1) Length of side of square and its area are in direct proportion.
(i)  The speed of cycle and covered distance are in direct variation.
Example 1: If y varies directly as x, find

(a) the equation connecting x and y.
(b) the relation between x and y when x=3 and y =7
(c) the value of y when x=24 (d) the value of x when y=21

Solution: (a) - y is directly proportional to x
yocx

Pe y=ke .. (i)
where k is constant of variation

(b) By putting x=3 and y =7 in equation (i),
we get 7=3k = k =§

By putting the value of k in equation (i), we get y = %x ..(i1)

(c) By putting x =24 in equation (ii), we get y = %(24) =56
(d) By putting y = 21, in equation (ii),

:3><21=9

we get, 21=%x = x

Example 2: If y varies directly to the square root of x, y=10 when x=16 , then find y
when x =36
Solution: Given that y varies directly as square root of x

Le. |y« Jx
or. y= kJx ... (1)
where k is constant of variation
By putting x =16 and y =10 in equation (i)

we get 10=kJ16 = k:?:%

By putting k= % in eq (i)

5 .
y= E\/; ..(i1)
By putting x =36 in eq (ii) we get

y=§«/§= y=§(6) =15




Example 3: Given that V varies directly as a cube of » and V = 772 when r=3

Find the value of Vwhenr =7
Solution: Since V varies directly as cube of r.
Va r

V=k* ()

(where k is constant of variation)

By putting =3 and V= g in eq (1)

we get E—k(3)3 :>k=£=ﬁ
7 ” 7x27 21
Hence V= o r (ii)
By putting » =7 in eq: (ii)
88 .5 4312
we get V=—() = —
g 17 3

Inverse Variation:

If two variables (quantities) are related to each other in such a way that increase in
one variable causes decrease in another variable and vice versa then the variables are in

inverse variation to each other. If a quantity 'y

varies inversely with regard to quantity x, we

say that y is inversely proportional to x and we write it as

yoc 1 ory= K where k # 0. (constant of variation)

X X
= =k
Example 1: If y varies inversely as.x and | Example 2: If y varies inversely as the cube
y=7 when x=2.Find y when x =126 root of x and y=27 when x=8. Find x
Solution: Here y varies inversely as x when y=36
ie. yoc 1 Solution: Here y varies inversely as i/;

X

1 k ie 1
= Z k(x) 3% ) Ix
= k=xy .. (1) _ K 3\ = :
By puting y=7 andx=2 ineq (i) ory= P = y(\/;) ko)
we get By putting x=8and y=27 ineq (i)
 k=(2)(7)=14 we get k = (27)(/8) = 54
equation (i) becomes Now by putting k = 54 in eq (i)
B it o 126 e (i) we get yx =54 .. (ii)
wz g ot gX= q Now, by putting y =36 in eq (ii)
(126)y =14 we get (36)(2/2):54
_14 o3
126 36 2
y== = xX= 2
9 8




8.
D

10.

Exercise 18.2

If'y varies directly as x , and y =10 when x =3, find

(i) yinterms of x  (ii) y when x =6 (iti) x wheny=15 <
If VocT and V=15 when T= 24, find &
(i) The equation connecting V and T. (i) V when T =30 O

(iii) T when V=10
If woc /v and =4 when v =64, find the value of u when v =216 and %ofv
when =35 %

If F varies directly as m’ when m =3 and F = 81, find F when m

If y varies inversely as x and y=10 when x =3, find y when

The volume V of a gas varies inversely as square root of th re P of the gas, if
V=12 when P=9, find P when V =4
If F o iz and F=8 when r =2 then find: b

r
@) Fwhen r=5 (ii) 1 when F=24 &
The cube root of x varies as the square of 8 wheny =3 find x when y =%
The force F between two bodies is proportional to the square of the distance
between their centers. If F=2 and d=3 find d when F=72
If y varies inversely as (x—5) =6andx=28, findy when x=10

18.1(ii) Find 3", 4™, proportionéls‘ef*proportion and mean proportional in a continued
proportion

()

We are already familiar with proportion that if a, b, ¢ and d are in proportion then
a:b:c:d
Here a, b, ¢, and d are called first, second, third and fourth proportional respectively
Third proportional

Exampled: Example 2:
If 4,7 and 14 are the first, second and | If (a—b),(a’ +ab+b*) and (a3 —b’)are the

fourth proportional in a proportion
respectively then find its third

first, second and fourth proportional
respectively then find the third proportional.

pfopertional. ) Solution: let x be the third proportional

Solution: let x be the third then

proportional (a=b):(a* +ab+b):x:a’ —b°

then, 2 ' 2 o 373
4:7x:14 = (@ +ab+b)x=(a-b)a -b")

= Tx =56 (@*+ab+b*) x=(a—b)’(a* +ab+b*)

= x=8 N N _(a=b)’(a’ +ab+b")

(a*+ab+b%)
= x= (a-b)




(b)

Example 1:

fourth proportional
Find the fourth proportional if first three proportional are

a+b’,a—band a’ —ab+b*
Solution: let x be the fourth proportional

then @’ +b’:a—b : (a* —ab+b):x
ie. x (&’ +b%) =(a-b)a*—ab+b*)
e (a—b)a’ —ab+b*)

= =
(a+b)a*—ab+b*)
a-b

= xX=
a+b

Continued Proportion and mean proportional

The quantities a, b, c, are said to be in continued proportion if

a:b=b:c
or a:b:b:c  =b’=ac
Here b is called mean proportional

Example 1:  Find a mean proportional of x>~ y* and

Solution: Let z be the mean proportional
then
X oytizng iy
xX+y
e, 2=y D oy
xX+y

= z=(x-))

Example 2:
Solution: Since 7,a—3 and 28 are in continued proportion.
7:a-3:a-3:28
ie. (a-3)=7x28
= (a-3)" = 196
= a-3 =14
= a =14+3
= a =17

1.

Exercise 18.3

Find the third proportional if first, second and fourth proportional are
1) 6, 18 and 54 (i) da —-b’,a+b and a-b
a+b a—ab+b’

Find the value of a if 7,a—3 and 28 are in continued proportion

(i) (x+y),x’+y and x+y  (iv)

2 %9
a -b



2. Find the fourth proportional to
(i) 8,4,2 (i) @ +b,d*-b",a"—ab+ I
(iii) a’—8a+12, a-2, 24’ -124° <

(iv) (a°-b)a —ab+b’),a’+b,a’-b é
3. Find the mean proportional to
(i) 8,18 (i)  Sab’,284’h* :.Q

W s a b . 3 .3 a—b
(i) a —-b e (iv) a-b s
4. Find the value of x in the following continued proportions.
Q) 45x,5 Gi) 16, x ,9 @
i) 12,3%-6, 27 ) Tx312 3
18.2 Theorems on proportions
18.2.1: Apply theorems of invertendo, alternando, componendo, dividendo to solve the
problem of proportions.
(i). Theorem of invertendo:
If a:b=c:d thenb:a=d:c

The above statement is called theorem of invertendo.
Proof: Since a:b=c:d

a_c
b d
b d . . .
—=— (Taklng reciprocal of both 51des)
ie. Z’; a i d:c Hence proved.
For example: (i) If 2:3 = 4:6 then by theorem of invertendo
3:2=6:4
@) . If 4p:5g=2r:5s then by theorem of invertendo
5q:4p=5s:2r

(ii). Theorem of alternando:
If a:b=c:d thena:c=b:d
This statement is called theorem of alternando.
Proof: Since a:b=c:d
a_c
b d
= ad = bc
Dividing both sides by cd
we get

or

we get

:d Hence proved.

1.e. a:




Example:

i) If 2:5=6:15 then by theorem of alternando
2:6=5:15 >

(i1) If 4p—1:2-3¢g=5+2r:2s+1 then by theorem of alternando
4p—-1:5+2r=2-3q:2s+1

(iii) Theorem of componendo:

If a:b=c:d then according to theorem of componendo

(1) a+b:b=c+d:d (i) a:a+b=c:c+d

Since a:b=c:d

a c
or —=—

b d

Adding 1 to both sides

=541

b d

a+b c+d
= =

b d

or a+b:b=c+d:d
Hence proved

.. a c
il —=—
(i1) = 7
b d .
= —=— (By invertendo theorem)
a c
By adding .1 to both sides
2+1:ﬂ+1
a c
b+a d+c
a c
a c
- =
b+a c+d
or aa+b=c:c+d

Hence proved
If p+2:g=r:5-3 then by theorem of componendo (i)
p+2+q:gq=r+s-3:5-3

Similarly by theorem of componendo (ii)
p+2:p+24+qg=r:r+s-3

(iv). Theorem of Dividendo:
If a:b=c:d then according to theorem of dividendo

(1) a—b:b=c—-d:d (ii) a:a—b=c:c—d




Proof: (i) Since a:b=c :d

(ii) Since a:b=c :d

a c a c
or  —== or  —=—
b d b d
Subtracting 1 from both sides. N b_d (By invertendo theorem)
a C a C
b 1= d 1 Subtracting 1 from both sides.
a—b:c—d 2_1:1_1
b d a c
or a-b:b=c—-d:d b—a d-c
Hence proved. a c
= a __ ¢ (By invertendo theorem)
b—a d-c
or a:b—a=c:d-c
Hence proved.
Example:

If m+5:n—3=4p+7:3q+2 then show that m—n+8:n—-3=4p—-3g+5:3g+2
Solution: Since

or

v).

m+5:n-3=4p+7:3g+2

m+5 4p+7

By dividendo theorem
(m+5)—(n-3)_(4p+7)—(3q+2)

n-3 3g+2
m-n+8 “4p=3q+5
n=3 3g+2

i.e. m—n+8:n—3=4p—-3g+5:3g+2
Hence shown.

Theorem of componendo and dividendo:

If a:b=c:d then according to theorem of componendo and dividendo

6) at+b:a—-b=c+d:c—d
(ii) a—b:a+b=c—d :c+d

Example 1: If m:n= p g then show that 3m—2n:3m+2n=3p—-2q:3p+2¢q
Solution: Since m:n=p g

o Mm_P
n q

Multiplying both sides by%




3m_3p
2n 2q

By using componendo and dividendo theorem (ii) >

3m—2n 3p-2q
3m+2n 3p+2q

or 3m—-2n:3m+2n=3p—-2q:3p+2¢q
Hence shown.
Example 2: If 3p+4q:3p—4q=3r+4s:3r—4s then show that p:g=rss
Solution: Since 3p+4q:3p—4q=3r+4s:3r—4s
By using componendo and dividendo theorem (i)
GBp+4q)+(3Bp—-4q)  (Br+4s)+3r—4s
(Bp+49)—-Bp—-4q) (Br+4s)—(Br—4s)
3p+4q+3p—4q 3r+4s+3r—4s
3p+4q-3p+4q 3r+4s-3r+4s
Sp _ & (by cancelling éfrom both side)
8q 8s 8
. p_r
q s
or pig=r:s
Hence shown.
Example 3: Using theorem of componendo and dividend theorem find the value of x .

Jx+6-x—6_2
x+6+x—6 5
Jrr6-Jx-6 2
x+6+\/ﬁ_§

By componendo and dividendo theorem squaring both sides
(Wx+6-Jx=6)+(Nx+6+x-6) 2+5 46 49
(Vx+6=x=6)—(Nx+6+x-6) 2-5 6 9

if

Solution: We have

VX6 -Vx—6+x+6+Jx-6 7 9x+54=49x~294
\/x+6—\/x—6—\/x+6—\/x—6_—_3 9x—49x=-294-54
2Wx+6 7 Jx+6 7 —40x =-348
6 3 6 3 _348_87

xX=
40 10




Example 4: Solve the equation:

theorem.

Solution: We have

(x+3)+(x-1 _5

(x+37—(x—-1> 4

(x+3+(x=D* 5
(x+3)°—(x-1)> 4

By componendo and dividendo theorem

Example 5: Prove that a:b=c:d if

Solution:

Since

(x+3)°+(x—1)7+(x+3)—(x—1)> 5+4

— by using componendo and dividendo

(x+3)7+(x—1)> = (x+3)>+(x—1)> 5-4

2(x+3)2_2
2(x—1)2 1

2
(x+3j _9
x—1
x+3=i3
x—1
x+3:3 or x+3:_3
x—1 x=1
x+3=3x-3 x+3=-3x+3
—2x=-6 4x=0
x=3 x=0

The solution set is {0,3}

ac* —bd? ) o —-d’

ac® +bd* & +d®

ac*=bd* B P
ac’ +bd* F+d°
By componendo and dividendo theorem
ac® —bd* + ac® + bd* 3 c-d+l+d’
ac* —bd*—ac* —bd* F-d*-F-d°

2ac? 203

2bd® 2d°
a C
= —==
b d

or a:b=c:d

Hence Proved.



Exercise 18.4

If x:y=2z :w then prove that
4x+3y 4z +3w

Sx-3y 5z-3w

4x-3y 4z -3w

2x+3y+2z+3w _ 2x-3y+2z-3w

5x+3y  S5z+3w
3x+2y 3z+2w
3x-2y 3z-2w

2x+3y—2z-3w - 2x—-3y—2z+3w
Prove that a:b=c:d if
a’—b*:a’+b*=ac—bd :ac+bd
atb+c+d a-b+c-d
a+b—c—d (6

Solve the following equation by using compone 1dend0 theorem
(x+3)* = (x-5)° _
(x+3) +(x=5)> 5
Vers 51
Jx-5+Jx=5 10

18.3 Joint variation
18.3(i) Define joint variation

a—-b—c+d

@ W G-

When a variable depends on the product or quotient of two or more variables is called
the joint variation. In other words, joint variation occurs when a variable varies directly or
inversely with multiple variables.

For example
(i) If x varies directly with both y and z we have xoc yz = x=kyz

D

x+1+

JxT—J;cTz

(x+3) +(x=1)"

(i1) If x varies directly with y and inversely with z we have x oc

18.3 (ii) Solve problem related to joint variation.

If y varies directly as x z°
ywhenx=-81 and z=5

Solution . Since y varies directly as x z°

By putting, y=4, x=6 andz=3 ineq (i)

4=/ (6) (3)

and y=4 when x=6 and z=3. Find the value of

S x=—=



. 2. .
By putting, k= > in eq (i)

2 ..
weget y= 77 ¥ z* ...(ii)

Now by putting x = —8l and z=5 ineq (ii)
y= 2—27 (-81) (5)* = 2(-3)(25)=-150
Example 2. If s varies directly as v’ and inversely as Jtuand s =16 when v.= 4,t=9 and

u = 24; find the value of s whenu =25,t=36and v=>5.
Solution. Since s varies directly as v’ and inversely as «/; u.

V3 V3 .
SOCW = S:kﬁ - (1) By putting k =18 in eq (i)
By putting s=16,v=4,t=9 and S:18V3 ... (ii)
u=24ineq (i) ut
k(4)3 By putting u=25,t=36 and v =5 in eq (ii)
:\/5(24) we get
18 (5)° 18x125
 k(64) T2 s= = =15
16=—"= = k=l6x— =18 V36 (25)  6x25

U Exercise 18.5
w and z and y=6 when x=4,z=9. Write y as a function of x

e value of y when x=-8 and z=12
2. Ifyw 'em y asx and u’and inversely asv and t. y=40 when x=8, u=5,v=3
ant&l in terms of x,u,v and t. Also find the value of y when x=-2, u=4,
v =3,t=-1.
varies directly as u” and inversely as cubic root of v and w =216 when u = 6
v=27. Find the value of w when u =10 and v =125.
the time period T of simple pendulum is directly proportional to the square root of
\ its length L and inversely proportional to the square root of acceleration due to
> gravity ‘g’ if T =2sec L=100cm and g =9.8m/s. Find time period of simple pendulum
when L =200m and g =7.6 at a particular height.
5. The volume V of a particular gas is directly proportional to the temperature T and

inversely proportional to the square root of pressure. If V=100, T =30 and P =64.
Find the value of V when T=60 and P=81.

and z and de




18.4 k—Method
When two or more ratios are equal many useful proportion may be proved by introducing
a single symbol ‘k’ to denote each of the equal ratios. This method of using symbol k to each
ratio is called k-method, the k method is a very useful method in solving many problems. >
18.4 (i) Use k-method to prove conditional equalities involving proportions
If a:b::c:d is a proportion.
Then by k — method

e 2 - S g
b d

- 2 _k and £ =k

b
a=bk..(i) and c=dk .. (i)

By using these equations, we can solve problem relating to proportion.

8a-5b 8c-5d

Examplel. If a:b::c:d then show that =
8a+5b 8c+5d

Solution: Since a : b =c : d

Let £ =25 =%
b d

Then a=>bk andc =dk.
NowLH§ - 8a-35b _ 8bk-5b  b(8k-5) _8k-5
8a+5b 8bk+5b b@Bk+5) 8k+5
8c—5d 8dk—5d . d®k-5) 8k—5
8c+5d 8dk+5d  d(8k+5) 8k+5
LHS=RHS
8a—5b  8c—5d
8a+5b  8¢+5d
Hence shown.

RHS =

(a+c+e) _ace

Example2: fes’-° then prove then = )
b d f (b+d+f) bdf
Proof: wehave & = £ = £
b d f
Let a_ < _ £=k
b d
Then ﬁ:k,ﬁzk,ﬁzk
b d f
= a=bk c=dk and e= fk
. > [k(b+d+ )]
LHS = (a+cte)  (bk+dk+ fky [k N] o

C(b+d+ [ (b+d+f)Y  (b+d+[f)




Ibdf

RS = dce _ (Ok)dk)(fK) _ _ 8
bdf bdf bdf
LH.S= RH.S
(a+c+e)’ _ ace
(b+d+ f)  bdf
Hence proved.
Example 3:
If % = 2 = ? then show that(a’ +c* +&*)(b* +d” + f*)=(ab+cd +ef )
Proof: Let a_ < i:k
b d f
= a=bk, c=dkande=fk

LHS = (@*+c*+e) (B*+d* + )
= VI +d K+ k) (B +dP+ 1)
=KW +d+ ) O +d+ )
— (B +d* + 7Y

R.H.S =(ab+cd+ef)
= [0 k)b+(d k)d +(f k) /]
(kb + kd*+ ks ]
=[P+ d* + 1) ]
=KE®+d+ )
LHS=RHS

(@+c+e) b +d*+ f*)=(ab+cd+ef )

1. If p:g= r@show that
-

. 8p-3 3s
0 2=Lc
3 8r+3s
3 1"3
(1 p +q2). —(r2 +s2):
p+q r+s
6 p-q. r-s s
\ p p+q ror+s
v If a:b=c:d=e:f thenshow that

a'b’+a’ e-e'f a

B°+b* f7-f° bt
2 2 2
ac ce ea a C e
(i) —H+—t+— = S+—+—
bd df fb b d f

Hence shown.

Exercise 18.6

i) 3,5

(iv)

ab+cld+e’f a+cte
b+d+ f

(i)

ab’ +cd’ + ef?




18.4 (ii) Solve real life problems based on variations:
Example 1.
The potential energy of a body varies jointly as the mass “m” of the body and the

height “h” If potential energy is 1960 joules when m=2kg and h=100

then determine

potential energy of the body having mass 5kg and height 300m.

€6 9

Solution: Since potential energy “p
i.e. poc mh

varies jointly as the mass m and the height h

p =kmbh ... (i) when k is constant of proportionality
By putting m =2, h=100 and p= 1960 in equation (i)

We get 1960 =k (2) (100) = k=—r=

1960 9.8
200

By putting the value of k in equal (i),

»=9.8mh ... (i)

Now by putting m=5 and h =300 in eq: (ii)
We get p =9.8 (5) (300) = 14700 joules.

Example 2.
According to Hook’s law the force F applied
to stretch a spring varies directly as the
amount of elongation S when F=64 /band
S=3.2 inches.

Find. (i) S when F=100 /b

(i1) F when S=0.4 inches.
Solution: Since Foc S
F=kS... (1)
By Putting F=64 & S=3.2
we get
64=3.2 k
k= 9 =20

32

By putting k=20 ineq (i)
we get F=20 S ... (ii)

6) By putting F=100 in eq (ii)
we get 100=20 S
= S=5 inch

(i) By putting S=0.4 in eq (ii)

We get F=20(0.4)=81b

Example,3:
Labour cost C varies jointly as the number of
workers “n” and the average number of days
d, if the cost of 200 workers for 10 days is
Rs.450,000. Find the labour cost of 300
workers for 16 days.
Solution: Since cost varies directly as the
number of workers and the days.
e, Cond

C=knd 6))]
By putting C=450,000,7 =200 and d =10
in eq (1)

450,000 = £(200)(10)

_ 450,000 _ 25
2000

By putting £ =225 in eq (i)
we get C=225-nd (i1)

By putting 7 =300 and d =16 in eq (ii)
we get C=225x300x16
C =1080000
Hence the cost for 300 workers for 16 days is
Rs.1080000.




Example 4:

The expenses of a hostel are partly constant and partly vary according to the number

of students. When the number of students are 140 the expenditure is Rs 19300 and for 200
students the expenditure is Rs 26500. Find the expenses when number of students are 300.
Solution: Let the constant expenses be denoted as C, Q denotes partly expense, x is the number
of students and P denotes the total expense.

1e.,

A 4

M. Multiple Choice Question

Since the expenses varies directly to number of students.

Qo x

Q = nx where n is constant

P=C+Q
P=C+nx .. where n is constant
According to given condition
Hence 19300 =C+140n ..(1)
and  26500=C+200n ..(11)
also P=C+300n ...(1i1)

From (i) and (ii), we get n =120 and C = 2500
Now, equation (iii) becomes
P =2500+300(120) = 38500

The total expense for 300 students is 38500.

Exercisé' 18.7

The current in a wire is directly proportional to the potential difference and
inversely proportional to %tance R. If [=6 amperes, when V=220 volts and
R=5 ohms. Find [ when 80 volts and R=8 ohms
The intensity of | asured in foot candles varies inversly with the square of the
distance fro ource. Suppose the intensity of a high bulb is 0.08 foot
candles at a di e of 3 meters .find the intensity level at 8 meters.
The streng f'a rectangular beam can varies directly as the breadth b and the
square o+pth d. if a bean 9 cm wide a 12 cm deep with support 1200 pound.

t a bean of 12 cm wide and 9cm deep will support.

or C varies jointly as the number of worker n and the average number of
days'd, if the cost of 100 workers for 15 days is 9000, then find the labour cost of

2

300 workers for 20 days.
Qhe sales tax on the purchase of a new car varies directly as the price of a car. If a

O

new car is purchased in Rs 2000000, then the sale tax is Rs 40000. How much sale
tax is charged if the new car is priced at Rs 2800000.

Review Exercise 18

Select the correct option in the following

(1)
(ii)

In a proportion p:g::r:s, pis called

(a) third proportional (b) mean (c) fourth proportional  (d)first proportional

Inaratio/:m , [ is called
(a) consequent (b) antecedent (c) relation (d) non of these




(iii)
(iv)

™)

(vi)

(vii)

(viii)

(ix)

)

(x1)
(xii)

(xiii)

(xiv)

In aratio u:v, v is called

(a) antecedent (b) consequent (c) relation (d) non of these
If a,b,c are in continued proportion then b is called
a&c
(a) 1* (b) mean (c) 3 (d) None of these
The mean proportional between ¢ and b” is N
(a) ab (b) ab © (d) ~ab
If x+5:x+7=5:7 then x is equal to
(a) 2 (b) -1 (c) 0 (d) 1
If 1,9, x and 45 are in proportion, then x =
(a) 27 (b) % (c) 5 (d) 405

If p:q=r:s then p:r=g:s this property is called
(a) compodendo (b) invertendo (¢) dividendo
If x: y=2z:w then according to componendo

(@

X z X z

(b)

X+y z+w X—y z—-w
x— zZ—w x— z—w
@ =2= @ =2-
x+y z4+w ¥y w
If a:b=c :d then according to alternando property
a c at+b  c+d b d
a _——= — = C _——= —
(a) P (b) p - (©) 0 e
The fourth proportional to 3,5,12 is
(a) 20 (b) 15 (c) 60
If2x, 3y and 6z are in continued proportion then
(@) Y =12xy ®) 9y’ =xz (c) 9y* =12xz

2= then according to dividendo property is
y Z

xX— w—z X+ w+z
@ == b =222
Yy z Yy z
() E (d) None of these
X+y w+z
Force and acceleration are in
(a) direct proportion (b) joint proportion

(c) inverse proportion (d) None of these

proportion between

(d) alternando



(xv)

2.

YV V VV V V

If a:4::15:5 thena =

(a) 20 (b) 15 (c) 12 (d) 10
Find the ratios of the

(i) 100m and 500cm (i) 50kg and 300g

Find the value of x in the following

(1) 5:x=3=x+11:3 (1) 9:x-10=x+13:12

If y varies directly as x and y = 25 when x = 75 then find y when x = 144.

1
If y varies inversely as x and y = 100 when x = 5 then find y when x=4.

If x:y=2z: w then prove that TxtSy _Tz +5W.
Tx-5y 7Tz +5w

(x=3)(x-5) (x—6)(x-2)

Solve (x = 7) ( . 2) (x = 1) (x = 8) by componendo — dividendo theorem.

If x varies directly as y and inversely as z. If x = 30-when y = 15 and z = 2. Find x if
y =230 when z=12.

The current in a circuit varies inversely with (its resistance measured in ohms. When
the current in a circuit is 40 ampere, the resistance in 10ohms. Find the current if
resistance is 12 ohm.

Summary
The comparison between two-quantities of the same kind is called ratio

If two ratio a: b and ¢ :d are equal then we can write.
a:bicid

Equality of two ratios is called proportion.
If two quantities are related in such a way that increase (decrease) in one quantity
causes increase (decrease) respectively in the other quantity is called direct variation.
If two.quantities are related in such a way that when one quantity increase, then the
other decreases and vice versa is called the quantities are in direct variation.
Theorems on proportion
(@) Theorems invertando If a:b=c:dthen b:a = :c
(i) © Theorems of alternendo If a:b=c:d then a:c b:d
(iii)  Theorems of componendo

If a:b=c:dthen (a) a+b:b=c+d:d (b) a:a+b=c:c+d
(iv) Theorem of dividend

If a:b=c:dthen a-b:b=c—d:d and a:a-b=c:c—d
) Theorem componendo and dividendo

If a:b=c:d then

a+b:a—b=c—d:c—d

> If one variable varies directly or inversely with two or more than two variables then it

is called joint variation




MATRICES AND
DETERMINANTS

Student Learning Outcomes (SLOs)

After completing this unit, students will be able to:

»  Define >
« A matrix with real entries and relate its

rectangular layout (formation) with 5

representation in real life aswell.

v

< Know about the rows and columns of a
matrix,

Y VY

< The order/size of a matrix,
< Equality of two matrices.

»  Define and identify row matrix, column matrix,
rectangular matrix, square matrix, zero/null
matrix, identity/unit matrix, scalar -matrix,
diagonal matrix, transpose of a matrix, »
symmetric (upto three by three,3 x 3) and
skew-symmetric matrices.

» Know whether the given matrices
conformable for addition and subtraction.

v

are
r

» Scalar multiplication of a matrix by a real
number.

> Add and subtract matrices

» Verify commutative and associative laws
w.r.t.addition:

»  Define additive identity of a matrix.

»  Find additive inverse of a matrix.

» Know whether the given matrices are
conformable for multiplication.

»  Multiply two (or three) matrices.

> Verify associative law under multiplication.

> Verify distributive laws.

» Verify, with the help of an example that
commutative law w.r.t. multiplication does
not hold, in general. (i.e., 4B # BA),

\ »  Define multiplicative identity of a matrix.

Verify the result (4B)" = B' 4".

A matrix with real entries and relate its
rectangular layout (formation) with

Define the determinant of a square matrix.
Finding the value of determinant of a matrix.
Define singular and non-singular matrices.
Define minors and co-factors

Define adjoint of a matrix.

Find the multiplicative inverse of a non-
singular matrix 4 and verify that 44 =1 = 4
’A, where, I isthe identity matrix.

Use the adjoint method to calculate inverse of
a non- singular matrix.

Verify the result (4B)! = B4,

Solve the system of two linear equations,
related to real life problems, in two unknowns
using

< Matrix inversion method.

< Cramer’s rule.




19.1 Introduction to Matrices

The matrices belong to a field of mathematics, that is, linear algebra. It is mainly used
in business, engineering, physics and computer science. Arthur Cayley (1821-1895) was the
first mathematician who developed the theory of matrices.

19.1 (i) Define a matrix with real entries and relate its rectangular layout (formation)with
representation in real life as well.

A matrix is a rectangular array of elements. The elements can be symbolic expressions
or numbers. Matrix is usually denoted by capital letter of English alphabet and each entry (or
"element") is shown by a lower-case letter. Elements of a matrix are enclosed within [ ] or ().
For example:

a,  dp 4 a, dp 4y
A=|ay, a, ay|orA=|a, ay, ay Q)]
as; 43 Ay a;; 4y Gy

Here a,,,a,, and a;; are the elements of main diagonal and are called diagonal elements.

Let us take an example of matrix in real life, following table shows the number of
residents, televisions and computers in three houses as
Residents Televisions Computers

House A 4 2 1
House B 6 2 3
House C 2 1 0
The above data can be written in matrix form as
4 2 1
6 2 3
210

Note: The Wa@y&rd “Matrix” is “Matrices”.
19.1 (ii) Know about the rows and columns of a matrix

The horizontal line of entries in a matrix is called row of a matrix and the vertical line
of entries in a matrix is called column of a matrix.
2 5 1 4
6 3 -2 0
consists of two rows. It has four vertical lines of entries so it consists of four columns.
19.1.(iii) The order/size of a matrix

The order or size of a matrix is defined by the number of rows and columns it contains.
The order of matrix is represented by mx n (read as m by n) where m is the number of rows, and
n is the number of columns in the given matrix. For example,

For Example, matrix A={ J has two horizontal lines of entries so it

3 4 9 .
A= then orderof A is 2 x3

12 11 35




19.1.(iv) Equality of two matrices
Two matrices A and B are called equal matrices if they have the same order and their
corresponding elements are equal. Symbolically, we write as A = B. For example, >

2 6 1 2 6 1 .
A= and B= 5 3 are equal matrices

0 5 3 0
b2 1 2 3

P=|3 4 |andQ =(4 s 6) are not equal matrices because their orders are not same.
5 4

19.2  Types of Matrices

19.2.(i) Define and identify row matrix, column matrix, sectangular matrix, square
matrix, zero/null matrix, identity/unit matrix, scalar “matrix, diagonal matrix,
transpose of a matrix, symmetric (up to three‘by three, (3x3) and skew-
symmetric matrices.

Row matrix
A matrix having one row is called row matrix.
For example, [I 4 7]and[4 3 8 6]are row matrices.

Column matrix
A matrix having one column is called column matrix.

1
’ 2
For example, | 5 |and 0 are column matrices.
9
5

Rectangular matrix
A matrix in which number of rows is not equal to number of columns is called
rectangular matrix. i.e. m= n For example,

2 1
3 53 9 _
A= ; B= ; C=| 7 2 |are rectangular matrices.
-1 1 -7 10 -

Squareimatrix
A matrix in which number of rows is equal to number of columns, is called square
matrix. i.e. m = n. For example

x y z 1
9 5 2
3 2 a b c 1
A=14,B=185andC= Ll
r
31 6 P4
m n o 1




Zero/null matrix
A zero/null matrix is a matrix in which each element is equal to zero. It is generally
denoted by capital letter "O". Following are few examples of zero matrix.

0 0 00
00
JO0land [0 O O].
00
0 0 00

Diagonal matrix
A square matrix is called diagonal matrix if all the elements of matrix are zero except at
least one element of main diagonal.

5 0 1 00 300
For example, A = L) 4} ,B=[0 5 0|andC=|0 0 O | are diagonal matrices.
00 7 0 0 -1

Scalar matrix
A diagonal matrix in which diagonal elements are same. For example,

- 500 k0.0
A= [0 3} B=10 5 0|andC=|0 £k O] are scalar matrices.
0 05 0 0 k

Identity/unit matrix
A diagonal matrix in which each-element of main diagonal is 1. It is generally denoted
by capital letter "I". For example,

1 00
10
L=,  |[h=]0 1 o

00 1

Transpose of a matrix
A matrix that is obtained by interchanging the rows into columns or the columns into

rows, is called transpose of the matrix. It is denoted by A".
1 5

1 40
For example, transpose of [ 4 6 |is .
0 7 56 7

Symmetric matrix
A square matrix is said to be symmetric matrix if its transpose is equal to itself. i.e.

A'=A.

1 2 17 1 2 17
For example, if A=| 25 —1l|then A'=| 2 5 -11]|. As A'=A,s0 Ais
17 -11 9 17 -11 9

a symmetric matrix.




Skew-symmetric matrix
A square matrix is said to be skew-symmetric matrix if its transpose is equal to negative

of itselfi.e, A'=—A.

0 3 4 0 -3 -4
For example, if A=|-3 0 7|then A'=|3 0 -7|=-A.
-4 -7 0 4 7 0

As A'=-A, so A is skew-symmertic matrix.

19.3 Addition and Subtraction of Matrices

19.3.(i) Know whether the given matrices are conformable for addition and subtraction
If two matrices A and B have the same order, then they are conformable for addition and

1 4
subtraction. For example, [4 3

19.3.(ii) Scalar multiplication of a matrix by a real number

The scalar multiplication of a matrix refers to the product of a real number and the
matrix. In scalar multiplication, each entry in the matrix is multiplied by the given scalar. Here,
if ¢ is a scalar and A is a matrix then scalar multiplication of a matrix is denoted by cA. For

2 6
} and L 9} are conformable for addition and subtraction.

example,
0 -1 5 0 -1 5
IfA=|-3 2 1 |andc=-5thencA=-5|-3 2 1
2 0 -4 2 0 -4
0 5 =25
e cA=| 15 -10 -5
-10 0 20

19.3.(iii) Add and Subtract Matrices
The addition and subtraction of two matrices A and B are obtained by adding or
subtracting of the corresponding elements of both matrices.

2 5 1 4 2+1 5+4 39
For example, If A= and B= then A+B= = .
-1 3 37 -1+3 347 2 10

For subtraction,

1 0 2 10 4 2 1-10 0-4 2-2 -9 4 0
ifP=4 6 1|,0=2 7 1fjthenP-Q0=|4-2 6-7 1-1|=12 -1 0
-2 9 0 1 9 4 -2-1 9-9 0-4 -3 0 4

19.3.(iv) Verify commutative and associative laws w.r.t addition

Commutative law w.r.t addition

If A and B are two matrices of the same order, then the commutative law of addition is
definedas A+B =B + A.

)



Example:

1 0 2 10 4 2
Verify commutative law w.r.t addition for A=| 4 6 1 |and B=| 2 7 1
-2 90 1 9 4

Here,
1+10 0+4 2+2 11 4 4

A+B=|4+2 6+7 1+1 |=| 6 13 2
-2+1 9+9 0+4 -1 18 4
Now,
10+1 4+0 2+2 11 4 4
B+A=|2+4 7+6 1+1 |=| 6 13 2|
1-2 9+9 4+0 -1 18 4

Since A+B=B+ A . Therefore, commutative law w.r.t addition is verified.
Associative law w.r.t addition

If A, B and C are three matrices of the same order, then the associative law of addition
is defined as (A + B) +C = A+ (B + C).

Example:
, . . 1 2 56 9 10
Verify associative law w.r.t addition for 4 = ,B= and C= .
3 4 7 8 11 12
Here,
(1 2) (5.6)] (9 10) (6 8) (9 10
(A+B)+C= + + = +
13 4) (7 38 11 12 10 12) (11 12
15 18
(A+B)+C=
21 24
Now

1 2 56 9 10 1 2) (14 16
A+(B+C)= + + = +
3 4 7 8) U1 12 3 4) (18 20
15 18
A+(B+C)=
21 24

Since (A+B)+C=A+(B+C)
Therefore, Associative law w.r.t addition is verified.
19.3.(v) Define additive identity of a matrix
If A and O are two matrices of the same order and A + O = A = O + A.Here O is null
matrix and called additive identity of the matrix A.




19.3.(vi) Find additive inverse of a matrix
If A and B are two matrices of the same order such that A + B=0 =B + A then A and

B are called additive inverses of each other. The additive inverse of matrix A is denoted by —A
For example,

If A=

then —A=-

2 9 0

A and — A are additive inverse of each other.

19.4 Multiplication of Matrices (up to 2 by 2)
19.4.(i) Know whether the given matrices are conformable for multiplication

Two matrices A and B are said to be conformable for multiplication, if the number of

columns of the first matrix is equal the number of Tows of the second matrix. For example,

[1 —4

& 2

4 -7
} and [2 7 }are conformable for multiplication.

19.4.(ii) Multiply two (or three) matrices

If two matrices are conformable for multiplication then the element a, of the product

AB is obtained by multiplying the'ith row of A by the jth column of B.
Example:1

1 2 0 -1
If A= andB= then compute AB.
3 4 6 7

Solution:

of B.

Here, ABis possible because the number of columns of A is 2 and the number of rows

L[1(0)+2(6) 1(=1)+2(7)

3(0)+4(6) 3(-1)+4(7)

T10+24 3428




Example 2:

1 3)(4 5)(6 8
Compute the product: - .
2 4)4 0)(5 1

Solution:
I 3)(4 5)(6 8
2 4]'[4 o]'(s 1)
4+12 5+0)(6 8
“(8+16 10+ 0}[5 1}
16 5)(6 8
|24 10}[5 1]
96+25 128+5 121 133
{144+ 50 192+10]= (194 202}
19.4.(iii) Verify associative law under multiplication
Let A, B and C are three matrices then associative law under multiplication is defined

as (AB)C=A(BC).
Example 1:  Verify associative law under multiplication when

3 2 -2 3 -1 5
A= ,B= and C = .
L P o 5

Verification:
Taking L.H.S (AB)C Now taking R.H.S: A(BC)

[ ) I P | e
Sy I
A 1

Hence, associative law under multiplication is verified.
19.4.(iv) Verify distributive laws
Let A, B and C are three matrices then the distributive laws are
1) A(B+C) = (AB)+(AC) (Left distributive law)
(i)  (B+C) A= (BA)+(CA) (Right distributive law)




1 2 0 -1 -2 0 . .
Example: If A = 0 ,B= and C = 0 1 then verify the following:

-1 11
(1) AB+C)=(AB)+HAC) (i) (B+C)A=(BA)+CA) >
Verification:
(i)  A(B+C)=(AB)+ACQ) Now, R.H.S=AB+AC

Taking L.H.S=A(B+C) 1 2770 =171 71 272 0
{1 2}({0 —}[—2 OU {0 —1}{1 1}{0 —1}[0 1}
0 -1 1 0 1 2 1] [-2 2
1 22 -1 {—1 —1}{0 —J
:[0 —JL 2} 0 3
0 3 {—1 —2}
1
Hence, A(B+C) = (AB)+(AC) is verified. While, applying similar procedure, (B+C)
A =(BA)+(CA) can be verified.

19.4.(v) Verify with the help of example that commutative law w.r.t. multiplication
does not hold in general (i.e., AB # BA)

5
Example: Let A = {

2 -1 2
J and B= [ ¥ 2} then verify that AB # BA.

Verification:

[5 2} [—1 2}
AB= .
-2 -1][3 =2
AB- (-5+6) (10-4) (1 6
(2-3) (-4+2)| [-1 -2
Now,
[—1 2} [5 2}
BA = .
302112 -1
(-5-4) (=2-2)] [-9 -
A: =
(15+4) (6+2) 19 8
" AB#BA .. the commutative law w.r.t multiplication does not hold, in general.

19.4.(vi) Define multiplicative identity of a matrix.

Let A be a square matrix of order » and [, is unit matrix such that Al,=Aor [,A=A
here 1, is called the multiplicative identity of A.




Example:

1 2 1 0
Let A= [3 4} , verify that /, = {0 1} is the multiplicative identity.

Solution, given that

B
oy 3 3

19.4(vii) Verify the result (AB)! = B'A

1 2 1
Example: If A = and B=
3 4 2

Verification:

oy 3 S

and the transpose of AB is:

ORI

0
J verify that (AB)' = B'A'

Now,
B‘A‘z[l 2}{1 3}:[5 11}
0 -1]/2 4 -2 -4
(AB) =B'A".
Hence verified.
6 5 2
Example 2: Verify the result: (AB) =B‘A’,If A=|4 6 3 |andB
01 7
Verification:
6 5 2)(6 8 0
AB=14 6 3}|5 1 2
01 7)\3 6 4
36+25+6 48+5+12 0+10+8 67 65 18
=]24+30+9 32+6+18 0+12+12 |={63 56 24
0+5+21 0+1+42 0+2+28 26 43 30




- 65 56 43
18 24 30 >

t

67 65 18}’ 67 63 26

Now, B'A' =

52
6 3
17
40
6 1

N LN o Ny

3 7

36+25+6 24+30+9 0+5+21
=|48+5+12 32+6+18 0+1+42
0+10+8 O0+12+12 0+2+28
67 63 26

=|65 56 43

18 24 30

(AB) =B'A".

Hence verified.

O\-ﬁzXERCISE: 19.1

1. Specify the type

3 0 ) :
0 0 ¢
2. Whatist order of each of the following matrix?

3 4 -2
Gq 0 3| Gil-1 2 (iii).[l ! 1} ()| 1| w)[0]
3 2 22 »

the following matrices.

-3 2 0 3
> 3 Check whether the following matrices or symmetric matrix or skew symmetric matrix
11 -1 0 1 -2 1 7 3 0 -6 4

G. 1 2 o|d)|-1 o 3| dGi)7 4 -5| Gv|-6 0 7
10 5 2 -3 0 3 -5 6 4 7 0




1 2 3 1
1 -1 2 -1 2 3
4. If A= B= ,C= ,D=|1 2 3|andE=|-1 0 2 |then
0 1 10 -1 2 (
1 2 3 2 &
compute the following (if possible) O
(i) A+C (i) A+E (iii) B=D (iv) 2B+3A
(v) B-C  (vi)A? (vii) B? (vii) D+E Q
-1 0 1 4 23
5. For the matrices A=| 2 1 0 |and B=|-2 4 1]|.Find @
3 2 -1 321 @
(1) A+B (i) A-B (i) 3A+2B
(iv) AB (v) BA (vi)
6. Verify that: (i) A+B=B+A and (ii) C D for the followmg matrices
2 -1 -
= ,B= =14 3 -2 1 0|
-7 4
6 3 4
—4
7. Show that AB # BA when A andB=(2 5 7
-3

ﬁnd 2A-3B+4C.

10. If b 0 c | thenevaluate a,b,c,d,x,y and z.

2 3 d

bﬁlme possible products of the following matrices,

0o -1 2
21 0
,B= andC=[-1 0 -4]|.
1 1 0 -1
31 2
1 0 32 2 O
12. Determine: |2 1 2|1 3 2|.
3 103 2 0



3 1 2 -1 0 1 1 2
13.If A= },Bz[ }and Cz[ }

-1 2 3 1 2
then verify that (i). A(B+C)=AB+AC (ii).(B+C)A=BA+CA. < >
6 5 2 6 8 0 1 2 3 é

14.1fA=14 6 3 ,B=|5 1 2|andC=|1 2 3 |then verify the follo

01 7 3 6 4 1 2 3
(a) A+B=B+A (b) (A+B)+C=A+(B 6
() (A+B)C=AC+BC (d)  A(B+C)=AB+A

2 3 1 1 2 1 101 @

15.1f A={1 -1 1|,B={-1 2 —-1l|andC=|0 1 then
0 2 2 2 0 2 1 0

show that A(BC)=( AB)C.
N
19.5 Determinant of a Matrix
19.5.(i) Define the determinant of a square‘matrix
We can associate with every square matrix A over R, a number |A|, known as the
determinant of the matrix A.

a a b
IfAz{ ‘
c

b
},then determinant of the matrix A is denoted by |A| =
¢

19.5.(ii) Finding the valuge.ofideterminant of a matrix
a b

c

= ad — bc is called value of its determinant.

: a b
For a 2x 2 matrix Az( j, |A|:
c d

74‘ = 3><(—4)—7>< 1=-109.

Now, The Leibniz formula or laplacian expression for the determinant of 3 x 3 matrix

3
For example, )

a, a4
_ is the followin,
A=la, ay, ay g
a3 4y Ay

a22 a23

|A| =day

4y, Ay

Note. The above evaluation of the determinant is said to be the expansion by row one (R,).




4 -3 5
Example: Find |A[if A=| 1 0 3

-1 5 2
Solution: To find |A| , let us expand the determinant by R, .
0 3 1 3 1 0
|A|=4 —(=3) +5
52 1 2 |-15

|A|=4(0-15)+3(2+3)+5(5+0)=-20.
Hence, the determinant a matrix has a unique value.
19.5.(iii) Define singular and non-singular matrices
A square matrix A is said to be singular if its determinant is equal to zero. i.e, |A| =0.
A square matrix A is said to be non-singular if its determinant is not equal to zero. i.e, A| #0.
Note: A singular matrix is also called non invertible mat(w non-singular matrix is also

called invertible matrix.

£
2 4 6
Example: Determine whether A=|{2 0 2 |is'a singular matrix or not.
6 8 14
Solution:
2 4 6
|4=2 0 2|=2(0-16)-4(28-12)+6(16-0)=-32-64+96=0.
6 8 14
|A|=0

A is singular martix.

19.5.(iv) Define minors and co-factors
Let us consider a square matrix A of order 3 X 3 then the minor of an element ay,

denoted by Mj is the determinant of the matrix obtained by deleting the i row and the ;™
column of 4. For example, if

a G A
A=\a,, a,, ay| thenthe matrix obtained by deleting the first row and second column of A

s 4y dsy

. a a . . . .
is { 28 }and its determinant is the minor as defined below:

a3 s
Ay 3 . .
M, = while, cofactor of an element aj; is denoted A;; and can be computed by
a a
32 33

Ay = (—1)i+j M;; Here, Mj; is the minor of an element a; of the square matrix A.




2 -3 5

Example: LetA=|6 0 4 |then compute M;, and A,.
1 5 -7 >

Solution: Here M, = ? _47| =6(-7)-4(1)=-46
and A= (1) M,
S0 Ap= (—1)1+2 M,
A = (-1)°(-46)
A, = (=1)(-46) = 46.
19.6 Multiplicative Inverse of a Matrix
19.6.(i) Define adjoint of a matrix

Adjoint of a matrix with order 2 x 2
The adjoint of a matrix A is the transpose of the matrix of cofactors of A.

b
Let A= {a d} then the adjoint of matrix A is denoted by Adj(A) or adj(A).
c

. d —b
and Adj(A)= [

a3 4y 4y
t

ap 4y

Ifamatrix A=|a, a, a, | then
A
A

All A12 13
Adj(A)=| Ay Ay 23
A31 A32 A33
Where Aj,A,,...Ay; are the cofactors of A.
3 1 -1
Example: Find the adjoint of the matrix A={2 -2 0
1 2 -1
Solution: First we, find all the cofactors of matrix A
1+1 —2
=(-1) 5 _1‘ =
A,==D" 2 0‘: 2
1 -1




1 -1
A, == =-1
2 -1
L3 -1
Ay 2(_1)2 ’ 1 _1‘2_2
31
A, =(-D*" =-5
23 ( ) 1 2‘
1 -1
A31 = (_1)3+1 =-2
-2 0
3 -1
A, =(-1)*" =-2
» =D ) 0‘
301
A, =(-D" =-8
5 =D ) _2‘
All Alz A13 t
Now, Adj(A)=| A, Ay, Ay
A31 A32 A33
2 2 67 [2 -1 =2

Adj(A)=|-1 -2 5| ={2 -2 =2].
-2 -2 -8 6 -5 -8
19.6.(ii) Multiplicative inverse™“of a non-singular matrix A4 and verify that
AA™' =1=A"'A, wheres1 is the identity matrix.
If A and B are nxn non singular matrices such that AB=BA=1_, then A and B are

multiplicative inverses of each other. The multiplicative inverse of A is denoted by A ™'
Example: Check whether A and B are multiplicative inverses of each other.

3 7 5 -7
If A= and B =

25 -2 3

3 715 =71 [15-14 =21+21] [1 O
2 5||-2 3] [10-10 -14+15] |0

AB=

Similarly,
5 -7][3 7] [15-14 35-35] [1 O
BA = = =
-2 3
as AB=BA =1,
Hence A and B are multiplicative inverses of each other.

2 5] | -6+6 —14+15] |0




19.6.(iii) Use the adjoint method to calculate inverse of a non- singular matrix.

b
Let Az{a d} be a non-singular matrix then AT can be found >
c
as, A = AT;L(|A) where |A| #0.

The method of finding inverse in this way is called adjoint method

3 1
Example 1: Find the inverse of the matrix A = [4 2} by adjoint method.
31 . ) )
Solution: Here |A| = 4 2 =2 . Since |A| # 0 therefore, inverse of A exists.

2 -1
Now Adj(A)=[ } and

-4 3
1
A_l_l[z —1}: b=
2|4 3 5 3
2
9 2 1
Example 2: Find the inverse of the matrix A=|5 -1 6 |by adjoint method.
4 0 -2
Solution:
Here
9 2 .1
|Al=|5 -1 6
4.0 -2

=9(2—0)—2(—10—24)+1(0+ 4)

=18+68+4
=90.
Since |A| # 0, Here A™! inverse exists. Now, we find all cofactors of A
A, =(=D" Lo ‘:2—0:2
0 -2

A]2 =(- 1)1+2

5 6
=—(-10-24)=34
4 —2‘ ( )




5
A13:(_1)1+3 ‘=0+4=4
4
42 1
Ay =™ 0 _2‘2_(_4_0):4
9 1
A, =(-)*? A ‘=(—18—4)=—22
9 2
Ay, =(-1)*° =—(0-8)=38
5= DT 0‘ (0-8)
2 1
A, =1 | ‘=1z+1=13
9
Ay =D ‘=—(54—5)=—49
9 2
Ay =" =-9-10=-19
5 -1
All A12 A13 t
Adj(A)=|A,, A, A, |.Thus, Adj(A)=|34
A31 A32 A33
Now A" =AdA)
Al
s
J2 4 1 45
A"=% 34 22 49 |= %
4 8 -19 5
45

2
45
—11
45

4
45

19%6.(iv) Verify the result (AB)™! =B'A™",

3 7 6 8 . -1 —1 -1
Let A= I and B = . . Verify that (AB) =B™'A

Solution:

) 3 7 6 8
Given A = and B= .
25 7 9

4
=22
8

13 ]

90
49

90
-19

90 |




Inverse of AB:

ol

18+49 24+63
B [12+35
AB| = 4087 - 4089 =2
Since, |AB| #0

Now,

Therefore, (AB)_1 exists.

Now

(AB)

1
- —_2[—47 67
Now, Inverse of A

3
We have A = {2

|A|=15-14=1

Since,

A|¢0

Hence, A" exists.

A= adj A _
A

-1 ad_] (AB)
|AB|

Inverse of B:

6
We have B = {7

Now
|B|=54-56=-2
Since, |B|#0
Therefore, B™' exists.
B adj B :i

B -2
Now
BA" = L

1

V)

Biaio L]

-2

From  equation
(AB) =B'A™
Hence verified.

Solution/of’Simultaneous Linear Equations

The system can be written in matrix form as

a b1:| X

Where, A = {

a, b,

The matrix A is called the matrix of the coefficients of system i, matrix X is the column
matrix of unknown and B is the column matrix of constants. An ordered pair (x, y) is called the
solution of given system satisfied by these two values. The set of all solutions of the given
system is called the solution set of simultaneous linear equation.

Consider a system of two linear equations in two variables:

ax+by=c 0
ax+by=c,

AX=B (i)

el

|-35-12 49+18




19.7.(i) Solve the system of two linear equations related to real life problems in two
unknown using

Matrix inversion method:
Consider the matrix equation as discussed in previous section 19.7.

Where, A is a non-singular matrix. I\;IAfl(tipl];i,ng both si(éz,s of (ii) by A™', we get
A" (AX)=A"B
= (A'A)X=A"B
= X=A"B (i)

To find X, the matrix of unknown by eq (ii) is called matrix inversion method.

Example: Solve the following system of linear equations by using matrix inversion method.
5x+2y=3
3x+2y=5

Solution:

Writing the given system in matrix form:

T

AX=B

5 2 X 3
where A = , X = and B=
3 2 y 5

o
A,,:Adj(A): -3 5 1{2 —2}

First, we find A™'

4| 10-6 4

“4l-3 s

Now, by matrix inversion method

x] 12 273
vl 4|-3 5}[5}
x| 1] 6-10

y :Z —9+25}
e

v a 16}
S

S

The solution is x=—1 and y= 4. The solution set is {(—1,4)}.




Example 2: A civil engineer needs 6000 m?® of sand and 9000 m? of coarse gravel for a building
project. There are two pits from which these materials can be obtained. The number of these

pits is shown in table:

Sand Coarse Gravel
Pit-1 3 8
Pit-1I 4 11

By using inverse matrix method to compute volume of materials (sand and coarse
gravel) that must be hauled from each pit in order to meet the engineer’s need.

Solution:

Let x represents volume and and y represents coarse gravel. The inverse matrix method is

First, we need to calculate A~

Now, from equation (i),

Hence 6000cm® can be haulded of sand and 3000 m® can be haulded of coarse graved.

19.2.(ii) Cramer’s rule

Cramer's rule is one of the methods used to solve a system of linear equations. Let us

A—l

|

x_ll -8
y| |-4 3

By ignoring ‘-’ sign, we have x = 6000 and y = 3000.

X=A"B....... @)
AX=B
3 87[x] [6000
4 11|[y| |9000
{11 —8}
CAd(A) {43 1
4 T 3(11)-8(4) 1
L [11 —8}
Al=
4" 3
X=A"B

60001 [-6000
9000 | | 3000

11 -8
4 3

|

|

consider a system of linear equations in two variables x and y written as

aix+byy=c
ax+by=cy

System (i) is written in the matrix form:
AX =B,

|

a b

a, b,

|

[_x—| _ |:C1:|
Lv] Le

(M)

)



b
Where A:{a1 1},X={x} andB:{cl:|
a, b y )
System (i) has exactly one solution if |A|= 0.
a b a G
Al |, b A a, c¢
Which is obtained by x=u= 2 andy=u= 2 2
|A| a, b |A| a, b
a, b a, b
a b a G
Where A| = and A , =
¢ b a G
Example 1: Solve the system using Cramer’s Rule:
3x+2y=10
—6x+4y=4

Given system can be written in matrix format as:

3 2
Here |A| =
-6 4
12+12=24
|A|=0
10 2
4] |4 4 . .
X= W =13 2 is by cramers rule (This method is called crammers rule)
‘—6 4
_40-8
24
L1
%4
X=— 3 10
S|4l e a4
4] 24
12460
24
_n
24
. . 4
y=3 Hence, The solution set is {[5,3 J}




EXERCISE 19.2

1. Evaluate each of the following determinants:

i =5
i
3

") 2
v

2
vii) -3 4

1

0
X) 0

0
2. LetA=

3. For what value of x, the m

i

4. Classify the squar

2@
3

5. Find the a

16
= ,B:

2
I, where A = [
—4

S

6. Verify A(adj A)=|A

— = N =% O Q

=l

" -4 3
i) 1 -2
3 3
V) 4 1
0 -1
4 3
viii)  |-5 -1
2 4
-2 0
X1) -6 x
-4 0

1 | then comp

u&e tlz 5 i5:22 s M,,A, A, s andA,,.

x x+1

int of the following:

ii)

as singular or non-singular given by

2 4
0 2 -1
andB=(3 -2 1
3 2 1
-3 2 -5
0 -2 |andC=
-4 1
3

-6
7. Find the inverse of the following matrices by adjoint method if exist

|

—4
-5
—4

} is singular?



2 1 1 1 0 1 1 -1 3
iii) C=|3 2 1 v) D=4 1 -1| v E={2 1 2
2 1 2 6 -2 1 -2 -2 <
8. Find the solution by matrix inversion method and cramer’s rule: O
2x+3y=14 2) 2x—4y=-12 Q
—4+y=28 2y+3x=0 e

REVIEW EXERCISE 19
Tick the correct option
1. If m denotes the number of rows and n denotes the number of columns such that

m = n, then matrix is called matrix..
(a) Rectangular (b) Equal (c)Square (d) Null
. i 0 2.
i. If A= |, then A” is
0 —i
(@l (b) I5 ()12 (@O
iii. If A is any square matrix such thatA’ =— A, then A is said to be:
(a) Diagonal matrix (b) Scalar matrix
(c) Symmetric matrix (d)[Skew Symmetric matrix
iv. If A, B and C are matrices of same order then (ABC)’ =
(a) A'B'.C' (b) C'B'A'
(c) C'A'B! (d) (BtA‘ )ct
_[i O]l n_loO i2] _[0 i
v 1fa=| OB [_iz ) c=l; ol then
(a) AZ==1 (b) B> =-1
(c)C?==1 (d) All of them _
vi. For two matrices A and B if A= [sme —c'ose and B = il cgsﬂ] then AB =
1@ coic,e Osm@ —cosO  sinf
- [(1) %] ” [00 o_l]
@[ 4l @y ol

X -1 0
vii. If 2[3] +3[ y ] =4[4] then the values of x, y and z are
4 0 z

310 3 10

23_’_ b _’23_

@223 ® 223
3 10

) d)1,2,3
©) 2= (d)




viii. For matrix A, (A_l )_1 =

(a) A~ (b) A () A (d) A((
1
=x+4 O

ix. Find x if

X

3 2 QO
(a) 2 (b) B (©0 (d) None of the%

A -3 4
Xx. Ifthematrix |—3 0 1| isinvertible then A # @@

-1 3 2
(a) 15 (b) -17 (c) -16 (d) e of these

Define the rows and column of matrix.
Find the order of the matrices:

&72
D15 8] i [‘1‘26& 9 3
8 1

4. Define the following matrices:

1) Square matrix ii) Rectangle matrix
iii) Diagonal matrix i alar matrix

v) Symmetric matrix 1) Skew Symmetric matrix
1 8 9 5 8
5. If A=| 2 1 3 4 |then find
-2 ’\' 7 2 4

§0 B

i) A+ i) A-B iii) AB iv) BA

5 vi) 7B vii) 8A-9B
& 1 8 9
o Evaluate |2 0 -1
$ -7 8 -10

Define singular and non singular matrices with examples.
1 4 2
"8 IfA=[7 0 9 |thenfind A™

0 2 -3

Q8: Solve 2x+5y=27
by Tx+y=12
1) matrix inversion method ii) Cramer’s rule
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Summary

A matrix is a rectangular array of elements. <
The horizontal line of entries in a matrix is called the row of a matrix and vertical li &
entries in a matrix is called column of a matrix. 0
Two matrices are said to be equal if they have same order and same correspon elements.
A matrix having one row is called row matrix, having one column is ¢ umn of
matrix. a@

A matrix in which number of rows is equal to number of columns is as square matrix

element.

A diagonal matrix in which diagonal elements are same is called scalar matrix.

A diagonal matrix in which each element of main diago is called identity matrix.
A square matrix is said to be symmetric matrix if its % oseis equal to itself.

otherwise it is rectangular matrix.
A square matrix is diagonal matrix if all the elements are zerﬁ@t least one diagonal

A square matrix is said to be skew-symmetric m: its transpose is equal to negative of

itself.

The addition and subtraction of two Qobtained by adding or subtracting of the
corresponding elements of both matrices.

If A and B are two matrices of th e order, then the commutative law of addition is defined
asA+B=B+A.

definedas (A+B)+C=A ).

Two matrices A and be conformable for multiplication, if the number of columns
of the first matrix i althe number of rows of the second matrix.

Forevery squar*b(A over R, anumber |A|, known as the determinant of the matrix A.

IfAand a@‘ n singular matrices such that AB=BA=I, then A and B are multiplicative
inver: eac er.
0

System ear equations can be solved by matrix inversion method and Cramer’s rule.

If A, B and C are three mag(@ the same order, then the associative law of addition is
1d to

a A




THEORY OF
QUADRATIC
EQUATIONS

Student Learning Outcomes (SLOs)

After completing this unit, students will be able to:

Define discriminant (b - 4ac) of the quadratic »  Define symmetric functions of the roots of
expression ax® + bx + c. a quadratic equation.

Find the discriminant of a given quadratic » Represent a symmetric function graphically
equation. »  Evaluate a symmetric function of the roots
Discuss the nature of the roots of a quadratic of ‘a quadratic equation in terms of its
equation through discriminant. coefficients.

Determine the nature of the roots of a given » _Establish the formula,

quadratic equation and verify the result by ¥ — (sum of the roots) x + (product of the
solvingthe equation. roots) = 0, to find the quadratic equation of
Determine the values of an unknown involved in the given roots.

agiven quadratic equation when the nature of its » form the quadratic equation

roots is given. whose roots, for examples are of

Find cube roots of unity. the type:

Recognize complex cube roots of unity as w and “ 20+1,2B+1

w2, & ol BZ

Verify the properties of cube roots of unity. y

Use properties of cube roots of unity to solve <> l,l

alliedproblems. a P

Find the relation between the roots and the . OB

coefficients of a quadratic equation. ¢ E =

Find the sum and the product of the roots of a

given quadratic equation without solving it. % a+P, 1 + 1

Find the value(s) of the unknown a B

involved 'in" a "given quadratic where, a , 8 are the roots of a quadratic
equation when equation ‘

< Sum of roots is equal to a multiple of the > Find the values of o, 8, where the roots of L
product of the roots, ) 11 i,

% Sum of the squares of the roots is equal to an equation are B
a given number, . ) N

% Roots differ by a given number, > Solv::. the. cublc equation if one root of the

x B ) ’ equation is given,

k: ROOt.S jeristying Qggen relatigge.g., the > S(cl)lve abiqfadratic (quartic) equation if two
relagll 2o + .SB - w}}ere Sl acethe of the real roots of the equation are given.
roots of the given equations), < q :

3 » Solve a system of two equations in two

< Both sum and product of the roots are equal
to a given number.

variables, when

“* One equation is linear and the other is
quadratic,

«» Both the equations are quadratic.

Solve the real life problems leading

quadratic equations.




20.1 Nature of the Square Roots of a Quadratic Equation:
20.1.(i)Define discriminant (b2 - 4ac) of the quadratic expression ax’ + bx+c,a # 0.

A polynomial of second degree is called Quadratic Expression. General form of
quadratic expression is ax’ +bx+c,(a¢ 0) where a and b are coefficients of x°,-and x
respectively. While c is a constant term.

The discriminant of a quadratic expression
For quadratic expression ax’ +bx+c,(a #* 0) the expression b* —4ac is called its

discriminant and is denoted by A or Di.e. A=5* —4ac
20.1.(ii) Find the discriminant of a given quadratic equation

We already know that solution of the quadratic equation ax’+bx+c,a#0 is

e —b+~b* —4dac
2a
real or complex. The expression b* —4ac is the discriminate of quadratic equation.

ax* +bx+c,a#0

. Here , b* —4ac enables us to know the nature of the roots either they are

Example: Find the discriminant of 2x”* +5x—4=0
Solution: 2x* +5x—4=0
Here, a=2,b=5andc=-4
A=b—4ac=(5) ~4(2)(-4)
=25432=157
20.1.(iii) Discuss the naturewof the root of a quadratic equation through
discriminant.

We can find the nature of the roots of the quadratic equation ax’ +bx+c,a # 0, using

—b++b* —4ac

2a

. - . 2
discriminant i.e. A = b° —4ac.

The “roots of the quadratic equation ax’+bx+c=0 are and

—~b—A/b* —4ac
2a
being real numbers.

i. If A=b*>—4ac > 0,then the roots are real and unequal.

-The nature of the roots depends on the value of b* - 4ac, where a, b and ¢

ii. If A=b"—4ac<0,then the roots are non-real (complex or imaginary).

b
iii. If A=b"—4ac=0,then the roots are rational and equal, each being equal to — 2
a

iv. If a,b,c are rational and A =b"—4acis perfect square, then roots are rational and
unequal otherwise irrational.




20.1.(iv) Determine the nature of the roots of a given quadratic equation and verify the
result by solving the equation.
Example 1:

Use the discriminant to find the nature of the roots of the following equations and verify

by solving the equation:

1) X +5x-14=0 (i1) 5x°+3x+1=0
(iii)) x*-9x+5=0 (iv) 9x’=6x-1
Solution: Verification:
(i)  xX*+5x-14=0 ¥ +5x-14=0

Here a=1,b=5and c=-14
A=b"—4ac
. A=(5) -4(1)(-14)
= A=25+56
2
=3 A=81=(9) >0,

perfect square and positive.
Hence roots are real, rational and unequal
Solution:

(i)  Sx*+3x+1=0,
Here a=5,b=3 andc=1
A=b*—4ac
- A=(3)-4(5)(1)
= A=9-20
= A=-11<0, i.e negative.
Hence roots are complex.

Selution:
(iii) x*=9x+5=0,
Here a=1,b=-9andc=5
A=b*—4ac
2
A=(-9) -4(1)(5)
= A=81-20
= A =61>0, not perfect square.

Hence the roots are real, irrational and unequal.

¥ +7x=2x~14=0

x(x+ 7)—2(x+ 7) =0

x+7=0 or ( - 2) =0
= X g/ or x =2
Here; roots are real, rational and unequal
Hence verified.

Verification:
By using Quadratic formula

x—_3i*/9_20
2
x:—3i\/ﬁi ( izz_l)

2
Here, roots are complex.
Hence verified

Verification:
X' —-9x+5=0,
By using Quadratic formula

L 9£\BI-20
2
x_—34_r\/a

2

Here the roots are real, irrational and unequal.
Hence verified.




Solution: Verification:

(iv) 9x*=6x-1 9x> —6x+1=0

=9x’ —6x+1=0 (3x)" —2(3x)(1)+(1] =0
Here a=9,b=—6andc=1 2

) (3x—1) =0

A=h —24ac 3x—1=0 or 3x-1=0

A=(6)-4(9)(1) 1 1
= A=36-36 = x=§ or x=§
= A =0, perfect square and equal to 0.

Hence roots are real and equal.

Hence roots are real and equal. .
q Hence verified.

Example 2:

Show that the roots of the equation abc’x*+ c(3a2 +b’ )x+ 3a° +b*—ab=0,are
rational.
Solution: abc’x* + c(3a2 +b )x +3a* +b*—ab=0

Here A = abc®,B=c(3a” +b") and C =3a’ +b” = ab
A=B>-4AC
A= [0(3512 +b° )]2 - 4(abc2 )(3a2 +bh - ab)
= *(3a> +5°) ~dabc* (3a> +b° ~ab)
=c’ (302 +b° )2 —4ab(3a2 +b2)+ 4a2b2J
= |(3a> +07) —2(3a>+0? )(2ab)+(2ab)2} ' 4ab =2(2ab)
c’ [(3a2 +br - 2ab)2}

2
= [c(3a2 +b — 2ab)] which is perfect square. Hence roots are rational.

20.1.(v) Determine the values of an unknown involved in a given quadratic equation
when thesatureiofits root is given.

The following examples will help us to find the unknown involved in the quadratic
equation when nature of roots is given.

Example 1:
For what value of p will 3x* +5x+ p =0 have
(1) Equal roots  (ii) Rational roots (iii)  Complex roots.
Solutions (i):
3x°+5x+p=0
Herea=3,b=5and c=p?
A=b*—4ac

A=(5)-4(3)(p)=25-12p,
For equal roots




A=0
ie. 25-12p=0
- —12p=-25,

25

p_aa

25 . .
Thus, at p= o’ given equation has equal roots.

(i1) For rational roots,
A should be perfect square

ie. 25—12 p must be perfect square.
when p =0,2 and -2 etc.

Thus, at p=0,2,—2 and some others values also make the discriminant perfect square.

(iii))  For complex roots,
ie. 25-12p<0

=  12p>25
= ps2
P70

25 . .
Thus, when p > o’ given equation has complex roots.

Example 2:

If the equation x? —15—#k(2x—8)=0 has equal roots, find the values of k.

Solution:

x* =15—k(2x—8) =0, we get rewrite it in the standard form of the quadratic equation

ie. x* < 2kx+8k—15=0
Here a=1,b==2k and c =8k —15
A=b"—4ac
. A=(-2k)" -4(1)(8k-15)
= A=4k’—-4(8k-15)
For equal roots
A=0
4k> —4(8k—15)=0
k> —8k+15=0
k> —5k-3k+15=0
k(k-5)-3(k-5)=0

NI

1.€. k—5=0 or =3
= k=5 or k=3
Thus, k=3 and 5.

(dividing both sides by 4)



Example 3:

For what value of p, the equation 2x° — px +18 = 0, has real and unequal roots.
Solution:

2x* — px+18=0,
Herea=2,b=-p andc=18
A=b’—4ac
A=(-p) -4(2)(18)= p* —144
For real and unequal root
A>0
pP—144>0

p’>144
p>12o0rp<—12

Thus, for p >12 orp <—12 given equation has real root.

EXERCISE 2
1. Use dlscrlmlnant find the nature of the roots

bu g

lowmg quadratic equatlons

@) X +5x-6=0 )  «? (i) 2x*+8=6x
(iv) 1+6x+9x*=0 v) x+36 0 (vi) x=x*+1
(vii)  3x*+6=5x (viii) 9=0

2. Find the value(s) of & that ensure that following quadratic equations have
(a) Same solution

Different real solutions
(Hint: for same solution @and for different solutions A > 0).
6} x2—3x+k=0 () x %k=4
Gy 2t @ (v) (k-1)x Z4x+2=0
) x2+ks&; (vi)  9x*+hkr=-16
(vii) =4x+(k+2) (viii) x*+1=kx

3. Determin
roots al.

i) m+1)x*+2(m+3)x+(2m+3)=0, provided m # -1
x> +mx+16=0

that the roots of the following quadratic equations are real.
> i ¥ —2x(k+%}x+3 =0, Vke R—{0}

(i1) 2nx2+2(l+m+n)x+(l+m)=0, VI,m,ne R and m=0
5. Show that the roots of the following quadratic equations are rational.

(1) (1—m)x2+(m+n—l)x—n=0, Vi,m,ne R and [ # m

(i) (a+c—b)x’+2cx+(b+c—a)=0, Va,b,ceR

alue of m in each of the following quadratic equations that will make the




20.2

For what values of p and ¢ the roots of quadratic equation x*+(2p—4)x—(3g+5)=0
vanish?

Show that the roots of the quadratic equation given by (x—a)(x—b)+(x—5)(x

+(x—c)(x—a)=0are real and they can not be equal unless a=b=c. {\(

Cube Roots of Unity and their properties
20.2.(i)Find the cube roots of unity
Let x be cube root of unity

1e., =1

= (x)-(1)=0

= (x—l (x2+x+1)=0, [ a3—b3=(a—b)(a2+ab+b2)}
ie. x—1=0

= x=1

or ¥ +x+1=0,

Herea=b=c=1,
Using quadratic formula, we have,

et (1)2_4(1)(1)__1i«/3=—1ir\/—1_><3=—1J—”\/g (i =-1)
(i

2(1) 2 2

—1+i\/?_>
X = an

“1-i3

d

2

2

Thus cube root of unity are

d

—1+i\/§
1, an

2

L1-if3

2

20.2.(ii) Recognize coniplex cube roots of unity as ® and o’
Two complex cube roots are:

read as omega and let us assume ® =

—1+i\/§
an

2

d

“1-i3
2

, for these two complex roots we use a Greek alphabet “o” and

_1+i3 then o — —1—2iJ§_

2

Hence cube roots of unity now are 1,0 and o,

20.2.(iii) Verify the properties of cube roots of unity.
Properties of the cube roots of unity are:

Each of the complex cubes of unity is square of other.
Verification:

_—1+i\/§

(i)

If

is one complex cube root of unity,




o _[—1“\/5)2 =203 437 1-2i343(-1)

2 4

4
I N e -

- 4 4
= 602:—1—1\/5
2
» (1=iB ) —142i3+3%  1+2i3+3(-1)
Now (0)2) = = =
2 4 4
2 24203 2(—1+i\/§) 1+ i3
o (oo 2emB AR,
4 4 2

= ((02 )2 =o.

Hence each complex cube root of unity is square of the other

Verified.
(i) Sum of three cube roots of unity is zero, i€\ &+ o’ =0
Verification: L.H.S
l+o+o’
=1+ ~1+iV3 + -1-i\3 , where © = ~1+iV3 and ®
2 2 2
C2-1+i3-1-i\3
2
_222_9_g_RraHs.
2 2
Verified.

(iii) Product of three cube roots of unity is 1, i.e, ®- o’1=1
Verifications, L.H.S ©- @ - 1

21(—1+iﬁ][—1—iﬁJ
2 2

1-4°3

] ? )(3)
1-(-1)(3

- 4 ? ( 12:_1)
1+3 4

:—:—:1
4 4

=R.H.S ie. lwo’ =1

Verified.

,_-1-i3

2




@iv) Each complex cube root of unity is reciprocal of the other.
Proof: One complex cube root is o,

= o’ =1, >
= 0o =1,
, 1 1
= O =—0rm= -
(o) 0]
W) Every integral power of o is unity.
o =1,
(o) =
o) =1, Vme Z.
= o=l
Proved.

20.2.(iv) Use properties of cube roots of unity to solve allied problems.
Following are the allied problem related to the cube root of unity.

Example 2: Find the cube roots of —27.

Solution:

Let x be the cube root of —27,
1
x=(—27)5
Cubing on both the sides, we have,
X =-27
X +27=0
(x) +(3)' =0
(x+3)(x2—3x+9)=0, [a3+b3=(a+b)(a2—ab+b3)]
x+3=0=>x=-3,
x*=3x+9=0
Here, a=1,b=—3and c=9.
. ~bE\b* —4ac
2a

()3 -4())

BRIV

Zo
=




_—(-3)£3\3
—3(—12 iV3)

= x=

2
L —3(—12+ i\/§) " —3(—1;\/5)
= x = 30,30’

Hence, three cube roots of -27 are —3,—3® and —3®°.
Example 3: Show that:

(a) 2+m=

2+
(b) (1+m)(1+m2)(1+w4)(1+cog)... to 2n_factors= 1, where ne N

(a) Solution: L.H.S =2+ ®

2
_ % Multiply and divide by (2+")
+o

4420+ 20° +o°

2+ ®?
4+2<0)+032)+1

= > ( o = 1)

2+m
e ora o

2+
_5-2 3
24+ 2+
Hence showen.

(b) Solution, L.H.S = (1+m)(1+m )(1+co4)(1+038)... to 2n factors VneN

= ) 1+co 0) 1+co - )] .. to n factors, Clto=-o
I+0’ =-o
o )} 1+ 1+co ] to n factors, o’ =n’ =1

[(+o
= 1) }[( ) )( ] to n factors,
= 12)2][( 2) } ] . to n factors,

(_—1) -(—1) . to n factors,
.. to n factors,

=

1. Hence Shown.

2]



Example 4: Prove that
(x+ y+z)(x+y(o+zc02)(x+y0)2 + zco) =x"+y’+ 2z —3xyz,where

o and ®” are complex cube roots of unity. >
Proof: L.H.S :(x+y+z)(x+yoo+zm2 )(x+yc0 4+ Z(D)
=(x+y+z)[(x+ym+zco2)(x+ Yo’ +zco)]
=(x+y+z) [x2+xyoa +xzoa+xyoa+y2m3+yzm +xz0” + yzo' + 2@ }
(x+y+z)[x2 )+xy(0) +c0)+yz(co +o )+zx(co+w )]
(x+y+z)[x2 +y + 2 +xy 1)+yz(—1)+zx(—1)},

vy —xy—yz- zx] ( o =L +o=-1 j
1

x+y+z [x
2 4 _ 2 _
3 ando " +0" =0+ =-

=X +y +2 -3xyz.
=R.H.S
Hence Proved.

1. Find all the cube roots of:
(1) 64 (ii) —125 (iii) 216

2. Evaluate the following:
M (1+0?) O i (1~oto )(1+a)—a)2)
(ii1) 2+5a)+2w >iv) (—1+\/—_3) +(—1—\/—_3)4

3. Show that

1+a) 1+a)) (a)+w2)4
(ii @ aw+bw aa) 21 bw ) b

a+a)b+wc a+a)2b+a)c) a*+b*+c*—ab—ba-ca

\g@ o8] o

) (1+w—a)2)3—(1—w+w2)3=0

20.3 Roots and Coefficient of a Quadratic Equation
20.3.(i) Find the relation between the roots and the coefficient of a quadratic equation

Let the two roots of ax” +bx+c=0,a # 0be denoted by a and 3, then

—b++b* —4ac —b—+b*-4ac
=———— and pf=——"-—""#+
2a 2a




—b+~b* —4ac . ~b—Alb* —4dac

o+ =
b 2a 2a
o aspe b+\b’ —4ac—b-b’—4ac _-2b _—b O
2a 2a  a
—b+b* —4dac | -b—~b*>—4ac
and af=
2a 2a

—b)' —(b* -4
I ) 452 00)24_615:5 @
a 4a° a

Coefficient of x

Coefficient of x*
Constant term

Therefore (1) represents the sum of the roots = —

and (2) represents the product of the roots = - 5
Coefficient of x

Hence, we have the important result:

If a.,B be the roots of the equation ax’ +bx+c = 0,a # 0, then

oc+B=—é and OLB=£.
a a

20.3.(ii) Find the sum and productef the roots of a given quadratic equation without

solving it.

Example: Without solving, find the sum and product of roots in each of the following
equations.

(i) 4% +6x+1=0 (i)  3(5x £1)=17x

Solutions (i): Solution (ii): 3(5x* +1) =17 x
4%’ +6x+1=0

Herea=4,b=6andc=1 .
= 15x°=17x+3=0

a+[3:_é and aﬁ:f Here a=15,b=-17 and ¢ =3
a a b c
6 1 a+f=—— and of=-—
a+pf=—— and aBzg, (a ) a

-17 31

= oc+[3=—§ and ale a+p=- 15 and aB:EZE
2 6 17 1
= oa+f=— and =—

15
20.3.(iii) Find the value(s) of the unknown involved in a given quadratic equation

when:
(a) Sum of the roots is equal to a multiple of the product of the roots.
(b) Sum of the squares of the roots is equal to a given number.
(¢) Roots differ by a given number.




(d) Roots satisfying a given relation. (e.g, the relation 20+ 53 = 7, where o and[3 are
the roots of the equation)

(e) Both sum and product of the roots are equal to a given number.
The all above mentioned conditions can be explained through examples.

(a) Sum of the roots is equal to a multiple of the product of the roots.

Example 1: Find the values of k, if the sum of the roots of 6x° —3kx+5=0 is equal to the
product of its roots.

Solution: Let o, be the roots of the equation 6x* —3kx+5=10
Here,a=6,b=-3andc=5

i.e,

-3k
(x+[3=—2 =—u=% and ocB=£=
a 6 6 a
It is given that

Sum of the roots = product of the roots

N |

oa+B=ap

3k 5 5
—== k==.
6 6 3

Example 2: Find the value of p, if the sum of the roots is-equal to two times the product of

the

roots of the equation2x’ +(8—4p)x+3p=0.

Solution: Let o, be the roots of the equation 2x” +(8—4p)x+3p=0
Herea=2, b= 8—4p andc=3p

=

8-4
a+B=—2 =——( p)=2p—4 and aB=£=3—p
a 2 a 2
As per condition in the problem, we have
a+B=2(op)
2p—4=2(3—pj=3p
2
p==4.

(b) Sum‘ef the squares of the roots is equal to a given number.

Example 3:

Find £, if the sum of the squares of the roots of the equation 2x” + 3kx+k* = 0 s 5.

Solution: Let a,p be the roots of the equation

2x* +3kx+k*=0

Here, a =2, b=3k and ¢ = k*

b 3k c Kk
o+f=——=——andaf=—=—
b a 2 g a 2

According to given condition
a’+p’=5




= (a+p) -20B=5 [a’ 4+ b7 = (a+b)’ —2ab]

- AR

2
=N 2'c—-—k2=5
4
9k* — 4k*
= — =5
4
= 5k =5x4
= k=4
= k=12

(c) Roots differ by a given number.
Example 4: Find p, if the roots of the equation x° — px+8=0 differ by 2.

Let o, be roots of the equation x* — px +8 =0
Here,a=1,b=-p and c =8

on+[3=—é =—w=p and OLB=£=§=8
a1 iy a 1
According to given condition,
a—pB=2
Squarring on both sides, we have
@-p) =4
2 .. 2 2
=  (a+P) —dap=4 [ (a=b) = (a+b) - 4ab]
= p’—4@8)=4
= p-32=4
= p’=36
= p=16

(d) Roots satisfying,a given relation (e.g, the relation 2o+ 53 =7, where o and3 are
the roots of'thesequation)
Example 5: Find k, if the roots o andp of the equation x° —5x+k =0 satisfy the
condition 200+ 53 =7

Solution: In the given equation x* —5x+k =0,
Herea=1,b=-5and c=k and let o, be the roots of given equation.

oc+B=—é and oc[3=—c—
a a

=)_s
1

o+p=-

= oa=5-fB (1)
and aBz%zk




R

afp=k (ii)
Given that

20+ 5B =7

2(5-B)+5p=7

10-28+58=7

P=-3

B=-1

From equation (i), we have,
a=5-(-1)=5+1=6,

To find the value of &, substitute the values of a and in equation (ii), we get
k= 6(—1) =-6

= k=-6

(e) Both sum and product of the roots are equal te a given number:

Example 6:

Find £, if sum and product of the roots-of the equation 6x” —3kx+5=0

is equal to 2
q G

Solution:

and

Let o8 be the roots of the equation 6x” —3kx+5=0,then

asp=-" :——(‘Z")=§ (i)
ap==-> (i

. . . 5
According to the given condition that sum and product of the roots equal to —.

Hence, at k =

5 . . .
3’ given equation has sum of the roots equal to its product of the roots equal to




EXERCISE 20.3

1. Without solving, find the sum and product of the roots in each of the following quadratic
equations <
i x*-x-1=0 (i) 2x*-3x-4=0 O
. —%az =ax (iv) Tx*=5kx+7k=0 Q
2. Find the value of m, if,
(i) Sum of the roots of the equation x* +(3m—7)x+5m=0 is % @e product of

its roots.
(ii) Sum of the roots of the equation 2x* —3x+4m=0is 6 tim roduct of its roots.

3. Find the value of p, if G
(1) Sum of the squares of the roots of the equation OK +6=0is 13.
(i1) Sum of the squares of the roots of the equatio@ =2 px+(2 p— 3) =0 is 6.

4. Find the value of m, if
(i) the roots of the equation x° —5x +@ﬁffer by 1.
(ii) the roots of the equation x” — 8x£ m+ 2= 0 differ by 2.

5. Find the value of £, if
(1) The roots of the equati

(i1) The roots of the

—7x+k—2 =0 satisfy the relation20. + 53 =1
3%’ —2x+7k+2=0 satisfy the relation 7o. — 3 = 18.

6. Find the value
are equal to a

T

20.4 Symmetric Function of Roots of a Quadratic Equation.

m and product of the roots of the following quadratic equation
umber 4.

p—5)x+(3p—10)=0 (i1) 4x2—(5p+3)x+17—9p=0

20:4.(1) Define symmetric function of the roots of a Quadratic Equation.
Let o and} be the roots of the quadratic equation, then a function in o and B is said

to be symmetric function if the function remains the same when o and 3 are interchanged. i.e.

f(0.)= /(B.a).
a+ f and aff are known as the primary symmetric functions of & and S.
It is noted that a—B#p—o, so that o —fB is not symmetric function of roots.
The value of a symmetric function of roots in terms of the coefficients of the quadratic

. . . b
equation can be obtained using o+ =—— and aff = < by expressing in terms of o + 3 and a.f3.
a a




Examples of symmetric functions are as under:

> a?+B2=(a+p) —20p

> ol +B3=(OL+B)3 —3of(a+p)

> at+pt= (oc2 +[32)2 —20°B* = [(a +[3)2 — 208 }2(0([3) ? etc.
Find the value of o> +B* + o, when o =2 and B = 3 and show that it is
symmetric function of o andf3, where o and B are the roots of quadratic equation.

Example:

Solution: Let f(a,B)=a’+p*+ap,

Given thatoo =2 and f =3

£(2,3)=22+3 +(2)(3)=4+9+6=19,

Now,

f(B.o)=p*+a’+Ba=0’+p*+ap = f(a,B)

f(eB)=r(B.a)
f is symmetric function.

Given expression is symmetric function of roots of o and 3.
Hence Shown.

20.4.(ii) Represent a symmetric function graphically.

In article 20.4.1 we have already defined symmetric functions of roots of quadratic
equations, e.g, @ + f,af,a’ + >0’ + > +2of,a’ + 5’ etc.

When a symmetric function (expression) is equated to constant celR , we obtain a

symmetric equation, so that symmetric equation of the roots can be written as

as

Solution:

=

different values of ¢ and get corresponding values of £ .

G(f)={(@B)| f(ap)=cArapeR}
Example: Represent symmetric equation o’ +p* = 9 graphically and sketch the graph.

Given that
a’+p*=9

p=+yo-a’

To plot the graph, we take some points. By assigning

flap)=c
Every equation can be expressed graphically as the set of all points denoted by G( /) defined

L3y
a i

al| 0

1

2

3

-2

-3

B |43

+2.828

12.2360

0

12.2360

0

Thus the symmetric function o +p* represents a circle

when equated to constant ¢ =9.

N



20.4.(iii) Evaluate a Symmetric functions of roots of a quadratic equation in terms of
its coefficients.

Let a,B be the roots of the quadratic equation ax” +bx+c=0,a=0 (i)

Then o+p= _b (i1)
a

and of=S (iii)
a

The above equations (ii) and (iii) represent the primary symmetric functions of the
quadratic equation (i).

Example 1: If o,B are the root of x* — px+¢ =0, find the value of ;
() o’ +B> i %P
B«
Solution: Given that o, are the root of x* — px+g =0
Herea=1,b=—p and c=¢q

a+B=_é=_@:p

=(p) -2¢ (“a+p=p andaP = q)

= (“o+B=p andaP =q)




20.5

20.5.(i) Establish the formula x’ f(sum of'the roots) .xﬂr(product of the roots) =0, to find

EXERCISE 20.4
If o,B are the roots of a quadratic equation. Express the following symmetric functio

in terms of o+ and af.

@ (a=BY G (a+p)
) 1 1
iv)  o’p+op’ ) ?JrF

If o, are the roots of the equation

symmetric functions.
A 2 @ 2B
a B B o’

If a.,B are the roots of the equation px’ +gx+q=

Represent symmetric equation o+ =8 gra

o

(i) o’ +pla
2
o (5] 20

2x* —3x+7=0, find th@
1
(ii1) ﬁ%
éﬁnd the value of \/% <

uadratic equation and also plot the graph
auadric e plothe graph

Formation of Quadratic Equations

the quadratic equation of the given roots.
Let a.,p be the roots of the quadratic equation ax’ +bx+c=0,a#0, (i)

then

()L+[3=—é and aB=£
a a

Now, rewrite the equation (i) as under

=

=

b ¢
X+ —x+—=0,
al a

xz—(—b)x+c=0
a

a

provided a # 0

x” —(sum of the roots) x+( product of the roots) = 0,

—b c .
where — and — represent the sum and product of the roots respectively.

a a

i.e., Now it can be written precisely as under

x* = Sx+ P =0, where S and P respectively denote the sum and product of the roots of

the given quadratic equation.

Example 1:

) (i) 7245

Form the quadratic equation whose roots are:
43
577

following

when o and  are the root of a



Solution (i): Lmaz—%mmﬁzg

4 3 -28+15 -13
S=a+P=-——t>= ==
57 35 35

and P=0t[3=(—§](%)=_3—152

When roots are known then equation is
X =Sx+P=0

ie, xz—[_—B x+(£)=0
35 35
= 35x% +13x-12=0.
is the required equation

Solution (ii): Leta=7+25 and B=7-2+/5
S=a+B=7+25+7-2/5=14
and P=aB=(7+2J§)(7—2J§)=49—2O=29

When roots are known, then equation is
X' —Sx+P=0
= x* —14x+29 =0, is the required equation.

20.5.(ii) Form the quadratic equation whose roots are of the types:
(a) 20+1,2B +1 by o’,p’ ()

o B
(d) Bla

where .@,B_are the root of a quadratic equation.

1
B

Q| =

(©) a+B,é+%,

Example 1: If a.,p are the roots of the equation x> —5x+ 6 = 0, form the equation
whose roots are

() 2041,28+1 Gi)  o,p° Gip 41
o P

. a B 1 1

(IV) Eaa (V) (X+B,E+E

Solution (i): Since o, are the roots of the equation x* —5x+6=0
Here a=1,b=-5 and c=6
-5
a 1 a 1
The roots of required equation are 2a+1 and 2B+ 1.

Now find the sum and product of these roots.




S=(20+1)+(28+1)
S=2(a+B)+2
S=2(5)+2 (a+B=5)
S=10+2=12
P=(20+1)(28+1)
P=4oB+2(a+p)+1
P=4(6)+2(5)+1 (a+p=5andaf =6)
P=24+10+1=35
The required equation is x>+ 12x + 35 =0
Solution (ii): The roots of required equation are o?,f.
S=a’+B* =(a+p) —20p =(5)"-2(6)=25-12=13,( o +3=5 and aff = 6)
and P=o’p’= (()c[3)2 =(6)2 =36
X =Sx+P=0
x> —13x+36=0, is the requied equation.

Solution (iii): The roots of required equation are l,l
a

:wzé, (atp=Sandaf =6)

p
and P=(lj{lj=L=l
aA\B) o -6

x*—=Sx+P=0
, 5 1
X—=x+—%
6
= 6x° —5x+1=0, is the requied equation.
Solution (iv): The roots of required equation are %, E
o
2082 (a+B) —2a
so% B _a’+p? (axp) ~20p (- a+p=5 and ap = 6)

o} of of
25—2(6) _25-12 13

6 6 6
and P:[gj(g]=%=§=1
B Ao/ af 6

= 6x° —13x+6 =0, is the required equation.




=5(1+%]=5 % =35 (- atp=5and af = 6)

=(o +B)(a(;l;ﬁ jz (a;f) = %5 (- atB=5and af = 6)
X' =Sx+P=0
x’ —3—5x+§= 0
6 6

= 6x° —35x+25=0, is the required equation.

11
20.5.(iii) Find the values of o,,where the roots of an equation are —,E.
o

Example: If 1 and N are the roots of the x” — 6x +8 =0, find the value(s) of o and p.
o

. 1 1 .
Solution: Since— and — are the roots of the equation x” — 6x +8 = 0.
o

Herea=1,b=—-6 and c=8

a P a 1
\ a+B_6
ap
=3 a+p=60p (1)
and l><l_£_§—8
a p a 1
= ap—y (i)

From equation (i), B = 6(% )— o= 3-4a (1i1)




By substituting the value of B in equation (ii), we have,

3-4a 1
o ==
)

= 8:‘(3 4a)-1=0

= 20(3-4a)-1=0

=  6a-8a’-1=0

= 8u’-6a+1=0

=  8a’-4a-20+1=0

=  4a(20-1)-1(20-1)=0

= (20-1)(40-1)=0

1e, 20—-1=0 or 40-1=0
1 1

= o=— or o=-—,
2 4

then from equation (iii), we have,

3_4(3 1 442
== — or = = — =
P 4 4 P 4 4

Hence,m:l and[_%zl or azl and B =—
2 4 4

4
O EXERCISE 20.5

1. Form the equatl € roots are:

(i) 2,-3 .&g 0,0 (iii) 2+4,2— i (iv) 242,22
ts of the equation 6x” —3x+1=0. Form the equations whose roots are:

2. If o,
0g 2 @2 11
a+12[3+1 (i) a’,B (i) —,—
a p
1

1

V)  o+B,—+—
b a
\ ind the equatlon whose roots are the reciprocals of the roots of px’ —gx+r=0, p#0.
Find the equation whose roots are double the roots of x* — px+g¢ = 0.

Find the equation whose roots exceed by 2 the roots of px” +gx+r=0.

9\@&

Find the condition that one root of ax” +bx+c=0,a# 0, may be:

(1) 3 times the other (ii) square of the other
(iii) additive inverse of the other (iv) multiplicative inverse of the other.




20.6 Higher Dgree Equations reducible to Quadratic Form.
20.6.(a) Solve the cubic equation if one root of the equation is given
Let a,x’ +ax *+a,x+a, =0, be the cubic equation and its one root be o.

Suppose that
f(x) =g’ +ax’+ax+a,=0
and f (x) =0 has a root say a, then,
f(x)=(x=0a)- f;(x), where f;(x) is the quadratic expression.

Example :  Solve x’ —6x”+11x—6=0, if one root of this equation is 1.
Solution: X —6x*+11x—6=0, Thus, we have quadratic equation as under

It is given that one root is 1, i.e, xi —5x+6=0
x =1, is the multiplier factor. = X = 235 - 3g€+ 6 =2 0 .

By synthetic division method = x(x— )_ (x_— ) -

1] 1 -6 116 = (x=2)(x=3)=0

1., x=2=0 or x—3=0
! 1 -5]6 x=2 or  x=3

U

| 5 6 1 0= remainder Solution set ={1,2,3}.

20.6.(b) Solve a biquadratic (quartic) equation if two of the real roots of the equation are
given
Let gx* +ax’ +a,x* + a;x+a, = 0,q, = 0, be the biquadratic equation and its two
real roots be o and .

If 7 (x) =0, has two roots say a and B, then
f(x)=(x=a)(x=B)- fi(x),
where f; (x) is the quadratic expression.
Example 1:  Find the remaining two roots of the biquadratic equation
x*—9x® +19x* +9x—20 =0, if its two roots are 5 and 1.
Solution: x*—9x’ +19x> +9x—20=0, is Thus, we have quadratic equation

. . . . 2 -
the given quartic equation whose given two x"=3x-4=0

roots are 1 and 5 i.e., multipliers 5 and 1. = X’ —4x+x-4=0
=  x(x—4)+1(x-4)=0
=

By synthetic division method, we (x— 4) (x N 1) 0

have
’ ie, x—4=0 or x+1=0
SJ 1 -9 19 3 |-20 = x=4 or x=-1
5 =20 -5| 20 Therefore, remaining two roots are
IJ 1 -4 -1| 4| 0= remainder 4and-1.
1 3|4

1 -3 -4 | 0= remainder




EXERCISE 20.6

1. Find the remaining two roots of the following cubic equations, when one root is given:
() 2’ —x*-2x+1=0, andx=1 < >

() x—4x*+x+6=0, andx=3 é

(i) x*—-28x+48=0, andx=2
2. Find the remaining two roots of the following biquadratic equations, whe @ roots
are given: %

() 12x*—8x—7x? +2x+1=0; andx=1,—% &
(i) x*+4x2-5=0; andx=1,-1 @

(i)  x*+2x°—13x* —14x+24=0; and x = 3,4 >
3. Find the value of m and remaining two roots of the equation —3mx* +9=0, if its one
root is 3.
4. If one root of x’ —3ax’ —x+6=0is 1, then ﬁgﬁ&ralue of a. Also find its remaining
roots.
5. Find the value of a and b, if two roo uation x*—ax? +bx+252=0 are 6 and
—2, also find its remaining two root

20.7 Simultaneous Equations
Two or more equations taken together is called a system of simultaneous equations. To
determine the values of two unknown variables we need a pair of equations.

The set of all ordered pairs (x, y) which satisfies the system of equation is called the

solution set of the system.
20.7.(i) (a) Solve a system‘of two equations in two variables, when one equation is linear
and otheris.quadratic.
The complete method (procedure) to solve the system of equation when one is quadratic
other is linear is illustrated by solving the examples given below.

Example 1: Solve the system of equations 2x+ y =10 and 4x” + y* = 68.

Solution:

2x+y=10 (1)
and ~ 4x" + )" =68 (ii)
From equation (i), we have,

y=10-2x (iii)

Substitute this value of y in equaion (ii), we have,
4x* +(10-2x)" = 68

= 4x* +100-40x+4x* —68 =0

= 8x* —40x+32=0




= X =5x+4=0

¥ —dx—-x+4=0

(x—4)(x-1)=0
1.€. x—4=0 or x—-1=0
= x=4 or x =1

Putting these values of x in equation (iii)
when x =4, theny =10-2(4)=2
when x =1, theny =10-2(1)=38

Thus, solution set is {(4,2),(1,8)}.

Example 2: Solve the system of equations 3x—2y =7 andxy = 20.
Solution:

3x-2y=7 (1)
and xy=20 (i1)
. . T+2y
From equation (i), we have, sz (iii)
Substitute this value of x in equaion (ii), we have
7+2y
=20
( 3 ]y
= 7y+2y* =20x3=60
= 2y +7y—-60=0
= 2y* —8y+15y-60=0
= 2y(y—4)+15(y—4)=0
=  (y-4)(2y+15)=0
i.e. y—-4=0 or 2y+15=0
15
- y:4 or y=——
Putting these values of x in equation (iii)
7+2(4) 15
when y =4, thenx = =—=5
ST
15 7+2(_2] 8
wheny=—— thenx=————-—<=——

3 3

Thus solution set is {(5,4),(—%,—% j}




20.7.(i) (b) When both the equations are quadratic
We explain the method of solution of system when both equations are quadratic by the

following example. >
Example 3:  Solve the system of equations x° + > = 4 and 2x” — y* =8.
Solution:
¥ +y =4 (1)
and 2x*-)° =8 (ii)
To eliminate y* adding equations (i) and (ii), we have
3x* =12
= x* =4
= x =12,
: By using x =12, in equation (i), we get
(2) +y* =4 (=2) +)* =
= 4+y° =4 - 41y =
= Y =4-4=0 = Y =4-4=0
= y=0 = y=0

Thus, solution set is {(—2,0),(2,0)}.

Example 4: Solve the system of equations x> + y* =13 and xy = 6.

Solution:
¥ +y =13 . (1)
and xy=6 (i1)

In this type of equations we eliminate constant
by multiplying equation (i) by 6 and equation (ii) by 13, we get
. 6x> +6y° =78 (iii)
and 13xy =78 (iv)
By substracting equation (iv) from equation (iii)
6x* —13xy+6y> =0
6x> —9xy—4dxy+6y> =0
3x(2x— 3y)— 2y(2x—3y) =0
e, 2x-3y=0 or 3x-2y=0
) 2

U

or

X
2 3




Thus, we have following two systems In system (B),

xy=6 2_)’ _ el 2
L3y System (A) S
2 = 2y° =3x6
xy=06 , 3x6
and 2y ¢ System (B) = Y = =9
x=
3 = y =23,
I systemn (4). when y = +3 thenx:g(i3):i2
3y 3y ’
27 y=6, oy =22 3
22 Thus, the solution set is
= 3" =2x6
&ZV_ 26 _, {(3.2).(-3.-2),(2.3).(-2.-3)}.
3
y==x2

when y =42 then x = %(i2) =43

20.7.(ii) Solve the real life problems leading to.quadratic equations
Example 1:

Find two consecutive positive integers whose product is 72.
Solution:
Let x and x+1 be the two consecutive integers.
According to given condition.

x(x+ 1) =172

X’ +x-72=0

(x+9)(x—8)=0(By factoriziation)
e, x+9=0 or x—8=0

x=-9 or x=38

Neglecting x = -9 being negative integer
o Required consecutive integers are 8 and 9.
Example 2:

The area of a rectangular plot is 320m”. The width of the plot is less 4m than the length
of the plot. Find the length and width of the plot.

Solution:
Let x be the length of the plot then, the width is x—4.
Given that
Area of the plot = 320m°
x(x—4)=320 [ Area = Lengthx Width]

= x*—4x-320=0



= x> —20x+16x—-320=0

= x(x—20)+16(x—20)=0

= (x—20)(x+16)=0

ie. x—20=0 or x+16=0
= x=20 or x=-16

Neglecting x = —16 because length is always positive.
Thus, length of the plot is 20m and width of the plot = 20 -4 = 16m.

-
EXERCISE 20.7
Solve the following systems of equations:
2x—y=3 and x*+y?=2 b
2x+y=4 and x*—2x+y =0
2:3-2 and 4x+3y=25 &6
x Yy
2 2 2 2
4. (x-1)"+(y+3)" =25 and x*+(y+1 —@
5. x*+y’=25and (4x-3y)(x
6. x*+y*°=16 and 2x*-3xy+y
7. xX*+y?=5 and xy=2 $
8. x*+xy=5 and x —226
9. x+ 4 =1 and p+
y
10. Divide 12 int s such that the sum of their squares is greater than twice their
product by 4.
11. The length o rayer hall is 5 meters more than its width. If the area of the hall is
36m”, e length and width of hall.
12. The of the squares of two positive numbers is 100. One number is 2 more than the

other find the numbers.
length of the base of the right triangle exceeds the length of the perpendicular by
. When hypotenuse of the triangle is 34. Find base and perpendicular.
The perimeter of an isosceles triangle is 36cm. The altitude to unequal side of the
\ triangle is 36cm. Find the length of the three sides of the triangle.
© 15. The difference of two numbers is 5, and difference of their squares is 275. Find the
numbers.




REVIEW EXERCISE 20

1. Multiple Choice Question MCQs.
Encircle the correct answer.

i. If p,q aretheroots of 2x°+5x+3=0, thenp+q=

5 3 5 5
z b z 2 d _ 4
(a) : (b) E (c) b (d) ;
i, If l, 1 are the roots of the ax” +bx+c=0, a# 0, then o +p=——
o
b b b ¢
(@ --— b - © = (D ——.
a c G b
iii.  If the sum of the roots of (p+ l)x2 +(2p+ 3)x+(3p+ 4) =01is —1, then product of
the root is
(@ 0 () 1 () 2 d 3
iv.  The nature of the roots of ax” +bx+c =0, a#0 is determined by
(a) sum of the roots (b) -~ produet of the roots
(c) discriminant (c) none of these

4 . .b .
v. If sum of the roots of a quadratic equation is — and the product of the roots is < , then
a a

equation is

(a) ax’ +bx+c=0 (b) ax’+bx—c=0
() ax’ —bx+e¢=0 (d) ax*—bx—c=0
vi. The required equation whose roots are the reciprocal of the root of ax’ +bx+c=0 is
(@) a’+bx+c=0 (b) ox’+bx+a=0
() o’ tax+b=0 (d ax’-bx—a=0
vii. Ifa,p are the roots of x> —2x—15=0, then the value of o’ +[32 B
(a) 34 (b)) 34 (c) 26 d -26

viii. If A=b-4ac, of a quadratic equation with real coefficient is perfect square,

then roots are
(a) real and equal (b) real, rational and un equal
(c) real, irrational and unequal (d)  imaginary

ix. If one root of quadratic equation is 2+ B , then other root will be

(a) 2 ® 243 (@ 2-\3 @ -2-v3
x.  The quadratic equation whose roots are complex cube roots.
(@) x*-x-1=0 (b) ¥ —x+1=0

() x*+x+1=0 (d) ¥ +x-1=0




2.  Discuss the nature of the following quadratic equation:

i) x?=7x+12=0 ii) x-14x+49=0
iii) x>?—x+7=0 iv) x =5=0
3. For what value of k, the equation x* +kx+4=0
i)  has equal roots ii) has complex roots
iii) has real roots iv) has rational roots
4.  Find the cube roots of 729.
5. Find the sum and product of roots of the following quadratic equation.
i) x*=7x+29=0 ii) x* px+g=0
iii) 7x—8=5x" iv) 11x=9x 2-28
6. Define symmetric function of quadratic equations.
7.  Form the quadratic equation whose roots are 1— \/§ and 1+J§ .
8.  Find the equation whose roots are the reciprocals of the roots of x> —10x+16=0
9. Solve the following system of equation
i) x*+y*=10 i)  x*+yr=37
x+y=3 2x+ 5y =32
SUMMARY

> Discriminant of the quadratic expression ax’ +bx+c,a# 0 is A =b"—4dac.
i. If A=b"—4ac >0,then the roots are real and unequal.

ii. If A=b"—4ac<0,then the roots are non-real (complex or imaginary).

. : b
iii. If A=5b"—4ac=0,then the roots are rational and equal, each being equal to — o
a

iv. If a,b,c are rational and A =5b"—4acis perfect square, then roots are rational and
unequal otherwise irrational.

» The cube roots of unity are 1, ® and o’

» Properties of the cube roots of unity are:
1. Each of the complex cubes of unity is square of other.
1i.. Sum of three cube roots of unity is zero.
iii. Product of three cube roots of unity is 1.
iv. Each complex cube root of unity is reciprocal of the other.

> If a and B are the roots of quadratic equation ax’ +bx+c,a # 0, then

b c
a+f=—— and aff=—
a a
» Symmetric functions of the roots of quadratic equation are those functions which remain

unchanged when roots are interchanged, i.e. /(a.p)= f(B,a).




PARTIAL
FRACTION

Student Learning Outcomes (SLOs)
After completing this unit, students will be able to:
»  Define proper, improper and rational fractions.

Resolve an algebraic fraction into its partial fractionswhen its denominator consist of
* Non- repeated linear factors,

Repeated linear factors,

Non- repeated quadratic factors,
Repeated quadratic factors.
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Introduction:

To split a rational fraction into the sum or difference of two or more fractions, such
fractions are known as partial fractions. Partial fractions can only be found if the degree of the >
polynomial in numerator is strictly less than the degree of the polynomial in denominator. For

instance,
(i) 2x+3 1 N 1
(x-1)(x+4) x-1 x+4
(i) ~(4x*+x+11)  x+2 5

(2+1)(x-3) #+1 x-3
21.1 Define Proper, Improper and Rational Fractions
Rational Fraction:

We know that, a number of the form %, where p,qe Z and g#0is called a rational

P
number. Similarly, the quotient of two polynomials (x) , Q(x);tO is called a rational

Q(x)
algebraic expression. It is commonly known as rational fraction.
Example:
. 2x° —5x?=3x-10 . 5x+8
1 1 -
® -1 ) 3x 22x-1

Proper fractions:
P(x)
Q(x)

than the degree of denominator Q(x).

A rational fraction is said to be proper fraction if the degree of numerator P(x) is less

Example:

. 9x*> —9x+6 6x+27
(i)

(x=1)(2x=1)(x+2) R
Impreper fractions:
P(x)

Q(x)

P(x) is equal or greater than the degree of denominator Q(x).

A rational fraction

is said to be improper fraction if the degree of numerator

Example:
@ 2x° —5x*=3x-10 (ii) 6x> —5x* -7
x* -1 3x2-2x-1
2
(i) !




Additionally, any improper fraction can be resolved into the sum of polynomial and proper

fraction.

3x* —2x+1 17
eg ————=3x-8+ .
x+2 x+2
3x* —2x+1, . , : : . .
Here, ., lsimproper fraction , 3x — 8 is polynomial and is proper fraction. To
X+

resolve the improper fraction into the sum of polynomial and proper fraction; one needs to
divide the numerator with denominator.
21.2 Resolution of fraction into its partial fractions
To resolve the rational fraction into partial fractions, it is necessary that the rational
fraction must be a proper fraction. If it is not, then it must be converted into proper fraction by
division.
21.2.(i) Resolve an algebraic fraction into its partial dractions’ when its denominator
consist of

e Non- repeated linear factors,

e Repeated linear factors,

e Non- repeated quadratic factorss

e Repeated quadratic factors:
Case-I: Denominator Consists of Non-repeated linear factors

P(x
Let R(x)= Q(( )) is a rational fraction, where, its denominator Q(x) is the product of non-
X
repeated linear factors which can be written as

Q(x)z x—-aq)(x-a)(x—ay)....(x—a,) .

Now R(x) = (x) is resolved as under:
Q(x)
P(x)= 4 + 4 + 4 +ot 4, .
Q(x) X—a Xx—a, X—a x—a,

Here, the constants 4, 4,, 4;,..., 4, are to be found. The method is explained by following

examples.
Example 1:
11-3x . . .
Resolve —————— into partial fractions.
(x - 1)( x+ 3)
Solution:
Let 11-3x A N A, Q)

(x—l)(x+3) (x—l) (x+3)

Here, A; and A, are unknown constants to be determined.

From equation (i),




11-3x A (x+3)+A,(x-1)

(x—l)(x+3) (x—l)(x+3)

Multiplying bothsides by (x—1)(x+3)

=11-3x=A (x+3)+A,(x-1) (i)
To determine constants A, and A,, values of x are chosen. To get A,, put x=1, on both
sides in equation (ii),

we get 11-3(1)= A, (1+3)+ A, (0)

= 8=4A,

= A=2

To get A,, put x=-3, in equation (ii),

we get 11-3(-3)=A,(0)+ A, (-3-1)

= 20=-4A,

= A,=-5
Finally, by putting the values of constants A; and A, in equation (ii),
we gt 1-3x 2 5
g (x—l)(x+3) x—1 x+3
Example 2:
6x° +5x* 7
Resolve xz—x into partial fractions.
2x"—x-1
Solution:

The given rational fraction is an improper fraction; hence it is converted in the proper fraction
by dividing numerator with denominator.

6x° +5x2 =7 | 6 +5x7 -7 7x-3 :
> = =3x+44+— (1)
2x"—x-1 (x—-D2x+1) (x=DQR2x+1)
Consider the expression _ T3 for resolving into partial fraction.
(x-D2x+1)
Let Tx-3 A, b

—D2x+1) x—1 2x+1
Here, A, and A, are unknown constants to be determined.

From equation (ii),
7x=3  AQRx+D+A,(x-1)

(x=DQ2x+1)  (x=1)2x+1)




By multiplying (x—1)(2x + 1) to both sides

we get
= Tx—3=A;2x+1)+A, (x-1) (iii)
To determine constants A; and A,, values of x are chosen. To get A, put x=1,in
equation (iii),
we get
7(1)-3=A,(2+1)+A,(0)

= 4=3A,

4

= A==
3

1
To get A,, put x= Y in equation (iii), we get

B3,
2 2
= A2=E
3

By putting the values of constants A; and A, in equation (ii), we get
Tx-3 4 N 13

(x=-D(2x+1) 3(x—1) 3Q2x+1)

Finally, equation (i) becomes

6x° +5x> 7 4 13
—— ——=3x+4+ + .
2x"—x-1 3(x—1) 3(2x+1)
'\v EXERCISE: 21.1
solve the following into partial fractions
12 5 4(x—4) ; x> =3x+6
\ x*-9 . ¥ —2x-3 ' x(x-2)(x-1)
» 3(2x2—8x—1) x> +9x+8 =4
5. — 6. -
(x+4)(x—1)(2x—1) X +x-6 X —2x-3

3> —2x% —16x+20

(x— 2)(x+ 2)




Case-II: Denominator consists of repeated linear factors

P
Let R(x) = Q((x)) is a rational fraction, where, its denominator Q(x) is the product of repeated >
X
linear factors which can be written as Q(x) =(x—a)".
P(x) .
Now, R(x)=———= isresolved as:
Q(x
P(x A A A
()= L2+ A”n.
Q(x) (x—a) (x—-a) (x—a) (x—a)

Here, the constants A,,4,, 4;,..., A, are to be found. The method is explained by following

examples.
Example 1:
Resolve > into partial fractions.
(x-2)
Solution:
Let 2x+3 _ Al i A2 (l)

(x-2) (x=2) (x-2)

Here, A, and A, are unknown constants to be determined.
From of equation (i)

2643 Aj(x-2)+A,
(x=2)  (r-2)
By multiplying(x—2 )2 both sides
we get 2x+3=A,(x-2)+A,
= 2x+3=Ax—-2A,+A, (ii)

To determine constants A, and A,, by equating the like-terms on both sides of

equation (ii). Now, by equating the coefficients of x in equation (ii), we get,

2=A,
Again, by equating the constants in equation (ii), we get
3==2A,+A,
3=-22)+A, (~A=2)
7T=A,

Finally, by putting the values of constants A, or A, in equation (i), we get
2x+3 2 7

(=2 (=2) (2]




Example 2:

2
Resolve Lx—wz into partial fractions.
(x+3)(x-1)
Solution:
5x-2x-19 A A A :
Let =l 23 @)
(x+3)(x=1 (x+3) (x-1) (x-1)

Here, A;,A, and A, are unknown constants to be determined.

By multiplying(x+3)(x— 1)2 to bothssides of eq (i)
= 52— 2x-19= A, (x= 1)+ A, (x+3)(x=1)+ Ay (x+3)- (i)
5x% —2x—19= A x> +2Ax+ A, + Ayx” +2A,x—3A,+A x4+ 3A,
= 5xP-2x—19= (A, + A)x” +(A;+2A, — A)x+ (A, -3A543A,) (i)
To determine constants A|,A, and A,, values of x are chosen. To get A, , put x =-3,
in equation (ii), we get.
5(-3)" =2(-3)-19= A, (4] +A,(0)(~4)+A,(0)
= 32=164A,
= A=2
By equating the like-terms on both sides of equation (iii). Now, by equating the
coefficients of x? in equation (iii), we get,

S=A+A,
= _5=Q2)+A, ( A=2)
= A, =3

Again, by equating the coefficients of x in equation (iii)

—2=A;+2(3)-2(2)

Finally, by putting the values of constants A, A, and A; in equation (i), we get
5x°=2x-19 2 3 4

(x23)(v-1) (x+3) (x-1) (x=1)"
\\J' EXERCISE: 21.2
S

Resolve the following into partial fractions

, 4x-3 5 2+ 7x+3 : 5x2—30x+44
) L 2 (x+) (Y
18+ 21x—x° . x2—x+3

(x—5)(x+2)2 ' (x—l)3




Case-II1: Denominator consists of non-repeated quadratic factors

Q(x)

P(x
Let R(x)= ( ) is a rational fraction, where, its denominator Q(x) is the product of >
non-repeated irreducible quadratic factors.

P(x) .
Now R(x) = is resolved as:

Q(x)
Px) | Ax+A,  AxtA, Ay, xEA,,
Q(x) ax’+hx+c ax’+bx+c, a,x*+bx4+c,
Here, the constants A, A,,A;,...,A,, are to be found. The method is explained by following
examples.
Example 1:
2
Resolve X aSxld into partial fractions.
(x + 1)( X+ 2)
Solution:
2
A, Ax+A .
Let Tx"+5x+13 A ML a0 1 Q)

(x+1)(x2 +2) Cx+l X242

Here, A,,A, and A; are unknown constants to be determined.

By multiplying (x+ 1)(x2 + 2) to both sides of eq: (i)

7o 4 Sx+13= A (X7 4 2)+ (Ayx+ A ) (x+1) (i)

Tx? +5x+13= A7 +2A, + Ay + Ayx+ A+ A,

7x* +5x+13= (A +A,))x*+(A, + Ay)x+(2A,+Ay) (i)

To determine constants A, A, and A,, values of x are chosen. To get A, , put x=-1,
in equation (ii), we get

7(=1)>45(-1)+13= Al((—1)2 + 2)+(A2(—1)+A3)(—1+1)

= 15= 3A,

= A=5

By equating the like-terms on both sides of equation (iii), we get,
T=(A+A,) 5=(A,+A,)

=  7=(5+4,) =  5=(2+4A;)

= 2=A, = 3=A,

Finally, by putting the values of constants A, A, and A, in equation (i), we get
TP +5x+13 5 2x+3

() e2) () (2 +2)




Example 2:

2x+7 . . .
Resolve 7———-——— into partial fractions.
(x +3)(x +6)
Solution:
Let 2x+7 _Ax+A, | ApxtA (i)

(x2 +3)(x2 +6) 243 P46
Here, A;,A,,A; and A, are unknown constants to be determined.
By rnultiplying(x2 + 3)(x2 + 6) to both sides
= 2x+7= (" +6)(Ax+ A, )+(x7 +3)(Ax+A,)
= 2x+7=(A,;+A)X + (A, + A)x" +(6A,+3A,)x+(6A,+3A,) (i)
By equating the like-terms on both sides of equation (ii), we get,

A+A;=0 (iii)
A,+A,=0 (iv)
6A,+3A;=2 v)
solving equations (i) and (iv) simultaneously, we get A, = %, andA; =—
similarly, the values are A, = %and A, = —;.
Finally, by putting the values of constants A;,A,,A; and A, in equation (i), we get
2 N 7027
247 3 g T Ty 2 7 2x-7

(F+3)(r6) a3 X6 3(x43) (6]

V- EXERCISE: 21.3
Resolve & g into partial fractions

x— 13 6x—5 15+ 5x+5x> —4x°
@x .(x2+10)(x+1) . xz(x2+5)
6 3x? —x+l x2—x+2
x+1 x —x+3) .(x+l)(x2+3)

Case-1V: Denominator consists of repeated quadratic factors

P(x
Let R(x)= ( ) is a rational fraction, where, its denominator Q(x) has the repeated

Q(x)

irreducible quadratic factors. For the sake of simplicity, it is taken that Q(x) = (ax2 +bx+ c)n




P(x) .
Now R(x)=——= is resolved as:

Q(x)

P(x) _ Ax+dy | Ax+d, A, 344,

Q(x) ax’ +bx+c  (ax* +bx+c)’ (ax* +bx+c)".
Here, the constants 4, 4,, 4;,..., 4, are to be found. The method is explained by following
examples.
Example 1:

2
Resolve 5x—+22 into partial fractions.
(x2 +x+ 1)
Solution:
2
Let SxP+2 Apx+A, | Ajpx+Ay Q)

27 2 ' 2
(x2+x+1) X tatl (x2+x+1)
Here, A;,A,,Aj;and A, are unknown constants to be determined.

By multiplying (x2 +x+ 1)2 to both sides

5x% 42 =(x2 +x+1)(A1x+A2)+A3x+A4

5x242 = XA+ xPA + XA F XA, XA, F XA+ A, + A,

0. +58 +0x+2=xA +X (A +A,)+x(A +A +A;)+(A,+4,) (i)
By equating the like-terms on both sides of equation (ii), we get,

A =0 (iif)
A +As=5 (iv)
A +A,+A, =0 (v)
A, +A =2 (vi)

Putthevalueof A, =0,in eq (iv) weget A, = 5.
Similarly, by putting the values of Az and Aj in eq (V)

We get
0+5+A;=0
= Ay=-5
Again by putting the values of A, in eq (vi)
5+A,=2
= A,=-3

Finally, by putting the values of constants A;,A,,A;and A, in equation (i),
we get
5x2 42 0x+5 ~ —5x-3

(x2+x+l)2 S extl (,% +xH )2.




Example: 2

A b xHl ) )
Resolve 5 into partial fractions.
x(x2 + 1)

Solution

4, 3
A A, A A
Leg XX +x2+x+l=A1+ XAy Axt Ag 0

x(x2+1)2 X (x2+1) (%Hj

Here, A,A,,A;,A, and A are unknown constants to be determined.

By multiplying x(x2 + 1)2 to bothsides of eq (i)
A xtl= Al(x2 +1)2 +x(A2x+A3)(x2 +1)+x(A4x+A5)
e 1= A 2A X0 A+ AL A A A A+ Agx
e xtl=(A A, )t A (24 + Ay A ) H (A Ag)x+ A (i)
To determine constants A;,A,,A;,A, and Ay, we equate the like-terms of equation
(i1), we have

I1=A,+A, (iii)
1=A, @iv)
1=2A,+A,+A, (v)
1=A;+ A (vi)
1= A (vii)
Put the value of A, in equation (iii), we get
L=A,+A,
= 1= (1 +A, )
= 0=A,
Put the value of A;in equation (vi), we get
=1+ A,
0=A;

Put the value of A,and A, in equation (v), we get
1=2(1)+(0)+A,

1= Ay
Finally, putting all values of constants A,,A,,A;,A, and A; in equation (i), we get

P e +x+1_1 1 X

x(x2+1)2 x (x2+1) (%+lj .




EXERCISE: 21.4

Resolve the following into partial fractions

2 2
X ) X +x+2 3 X

S.
c+1)(2452) x=2)(3+2)
(x+1)(2++7) (x-2)(3+#] ((\

-
REVIEW EXERCISE21 )
1. Tick the correct option
0

i.  An improper fraction can be reduced into pro n by

(a) addition (b) 1cat10n
(c) subtraction
ii.  Partial fractions of al have a form

(x—a)(x-

a
()x+ax+bWxaxbxc
(c) +— ) None of these
xX+a x-b
) x—=3
iii.  Find the pa ons of — are______ .
K X +3x
-1 1 1 x+1
—= % b) —+
® X 243 ®) x x*+3
1 1 -1 x+1
- d —+
& x*+3 @ x  x°+3
X +1 .
is
(x—=D(x+2)
(a) Proper fraction (b)  An improper fraction
\ (c) An identity (d) A constant term
>
v.  The fraction — is known as:
X +5x+6
(a) Proper (b)  Improper

(c) Both proper and improper None of these

(d)




Define proper, improper and rational fraction.
Resolve the following fractions into partial functions.

2
i) X2 +2x+3 ) X +8x2+9 QO
(x2+1)(x—2) (x2+x+1 x+1
V) —( x)+(5 ) vi) Zx+ : 2m®
x“+1) (x=-3 x x+




BASIC
STATISTICS

Students Learning Qutcomes (SLOs)

>

After completing this unit, students will be able to:
Know about frequency distribution, and learn how to:
% Construct a grouped frequency table.

** Construct histograms with equal class intervals.

L)

X3
% Construct histograms with unequal class intervals.
R/

R/

'+ Construct a frequency polygon.

Know about cumulative frequency distribution, and learn how to:

% Construct a cumulative frequency table.

¢ Draw a cumulative frequency polygon.

Know about measures of central tendency, and learn how to:

«* Calculate (for ungrouped and grouped data):

®  Arithmetic mean by definition and using deviations from assumed mean.

®  Median, mode, geometric mean and harmonic mean.

X4

L)

*,

* Recognize properties of arithmetic mean.

>

*,

*,

* Calculate weighted mean and moving averages.

>

** Estimate median, quartiles and mode, graphically.

Know about measures of dispersion, and learn how to:
° o % o o a8 o A0
** Define, identify and measure range, calculate variance, mean deviation and standard deviation.




Introduction:

Statistics is an important branch of Mathematics which deals with the collection,
organization, representation, interpretation and analysis of data to derive meaningful insights and
patterns which help take wiser decisions and frame efficient policies. We already know basic
concepts of classification, graphical representation and some measures of central tendency of
simpler data. Here, we explore these in more detail and extend the concepts towards moving
averages and measures of dispersion.

Data are basis of any statistical investigation, and are gathered on a variable of interest
by asking questions, counting and measuring, referring reports, news, articles. The very basic
form of data are the raw data, which are unclassified/ ungrouped, and it is difficult to directly
get any meaningful conclusion from it. Such data are obtained using surveys, interviews or
questionnaires, also referred as primary sources of data. After classifying and organizing
raw/ungrouped data, we can get useful information through grouped/classified data.
Newspapers, reports and articles are referred as secondary sources of data because these lead
to classified data.

Data are divided into two types: qualitative (categorical) or quantitative (numeric).
Data on gender, blood group, eyebrow color, grades, roll numbers, etc. are qualitative data. Data
on height, weight, salary, pH values of solutions, annual profits of a company, marks of students
in a subject etc. are quantitative.

Observations in qualitative data are purely attributes/categories without any numerical
significance, but these may or may. not possess ranking/ordering (ascending or descending).
Qualitative data which does not possess ordering are nominal, otherwise ordinal. Gender, blood
group, eye brow color, religion lead to nominal data. For example, we cannot rank male/female
observations as to which is higher/lower. Data on grades of students (A, B, C, Fail), quality of
food (excellent, good, fair, bad, worst) can be ordered/ranked, and lead to ordinal data.

Observations in quantitative data are numbers with numerical significance and ordering.
The numbers may be integers only or also in decimal form. If observations in a quantitative data
are only integers, then data are discrete, otherwise continuous. Data on salary (in Rs.), number
of female students per class in a school, number of heads while tossing 4 coins simultaneously
lead to discrete data. Data on measuring heights, weights, pH values of solutions are continuous
data.

It is extremely important to distinguish between types of data to appropriately apply some
statistical tests or to measure any indicators for further analysis of data.

22.1." Frequency distribution:

To extract meaningful information from ungrouped data with higher number of
observations, we divide data into smaller classes/groups. The classes are constructed to include
all similar observations at one place. The discrete classes comprise of a single number/attribute,
whereas continuous classes contain a range of numbers. The number of observations falling in
a particular class is called its frequency.

A frequency distribution is a tabular description of a grouped data, consisting of classes
and corresponding frequencies. Data arranged into a frequency distribution provide clearer
understanding for the basic analysis than the ungrouped/raw data.




The relative and percentage frequencies of a class with frequency "f" are:

(%) and (%XIOO), respectively, where "n" is total number of observations. The sum of all

relative frequencies is 1, and of percentage frequencies is 100.
22.1(i) Construct grouped frequency table:

The procedure to construct a grouped frequency table or a frequency distribution depends
on the way we form groups/classes. We discuss the following two ways of construction.
(a) Frequency table with discrete classes:

Discrete classes refer to the classes with only a single number/attribute to include similar
observations. We use discrete classes only when a fewer observations repeat more number of
times in the data. Frequency table with discrete classes is also referred as discrete frequency
table. Sometimes, the relative and percentage frequencies are also added in the table in last if
required.

Given a dataset, we follow the following steps to ‘construct its frequency table with
discrete classes comprising of three columns.

1. Identify distinct observations as classes/groups and write these in the first column in any
order if data are nominal. For ordinal and quantitative data, write the classes in ascending
order.

2. Use tally marks to distribute data into the classes in the second column.

3. Count tally marks to write frequency of each class in third column.

Example 1:
Construct grouped frequency table of the blood groups of 30 students of a class.
A+ O- B+ A+ A- AB+ B+ O+ O+ A- A+ AB- A+ O+ B+
B+ O+ B+ O- AB+ O- A+ AB+ A+ O+ B- O+ A- AB- O+
Solution:

Here, n = 30 and data are nominal. The eight distinct blood groups: A+, B+, AB+, O+,
A—, B—, AB— and O- are the eight classes which are written in first column. Using tally marks
in the second column to distribute data and then counting these to write frequencies in the third
column, we get the required grouped frequency table for the distribution of blood groups of
students.

Grouped Frequency Table

Classes/Groups Frequency
“Blood groups” Tally marks “Number of students”
A+ M | 6
B+ it 5
AB+ Il 3
o+ il 7
A- Il 3
B- | 1
AB- Il 2
O- Il 3
Total — n=30




Example 2:

The responses of 40 randomly selected customers in a shopping mall when asked “How
satisfied are you with the services?” are given below. Construct a grouped frequency table of
their responses. Also compute relative and percentage frequencies.

Very Not very | Not very Very Somewhat | Not at all Very Not very

Very Not sure Very Very Very Not very Very Somewhat
Not sure Very Not at all Very Very Very Not very | Somewhat
Notatall | Notsure | Notvery | Notvery | Not sure Very Very Very

Very Somewhat Very Somewhat | Not very | Not sure Very Somewhat
Solution:

Here, n =40, and data are ordinal. The five distinct satisfaction levels in ascending order
(lowest to highest) are classes. With tally marks and frequencies we get the grouped frequency
table. The relative and percentage frequencies are also computed in fourth and fifth columns.

Classes/Groups | .\ | Frequency Relative frequency Percentag;: frequency (%)
“Satisfaction levels” y (§3) (%) ( o 100)
Not at all Il 3 45 =0.075 %100 =7.5
Not very il 8 0.2 20
Not sure M 5 0.125 12.5
Somewhat Jill 6 0.15 15
Very Wl a8 0.45 45
Total === n =40 1 100

Note that:

a. From grouped frequency table of Example 2, we can easily conclude that highest
number of customers were “Very satisfied”, where as a fewer number of customers
were “Not satisfied at all”.

b. It is appropriate and understandable to say that 45% customers were very satisfied
instead of 18 out of 40 were very satisfied.

Example 3¢
The responses of 45 families in a city, when asked about number of mobiles they used,
were noted as follows. Construct a discrete frequency table of the responses. Also obtain relative
and percentage frequencies of the responses.
3 1 3 2 2 2 2 1 2 1 2 2 3 3 3 3 4 1 3 0 2 4 3

3 3 2 3 2 2 5 16 1 6 2 1 5 3 2 4 2 4 7 4 2

Solution:

Here, n =45 and data are quantitative, and in particular discrete.

The distinct numbers in the data in ascending order are: 0, 1, 2, 3, 4, 5, 6, 7 which are
fewer numbers repeating again and again. These are the § classes in the first column.

Writing and counting the tally marks in second column, we compute frequencies in the
third column to get the required discrete frequency table of distribution of number of mobiles
possessed by 45 families.




Discrete Frequency Table

Classes/Groups Frequency
“Number of mobiles” Tally marks “Number of families”
0 1

1 M|(| 7
2 O e 15
3 MO 12

4 I 5

5 I 2

6 | 2

7 | 1
Total n =45

Example 4:
The amount of cold drink was measured (in liters, L) in 20 randomly selected 1.5L bottles
of a company as given below. Construct a discrete frequency table of the measured amount of

cold drink. Also compute relative and percentage frequencies.
1.48 1.51 1.50 1.49 1.49 1.49 1.51 1.48 1.49 1.52
1.51 1.49 .51 1.50 1.50 1.50 1.51 1.49 1.49 1.50

Solution:

The data are quantitative, and in particular continuous. The distinct numbers: 1.48, 1.49,
1.50, 1.51 and 1.52 (in ascending order) are five classes. With tally marks and frequencies, we
get the discrete frequency table. The relative and percentage frequencies are also computed in
fourth and fifth columns.

Class limits Tally Frequency Relative frequency Percentage frequency (%)
“Amount of cold N, “Number of ( L) L 100)
drink (L)” bottles” " "

1.48 [ 2 %=0.1 Zx100=10

1.49 W 7 0.35 35

1150 i 5 0.25 25

151 i 5 0.25 25

1.52 | 1 0.05 5

Total - n =20 1 100

(b) = Frequency table with continuous classes:

When data are quantitative (discrete or continuous) and observations are split over a
range of number with lesser repetitions and more variations, then we use continuous classes.
These classes are not single numbers but a range of numbers (intervals) each consisting of all
numbers within the limits of the class. A continuous frequency table comprises of continuous
classes together with respective frequencies.

We have already studied frequency distribution for discrete data in previous class. Here,
we will generalize and use the basic concepts for discrete and continuous data with any number




of decimal places. We first recall and define some important terms which are actively used in
the procedure.
Range:
It is the difference between highest and lowest observations in the given data.
Range =[Highest observation] — [Lowest observation] €))
Class limits:

These are numbers used to identify a class. For each class, there is a smallest number,
called lower class limit (LCL), and a largest number called upper class limit (UCL). The
observations starting from the LCL up to the UCL fall in a particular class.

Class interval/ width (h):

It is defined as the size / length of a class, and computed by finding difference between
any two consecutive LCLs or UCLs. We usually use constant class width/interval, denoted by h
for all classes and calculated as:

hZLIVEXIOW—‘ ()

10" | K

where, K is number of classes, R is range, and m is number of maximum decimal places
in the observations.

If data are discrete, then m = 0, if data are continuous with values up to one decimal
places, then m = 1, and so on. | .| denotes the ceiling approximation to get final integer value

of h. The ceiling of an integer is the same integer, whereas of a decimal fraction is an integer
immediately greater than it.

For example [4]=4,[1.6]=2,[1.9]|=2,[7.5]=8.
Number of classes (K):

The number of classes is denoted by K and it ranges from 5 to 15 depending on number
of observations and range. It should be carefully chosen/calculated, if not given. Much higher
value of K results in.poor grouping and loss of information. H. Sturges (1926) suggested a rule
to calculate desirable number of classes K by using the numbers of observations n. The Sturges’
rule is defined as:

K =[143.322log(n) | 3)
where, log (n) is logarithm of n with base 10, and [.] is ceiling approximation. It should

be noted that Sturges’ rule is mostly appropriate for 15 < n < 200. For example, if n = 25,
then: K = [1 + 3.32210g(25)] = [5.6439] = 6 classes.
Spacing between the classes (d):

The constant difference between the LCL of a class and UCL of the next class is spacing
between the classes (d). If m is number of maximum decimal digits, then:
dzTL-szle )

m 2

For discrete data, m =0 and d = 1. If data are given up to one digit after the decimal, then
m=1and d=0.1. For data up to 2 decimal places, m =2 and d=0.01.




Procedure to construct continuous frequency table:

1.

2.

The steps to construct continuous frequency table for quantitative data are:

Note number of observations (n) and identify type of data: discrete or continuous. Also,
note the maximum number of decimal places in data ().

Calculate range (R) using equation (1), number of classes (K) using Sturges’ rule in
equation (3), if not given.

Calculate class interval (h) using equation (2) and spacing between the classes (d) using
equation (4). In extreme conditions, we may have to take “/ + d”as class width or add
one more class.

Determine class limits to assure that all observations are included into the K classes. We
can also use the lowest observation as starting LCL. The starting UCL is:
UCL =LCL+ h—d. Write LCLs and UCLs of other classes by continuously adding h in

starting LCL and UCL.

5. Write class limits as classes in the first column of continuous frequency table.

6. Use tally notation / list entries to distribute data into classes in second column. Tally

marks are preferred.

7. Count tally marks or entries to write frequencies of all classes in third column.

Example 1:

The electricity consumption (in kWh) in a shop was noted for 60 consecutive days as

mentioned below. Construct frequency distribution using tally method.

106 107 76 82 109 107 115 93 187 95 139 119 115 128 115
123 125 111 92 86 70 126 130 129 194 82 90 158 118
123 146 80 136 137 110 141 152 104 111 140 184 [204] 178 75
113 162 13199 185 181 84 486 100 98 148 90 110 107 78
Solution:
Here, n=060, data are discrete with Frequency Table
m=0. R=204—68=136. Using Sturges’ Class limits | Tally marks | Frequency
rule for number of classes: 68— 87 Jmm 10
K=[1+3.3221log(60)| =] 6.9070|| = 7.
| g(60)]=[ ] With 88-107 | M (I 13
136 1
h= ’77—‘ = r194285—| = 20, andd =1. 108 — 127 Mmm 15
the starting LCL=68, the starting UCL=68+20— 128-147 | M 10
1=87. Adding /=20 in these, we get all other 148 — 167 M 4
limits. Wr}tlng class limits in ﬁr.st golurpn, 168 — 187 m | 6
tally marks in second, and frequencies in third,
. 188 — 207 I 2
we get the required frequency table. Total p—




Example 2:

The diameters (in mm) of a reel of wire measured at 24 places correct to nearest 0.0 lmm
are: 2.10,2.29,2.32,2.21,2.14,2.22,2.28,2.18,2.17,2.20, 2.23, 2.13, 2.26, 2.10, 2.21, 2.17, 2.28, 2.15,
2.34,2.27,2.11,2.23,2.25,2.16. Construct frequency distribution.
Solution:

n =24, data are continuous up to two digits after decimal, so: m = 2.

R =234-210=0.24,and K = [1+ 3.32210g(24)] = 6.

1 | R 1
h= —{—x 100—‘ =0.04, d=—=10.01. Starting with LCL=2.10 and h = 0.04, six classes are:
100 K 100

2.10-2.13,2.14-2.17, 2.18-2.21, 2.22-2.25, 2.26-2.29, 2.30-2.33. But, 2.34 cannot be included in
any class. In this extreme case, we use class width of h + d = 0.05. The required six classes are:
2.10-2.14,2.15 - 2.19,2.20 - 2.24, 2.25 - 2.29, 2.30 - 2.34, 2.35 - 2.39, and the required frequency
distribution of the diameters is:

Frequency Table
Class limits | 2.10-2.14 | 2.15-2.19 | 2.20-2.24 | 2.25-229 [ 2.30-2.34 | 2.35-2.39 | Total

Tallymark | W W W I
6 6

3 0 n=24

Frequency 3 5

Note that:

In Example 2, we could also add just one more class to include 2.34. The table becomes:
Class limits | 2.10-2.13 | 2.14-2.17 | 2.18-2.21 | 2.22-2.25 | 2.26-2.29 | 2.30-2.33 | 2.34-2.37

Tally mark | ||| il il il il | |

Frequency 4 5 4 4 5 1 1

Some more important terms in grouped frequency tables with continuous classes are:
Class boundaries:
The numbers which separate a class form adjoining classes are called class boundaries.
For a class, its lower class boundary (LCB) and upper class boundary (UCB) are obtained
from the LCL and UCL of that class, respectively as:
d

Foraclass: = LCB=LCL - % and UCB=UCL + E

where, d. is the spacing between the classes.
Class‘'marks/midpoints:
Class marks or mid-points, denoted as x, in a grouped data with continuous classes are
the arithmetic means of the class limits or class boundaries of the classes.
= LCL+UCL or ‘= LCB+UCB

2 2

For a class:

Cumulative Frequency:

The word cumulative means something increasing/growing by successive additions. If
we go on adding frequencies of classes, one after one, each time adding frequency of next class
in the total, we get cumulative frequencies. For a particular class, the cumulative frequency is
the sum of all frequencies up to that class.




Example 3:
Compute class boundaries, class marks and cumulative frequencies for the frequency
table given below.

Class limits | 7.1-7.3 | 7.4-7.6 | 7.7-7.9 | 8.0-8.2 | 8.3-8.5 | 8.6-8.8 | 8.9-9.1
Frequencies 3 5 9 14 11 6 2

Solution:
Here, n =150 and d =0.1. Class boundaries, class marks and cumulative frequencies are

computed in the following table.

Class limits | Class boundaries Class Frequencies Cumulatl.ve
marks frequencies

7.1-7.3 7.05-7.35 7.2 3 3
7.4-7.6 7.35-7.65 7.5 5 3+5=8
7.7-1.9 7.65-7.95 7.8 9 17
8.0-8.2 7.95-8.25 8.1 14 31
8.3-8.5 8.25-8.55 8.4 11 42
8.6-8.8 8.55-8.85 8.7 6 48
8.9-9.1 8.85-9.15 9.0 2 n=150
Total - —- n=>50 -—-

Note that:
1. We can observe that the UCB of a class and LCB of the next class are same.
2. Adding & successively in starting LCB, we get all remaining class boundaries.
3. We can get all remaining class marks by adding “/ ” in the starting class marks.
4. The cumulative frequency of the last class is the total number of observations.
ERCISE 22.1
1. Identify type of data continuous/ nominal/ ordinal) and total number of

observations in the follo
. Numbe @ ors in a shopping mall per day for 30 days.

inutes per day) spent by a person in GYM for a month.
rs) of 45 car batteries.

icity consumption (in kWh/day) for 2 months.
(in Kg) of 55 students in a class.

f. ebrow colors of 20 individuals.

o. Grades obtained by 70 students in a class.
Q:. Result (Positive/ Negative) of COVID diagnosis test of 10 people.
i.  Marital status of 30 teachers of a school.
b 1. District of domicile of students of your class.
2. Construct grouped frequency table of the educational levels (current class of study) of 20
" students going to a country tour from a school. The educational levels are: VIII, X, X, VIII,
VI, IX, X, IX, X, VIII, VII, VIIL, VI, X, VI, V, IV, VII, IX, IX.
3. The mode of transport used by 20 students to attend a language course were noted as given

below. Construct grouped frequency table with percentage frequencies.
Walk | Walk | Bike | Bus | Car | Walk | Bike | Walk | Walk | Bus
Car | Bus | Car | Walk | Walk | Bus | Car | Car | Bus | Bus

20T
=
8
(<)
~




4. Classify responses of 40 families on how frequently they spend vacations out of city in a
grouped frequency distribution. Also compute relative frequencies.

Never Rarely Often Sometimes | Never Rarely | Always | Often <
Sometimes | Never Sometimes | Always Sometimes | Rarely | Never | Sometimes

Sometimes | Sometimes | Always Always Sometimes | Often Often | Never

Often Rarely Sometimes | Always Rarely Always | Often | Often O

Always Never Always Sometimes | Never Never | Often Alwa

5. Organize the colors of Caps of prefects of various schools in frequency table. . <— >

Black | Blue | Black | Brown | Green | Blue | Black | Brown | Brown

Blue Green | Red | Black | Red Blue | Red | Green | Black

6. The marks secured by 25 students is a class test out of 5 were: 4.0, 0.5; 4.
2.5,4.0,2.5,1.0, 2.0, 4.0, 3.5, 0.0, 3.0, 5.0, 1.0, 2.0, 2.0, 4.5, 2.5, 3.0, 3 )
table with discrete classes and relative frequencies. b@

r

.0,3.5,3.5,5.0,
tain frequency

7. The number of times the lectures of a teacher were downloaded p from a website was
noted for a day before test, and results were: 1, 1,2, 1, 3, 1,4,1,2,3,3,2,4,2,3,2,3,2, 1,
0, 0, 1. Classify data into a discrete frequency table.

8. Construct frequency distribution with continuous classe the number of absentees in a
class for 18 days: 4, 3,0, 1,2, 5, 6, 8, 10, 7, 11, 15, 13, 4,12, 12.

9. Construct continuous frequency distribution e'weights recorded to nearest pound of 40
college students: 138, 148, 146, 146, 119 4,@73, 158, 154, 150, 144, 142, 140, 165, 132,
150, 147, 147, 153, 144, 156, 135, 126, 1 , 157, 138, 135, 149, 136, 135, 142, 161, 145,
176, 163, 145, 128. Also compute class b ies, class marks and cumulative frequencies.

10. The value of resistance in ohms of a batch of 48 resistors of similar value are: 21.0, 22.4, 22.8,
21.5,22.6,21.1,21.6,22.3,22.9, 22.2,21.0,21.7,22.5,20.7,23.2,22.9,21.7,21.4, 22.1,
22.2,22.3,21.3,22.1,21.8,22.0 21.7,21.9,21.1, 22.6, 21.4,22.4, 22.3, 20.9, 22.8, 21.2, 22.7,

,22.0, 23.4, 21.2. Form continuous frequency table. Also,
compute cumulative and -% tage frequencies.

11. The mass (in Kg) @; ks of metal were measured collect to nearest 0.1kg and are listed
below. Construct f ency distribution of the masses and compute relative and percentage

frequencies.
8.0 83 7@ 74 86 7.1 84 74 82 84 88 79 81 82 75 83
88 8.0 .77 83 82 79 85 79 80 84 72 87 80 91 85 76 82

78 7.8 85 84 85 81 78 82 77 75 85 81 73 9.0 8.6
~

a
22.1(i1). Construct histograms with equal class intervals:

Histograms are used for graphical representation of quantitative data by using the
frequency tables with discrete and continuous classes and related concepts. A histogram is
drawn by using adjacent rectangles with bases of rectangles marked by distribution of numbers
in the classes and areas/heights of rectangles being proportional to the class frequencies. In
histograms with equal class intervals, both areas and heights of rectangles are proportional to
frequency.

In histograms corresponding to discrete frequency tables, the bases of rectangles
represent the distinct numbers in the data and the heights are usually taken as the frequencies of
classes. The width of rectangles are taken with a fixed interval.




In histograms corresponding to continuous frequency tables with equal class intervals,
the bases of rectangles represents class boundaries and the heights are usually taken as the
frequencies of classes. The width of rectangles is equal to the class interval.

While drawing histograms, axes should be labelled clearly and scales should be defined.
X-axis does not have to start from 0. Y-axis must start from 0. Frequencies should also be marked
above the rectangles. The procedure to draw histograms is explained in following examples.
Example 1:

Draw histogram for the number of children per family in villages using the following

data of 80 families.

Number of children in a family | 1 4 |5 |6
Number of families 10 |10 ]25]20]7
Solution: : O
Data represent a discrete frequency table. | ey
Writing distinct numbers: 1, 2, 3, 4, 5, 6 i
representing classes on X-axis with a fixed .°| « I
interval for all, then writing frequencies on Y-axis _r
starting with “0” with suitable scale to include all t i
frequencies up to 25. Drawing rectangles based at &
the distinct numbers with equal width and heights )"‘ ' i 1
equal to frequencies, we get the following s+ = -
histogram. Axes are labeled and. scales are
defined. 7 1 2 3 i i ¢
Example 2. e
Draw percentage frequency histogram for the following distribution.
Mass of block (inkg) | 7.1-73 | 7.4-76 | 7.7-7980-82|83-85|8.6-88]89-9.1
Number of blocks 3 5 9 14 11 6 2
Solution: On Xeaxis: 1 small square = 05

Given is a continuous frequency table
with continuous data up to one digit after the
decimal, so n = 50, m = 1 and d = 0.1. The
class boundaries are: 7.05 - 7.35, 7.35 - 7.65, 7.65
-7.95,7.95 - 8.25, 8.25 - 8.55, 8.55 - 8.85, 8.85 - 9.15.
Writing these on X-axis and corresponding
percentage frequencies: 6, 10, 18, 28, 22, 12,
4 on Y-axis with respective scales. Drawing
adjacent rectangles based at class boundaries,
of width h=0.3 and heights equal to
percentage frequencies, we get the required
percentage frequency histogram.

ocks (in

Number of bi

e rsronerrsRBEREE =

On Y-axis: 1 small square =1

.......

H EEaatd Seanes IRIES

il

l’?.iﬁ 7.35( 765 TH5 - BAS 1855 - BBES| 915

Mads of block (in kg} [Class boundaries]

-
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22.1 (iii). Construct histograms with unequal class intervals:

For the case of histograms with unequal class intervals, the adjacent rectangles are
constructed so that only their areas (not heights) are proportional to the frequencies. To do this,
we define adjusted heights of rectangles to assure proportional areas and frequencies. If f* and
h” are frequency and width of a class, respectively, then:

sk

Adjusted height of a rectangle” = ]t; (N

5

s

So that, Area of a rectangle” = widthx height=h" x E—* =f" 2)

From (1), we see that adjusted heights are not proportional to f*, but areas in (2) are.
This satisfies the requirement. The steps of drawing histograms with unequal class intervals are
same as before, but we must write adjusted heights on Y-axis.
Example:
Construct histogram for the following data with unequal class intervals:
Class limits | 10-40 [ 50-70 [ 80-90 [ 100 - 110 [ 120 - 140 [ 150 - 170
Frequencies 2 6 12 14 4 2
Solution:

We can observe that the given data show a frequency table with unequal class intervals.
We first compute class boundaries and adjusted heights. Here, d = 10.

Class intervals Frequencies
Class Class q . . -
limits | boundaries (h") (f) Adjusted heights of rectangles (f” /h’™)
10 - 40 5-45 40 2 2=0.05
5070 45-75 30 6 2=0.2
80 -90 75-95 20 12 0.6
100 -110 95-115 20 14 0.7
120-140 115-145 30 4 ~0.13
150-170 145-175 30 2 ~0.07
Writing class boundaries on X-axis and On Xeanis: 1 small square = §

adjusted heights on Y-axis, we draw rectangles for all e S

classes with widths equal to unequal class intervals and
heights equal to the adjusted as computed in above
table. Thus, we get the required histogram with
unequal intervals. 05
We can verify that areas of the rectangle are
proportional, and particularly equal, to the frequencies
here. 52 58
Area of rectangle-1 = 40x 0.05 = 2. 02+ 22
Area of rectangle-2 = 30x 0.2 = 6. Area of H —
rectangle-3 =20x 0.6 =12. SEaad {131 ans aa H"']
and SO on. '1; 45 7595 115 M8 J‘;.'- X

r et ~Class boundanies ——s——=

b (S8

&
|
T

Adjusted heighis




22.1 (iv). Construct a frequency polygon:

Frequency polygon is another way of graphical representation of a quantitative data
grouped into frequency distribution. We often see such graphs in newspapers (especially in
business section), in weather forecast news, and in cricket match stats (a commonly used
abbreviation of statistics). The word polygon refers to a closed shape in a plane formed by
connecting at least three line segments. For example, triangles, squares, pentagons, etc. Here, we
will learn how this geometric concept is related with frequency distributions. The frequency
polygons are used in advanced statistical analysis is to identify shape of the distribution.

To construct a frequency polygon, the points ( x, y) are plotted, where the abscissas (the

x-coordinates) are class marks and ordinates (the y-coordinates) are the class frequencies.
Secondly, we add two dummy classes, one in the start and one in the end, with 0 frequencies,
and mark corresponding points for these on X-axis. Finally, we join the scattered points on the
graph by line segments to get the required closed shape, called frequency polygon, with base
on X-axis and peaks showing frequencies. For clarity, filled marks (e) denote points of real

classes and blank marks (o) denote points for dummy classes. It is obvious to label the axes and
define suitable scales.
Example 1:

O X-anis: § small sqguares - 0000

Draw a relative frequency polygon for the following data. Om Youods: 5 swmall squares = 0.08
Amount of cold drink in liters | 1.48 | 1.49 | 1.50 | 1.51 | 1.52
Numbers of bottles 2 7 5 5 1
Solution: o

Given data show discrete frequency table. The
distinct numbers: 1.48, 1.49, 1.50, 1.51, 1.52 are class E""
marks (x). The frequencies ( y ) are: 2,7, 5, 5, 1. First, we &

compute relative frequencies, which are: 0.1, 0.35, 0.25, f.u
0.25 and 0.05. With two dummy classes: the plotted points * i S ERE
are: (L.47%, 0), (1.48, 0.1); (1.49, 0.35), (1.50, 0.25), (1.51, _ /ca8) ESER) EETes bEdes pEwAD b
0.25), (1.52, 0.05) and (1.53*, 0). Joining points by line | _ W47 18 1% afe af if ihe
segments, we get the relative frequency polygon.
Example2:
Draw percentage frequency polygon for the following distribution.
Mass of block (inkg) | 7.1-73 | 74-7677-79|80-82 |83 —-85|8.6-88]89-9.1
Number of block 3 5 9 14 11 6 2

Solution: e
Data show a continuous frequency distribution with

equal class interval h = 0.3. The points to plot are (x, y),
where x represent class marks: 7.2, 7.5, 7.8, 8.1, 8.4, 8.7, 9.0,
and y are percentage frequencies: 6, 10, 18, 28, 22, 12, 4.
Adding dummy class marks and the required percentage
frequency polygon is plotted through (6.9%, 0), (7.2, 6), (7.5,
10), (7.8, 18), (8.1, 28), (8.4, 22), (8.7, 12), (9.0, 4) and (9.3*,
0) with suitable scales.




22.2. Cumulative frequency distribution:

A cumulative frequency distribution is a table listing upper class boundaries of classes
together with the corresponding cumulative frequencies. We already know about the
computation of cumulative frequencies. The cumulative frequencies computed by adding
number of observations less than the UCBs of classes are called “less than cumulative
frequencies”. These start with “0” and end at the total number of observations ‘“n”’. We must
add a dummy UCB in the start with cumulative frequency of 0.

“The greater than cumulative frequencies” are computed by summing all observations
greater than the LCBs of classes. These start with “n” and end at “0”. But'we often use “less
than cumulative frequencies” in practice. In the forthcoming discussion, we use the term
“cumulative frequency” to refer the “less than cumulative frequency” for simplicity.

22.2 (i). Construct a cumulative frequency table:
Steps to construct cumulative frequency table of grouped quantitative data are:
1. Obtain upper class boundaries and cumulative frequencies.
2. Add a dummy upper class boundary in the start with 0 cumulative frequency.
3. Form a table to mention all UCBs with respective cumulative frequencies.
Example 1: Construct a cumulative frequency table using the following data.

Marks of Students 112131415
Number of Students [ 2 | 5[4 |3 |1

Solution: Given data shows a discrete frequency distribution.

Here, d =1 and n = 15. Computing UCBs by adding % in the class limits, and then
finding cumulative frequencies we have:

Classes |-UCBs | Frequencies Cumulatlye
Frequencies
1 1.5 2 2
5 5.5 1 15=n

Adding a dummy UCB in start equal to 0.5* with cumulative frequency “0”, the required
cumulative frequency table is:
Marks of students (UCBs) Less than 0.5 1.5]125]35]451]45

Number of students (Cumulative frequencies) | 0 2 7 11114115
Example 2: Construct cumulative frequency table for electricity consumption data.

Electr1c1t2/k$;}?)sumptlon 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207

Number of days 10 13 15 10 4 6 2
Solution: Given data is a continuous frequency distribution, Here, d = 1 andn = 60. The UCBs
are: 87.5. 107.5, 127.5, 147.5, 167.5, 187.5 and 207.5. Adding a dummy UCB of 67.5* in start,
we have the following cumulative frequency table.

Electricity Consumption Less than (kWh) | 67.5+ | 87.5 | 107.5 | 127.5 | 147.5 | 167.5 | 187.5 | 207.5
Number of days 0 10 23 38 48 52 58 60




22.2 (ii). Draw a cumulative frequency polygon:

A cumulative frequency distribution is graphically represented by a cumulative
frequency polygon, also called an ogive. We begin plotting the points (x, ) of the cumulative
frequency table (x: UCBs and y: cumulative frequencies), then join these by line segments.
Finally, we draw a perpendicular from the peak point on X-axis to get a closed shape, which is
the required ogive or cumulative frequency polygon.

Example 1.
Draw an ogive (cumulative frequency polygon) for the following data.

Amount of cold drink (in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52
Number of bottles 2 7 5 5 1

Solution:
Here, n=20 and d =0.01. By computing UCBs and cumulative frequencies, we get the

cumulative frequency table, where 1.475* is a dummy starting UCB.

Amount of On Xeaxis: § small square = 001

cold drink | 1.475% | 1.485 | 1.495 | 1.505 | 1.515 | 1:525 DTN

(in liters)

Number of |-, 2 9 14 |19 | 20 T
bottles T

Now, we plot the points (1.475*, 0), (1.485, 2), (1.495, "7

9), (1.505, 14), (1.515, 19) and (1.525, 20) on graph, join these .! 10+

through line segments, and, finally draw-a perpendicular from =
the last point towards X-axis to get the required cumulative
frequency polygon or ogive. Axes are labeled clearly with
proper scaling.
Example 2:

Draw ogive for the following distribution of diameters (in cm) of 60 holes bored in engine

castings as measured in a certain study.
Diameters (cm) | 2.011-2.014 | 2.016 —2.019 | 2.021 - 2.024 | 2.026 —2.029 | 2.031 —-2.034
Number of holes 7 16 23 9 5

On Reanhit 1 enall sqiare = 0,001
On Yeaxin: 2 small square - 5

] 1 T
LET5 1465 149 L6 195 L3S X

Ansoual ol cobd drink “Less than[in Litres)

L A

Solution:

Given is a continuous frequency table with
n=60and d=0.002. Using UCBs and cumulative
frequencies, we get the cumulative frequency table with
points: (2.010%, 0), (2.010, 7), (2.020, 23), (2.025, 46), (2.030,
55) and (2.035, 60). These points lead to the required ogive or
the cumulative frequency polygon.

Number of holes

LasrERaEsEHE

1

>

¥ T | 1

200r L0S 10N JADS 2080 1035 X
DHarmeters “Liss than"jcn)




EXERCISE 22.2
1. Obtain percentage histogram, frequency polygon, cumulative frequency table and ogive

for the following data.

Marks of Students 1(2[3(4]5 <

Number of Students | 2 | 5 | 4 | 3 | 1 é

2. Construct histogram for the following data with unequal class intervals: Q

Class limits | 0-39 | 40-49 | 50-79 | 80-99
Frequencies | 6 8 12 4

3. Construct histogram, frequency polygon, cumulative frequency table a
Amount of money earned weekly | 20-40 | 50-70 | 80-90 | 100-110
Number of people 2 6 12 14

4. Plot histogram, relative frequency polygon, and ogive for the
Class limits | 10.5-10.9 | 11.0-11.4 | 11.5-11.9 | 12.0-12.9
Frequencies | 2 7 10 1

22.3. Measures of central tendency:

The ability of all observations in data to cluster around a central point is referred as the
central tendency. A central point of the data is called a measure of central tendency or simply
an average. A measure of central tendency represents the whole data by a single central point,
and is a concise identification of whole data:

We usually talk about averages of numbers and categories frequently. For example,
consider the following statements:

1. “The majority of students in a class secured Grade-B”. Here, Grade B is an average.

2. “Ali spends 45 minutes in the GYM daily”. Here, average time per day Ali spends in GYM
is 45 minutes. Obviously, he-may have spent more or less than 45 minutes.

3. “Average score of a batsman in T20”, which is based on the scores of the batsman in all T20
matches he played. The average score is generalizes all individual scores.

22.3 (i). To calculate measures of central tendency:

We usually .compute an average or measure central tendency of data by adding the
observation and then dividing by the total numbers of observations, which is particularly the
arithmetic mean. There are many more ways to compute averages. We discuss the following
five types here:

(1) Arithmetic mean (2) Median (3) Mode (4) Geometric mean (5) Harmonic mean

These averages have some advantages and disadvantages when compared with each
other. Also, the best use of an average depends on nature of data.

22,3 (i) (a) arithmetic mean by definition and using deviations from assumed mean

The arithmetic mean is based on the principle of equality among all observations. We
mix all » observations by their sum, and then divide the sum in » equal parts.

If x,,x,,xX;,...,X, are n numbers, then their arithmetic mean (denoted as X) is:
X1+X2++Xn

n
S
1
X =—-—" or X="-1
n n

(1

where "X " is an upper-cased Greek letter SIGMA used for summation.




Note that:

e Arithmetic mean is a unique number within the range of the data.

e If data are quantitative, then we directly find arithmetic mean. For nominal or ordinal,
we may assign numeric codes or ranks, respectively.

e Arithmetic mean is not appropriate for nominal data.

Arithmetic mean by definition/ direct method:

The direct method or by definition refers to computing arithmetic mean directly from

the given data without changing the location or scale of the observations.

In direct method/ by definition, we use following formulas:

25y 230 vy

¥=+-— =% (Ungrouped data) X = ZL— =<=— (Grouped data)

where x; are individual observations in ungrouped data and class marks in grouped data, and

/; are corresponding class frequencies. For brevity, we can omit subscripts in the formulas.
Example 1: Find arithmetic mean of the following datasets by definition.

(i).2,3,7,5,5,13,1,7,4,8,3,4, 3 (ii). 7, 5, 74,10 (iii). 18.92, 27.9, 34.7, 39.68
Solution:
(i). By definition or direct method, we have:
_ Zx 2+3+7+5+5+13+1+7+4+8+3+4+3 65 5
X = = =—=)).
n 13 13
. _ X T+5+74+10 96
(ii). By definition, we have: x = Z L =—=24.
n 4 4
x 18.92+27.94+347+39.68 121.2
(iii). x= z = = =30.3.
n 4
Note that:

The arithmetic mean-is affected by extreme values (or outliers). In Example 1 (ii), x =24
is far away from all observations: 7, 5, 74 and 10 due to the outlier 74.

Example 2: The grades of five students who studied in group were: A+, B+, C, B, A. Identify
the average grade using arithmetic mean.

Solution: The data are ordinal and can be ranked by numbers. We represent the grades: C, C+,
B, B+, A, A+ by labels: 1, 2, 3, 4, 5, 6 respectively, then:

_ X 6+1+4+3+5 19 .
X = Z = 5 = ?= 3.8~ 4. So, the average grade is B+.
n

Example 3:

Find arithmetic mean amount of cold drink by definition in the following data:
Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52
Number of bottles 2 7 5 5 1

Solution:

Data is grouped into discrete classes. The class marks (x) are: 1.48, 1.49, 1.50, 1.51, 1.52.
The computations are shown in the table.




X S xf
1.48 2 1.48x2=2.96
1.49 7 10.43
1.50 5 7.5
1.51 5 7.55
1.52 1 1.52
D =20 | Dlxf=29.96

Finally, x = =1.498 liters.

D 29.96
© 20

S

The average amount of cold drink using arithmetic mean is 1.498 liters.
Example 4:

Find arithmetic mean of satisfaction of customers using definition.

Satisfaction level | Not at all | Not very | Not sure | Somewhat | Very
Number of customers 3 8 5 6 18

Solution:
We represent attributes of the ordinal variable: “Not at all, Not very, Not sure, Somewhat
and Very” by ranks, say, 1, 2, 3, 4. 5, respectively. By definition, we have:

2 _ ()3 +Q)®)+(B)S)+(4)6) +(5)(18) _ 148 37~ 4
f 3+8+5+6+18 40

So, average satisfaction level is 4" rank, which is “Somewhat satisfied”.
Example 5:
Find arithmetic mean of electricity consumption (in kWh) of a shop for 60 days:
Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207

X =

Number of days 10 13 15 10 4 6 2
Solution:
Data showcontinuous frequency Class | Class | Frequencies | xf
table. We find class marks and required limits | Marks f)
sums in adjacent table. ()
By definition or direct method: 68-87 | T7.5 10 775
88-107 97.5 13 1267.5
yzﬁzwzm.l%' 108-127 | 117.5 15 1762.5
Zf 60 128-147 | 137.5 10 1375
. . . 148-167 | 157.5 4 630
Arithmetic mean of electricity 168-187 | 1775 6 1065
consumption of shop is 121.166 kWh. 188-207 | 197.5 2 395
Total - Zf — 60 7270
Note that:

Arithmetic mean of an ungrouped data and its discrete frequency table are always same.
But, the arithmetic mean of a data from continuous frequency distribution is not equal to (but
closer to) the mean of corresponding ungrouped data.




Arithmetic mean by using deviations/ indirect methods:
If x, are observations and A is assumed/provisional mean (any number within or outside

the range of data), then deviations about 4 are: D, =x, —A .

There are two indirect methods based on deviations: shortcut and coding methods, to
compute arithmetic mean when dealing with larger data with higher values.
Shortcut method:

The arithmetic mean using shortcut method is computed as:

2D 2.0

X = A+“— (for ungrouped data) and x = A+
n Z f

For ungrouped data, x, are observations. For grouped data, x, are class marks. It is better

(for grouped data)

to take x, corresponding to the highest frequency as “A” for grouped data.

Coding method:
The formulae for computing arithmetic mean using coding method are:
T=A+ h& (for ungrouped data) and x = A+hZ 4 (for grouped data)

>

Y is referred as the coded variable. For ungrouped

Don

X. . X
where, u, =~ p or, simply u =

data, x; are observations, and for grouped data X, are class marks.

Example 1:

The total marks of six students who studied in group for the examination are: 610, 640,
685, 680, 710, 580. Find arithmetic mean marks using indirect methods by taking (i). A = 650
and h = 10, (ii). A = 680.and h = 20.
Solution:

>D

n

u -A
The coding method states:  x = A+hz—, where u = xT
n

The required calculations are shown in tables separately for both parts.
(1). A = 650 and h = 10.

The shortcut method states: x = A+

x—650
X | D=x-650 | u= 0
610 40 3 By shortcut method, we have:
640 -10 -1 - 5_
685 35 35 x—650+6—650.833.
680 30 3 By coding method, we have
710 60 6 - 05 s
580 -70 -7 X =650+10x — = 650+ = = 650.833.
D=5 | Yu=05 6 6




(i1). A = 680 and h = 20. By shortcut method:

- 680 -175
X | D=x-680 u:x §=680+(—)=680—29.1666

20 6

610 -70 -3.5

685 5 0.25 By coding method:

680 0 0 -8.75

710 30 L5 32680+20(T7j

580 -100 -5

S D=-175 | S u=-875 X = 680—29.1666 = 650.833.

The mean marks are 650.833 or 651
regardless of the choice of A and h.

Example 2: Find mean amount of cold drink (in liters) by shortcut and coding methods.
Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52

Number of bottles 2 7 5 5 1
Solution: Here, we use A = 1.49 and h = 0.01. The calculations are detailed in the table.
-1.49
X f D=x-149 | u=2 Df uf
0.01
1.48 2 -0.01 -1 -0.02 -2
1.49 7 0 0 0 0
1.50 5 0.01 1 0.05 5
1.51 5 0.02 2 0.1 10
1.52 1 0.03 3 0.03 3
> =20 Y.Df=0.16 | Y uf =16
D
By shortcut method: ¥= 4+ 2 0f =149+ 0.16 _ 1.498.
> f 20
By coding method: ¥ = 4+ Ax %L;{ =149+ 0.01(% j: 1.498.

We note that the result by both indirect methods and by definition match.
Example 3: Use shortcut and coding methods to find mean mass of 50 metal blocks.
Mass of block(in Kg) | 7.1-7.3 | 7.4-7.6 | 7.7-7.9 | 8.0-8.2 | 8.3-8.5 | 8.6-8.8 | 8.9-9.1

Number of blocks 3 5 9 14 11 6 2
Solution: Taking A = 8.1 and h = 0.1, we proceed with the calculations in the table.
x—38.1

Class limits | Class marks (x) ! D=x-8.1|u= o1 Df uf
7.1-7.3 7.2 3 -0.9 -9 -2.7 -27
7.4-7.6 7.5 5 -0.6 -6 -3 -30
7.7-1.9 7.8 9 -0.3 -3 -2.7 -27
8.0-8.2 8.1 14 0 0 0 0
8.3-8.5 8.4 11 0.3 3 33 33
8.6-8.8 8.7 6 0.6 6 3.6 36
8.9-9.1 9.0 2 0.9 9 1.8 18

Y f=50 Y Df=03 | Duf =3




0.3

By shortcut method: x = A+% = 8.1+; =8.106-

By coding method: % = A+4x 24 =8.1+0.1x (i j: 8.106 -
D f 50

So, the average/mean mass is 8.106Kg.
22.3(i) (b). Median, mode, geometric mean and harmonic mean

Besides, the arithmetic mean (based on equality), there are some other ways to compute
measures of central tendency of a data. For example, in our electoral system, everyone has right
to vote, but the elected representative is finally chosen on the basis of majority, as widely said
“majority is the authority”. Such a case represents mode, the most frequent observation.
Similarly, the median focuses on the middle most part of a ranked data set. The geometric and
harmonic means are mathematical in nature like arithmetic mean in contrast to median and
mode which are descriptive in nature.

Median:

The median in an ordered data is the value dividing it into two equal parts. By computing
median, we assume that the central point of the whole data arranged into ascending or descending
order lies at middle position.

Note:
e In a data, median is always unique.
We can compute median of quantitative data.
For qualitative data, it is meaningful to find median of only the ordinal data.
The median does not rely equally on all observations
The median is not affected by extreme values (outliers) in the data.
For an ordered ungrouped data with “n” observations, median “m” is the middle-most
part of data, and can be defined through the following two cases:

1Y : :
m= (% j observation, when n is odd (1)
] 1 n th n th ' ]
Otherwise, m= —|| — | +| —+1 | observations | , when n is even )
21\2 2

For grouped data with discrete classes, by the help of cumulative frequencies, we choose
the median observation using (1) and (2).

For grouped data with continuous classes, the median lies in the class containing (K)
2

observation, which 1is also called the median class (m-class). The formula is:

m=L+;(%—CJ 3)

Where, L is the LCB of m-class, /4 is width of m-class, f is frequency of m-class and c is
cumulative frequency of the class just before the m-class.




Example 1: Find median in the following:

(i). 2,3,7,5,513,1,7,4,8, 3,4, 3, (1). 7, 5,74, 10 (iii). 18.92, 27.9, 37.4, 39.68
Solution:
(1). Writing data is ascending order: 1, 2, 3, 3, 3,4,4,5,5,7,7, 8, 13.

th
Here, n =13 (0odd), So: m = (L;l] observation = 7" observation = 4.

(i1). In ascending order, we have: 5, 7, 10, 74. Here, n = 4 (even), so:

th th
m= L + 41| observations| = l[2””’ +37 observations} = l[ 7+10]=8.5.
2142 2 2 2

Here, n =4 (even). Data is already in ranked from.

m= 1[2"" +3 observations | = l[ 27.9+37.4]=32.65.
2 2

Example 2: Identify the median grade of the following two groups of students:
(i). A+,B+,C,B, A (ii). C+, A, B, B, B+, C, B+, A, A+, C

Solution:

(@). The ranked data are: C, B, B+, A, A+. Also, n =5 (0odd), so:

th th
m= (HTH) 2(5_;1} = 3" observation = B+, which is the median grade.

(ii).  Arranging in ascending order, we have: C, C, C+, B, B, B+, B+, A, A, A+. Here, n= 10,
th th
the two middle observations are (gj and (§+ lj ,i.e. 5" and 6" observations. Which are: B

and B+ grades (different). So, we conclude that the median grade is equally split between B and
B+ grades.
Example 3:

What is the median satisfaction level in the following data of 40 customers?

Satisfaction level Not at all | Not very | Not sure | Somewhat | Very
Number of customers 3 8 5 6 18

Solution:

Here, n = 40 (even). So, two middle observations are: 20” and 21”. These two lie in
group “‘Somewhat”. So, the median satisfaction level is “Somewhat satisfied”.
Example 4: Find median amount of cold drink in the following data.

Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52
Number of bottles 2 7 5 5 1

Solution:
Here, n= Z f =20(even).

1
So, m= —|:10'h +11” observations].
2

Finding cumulative frequencies, we see that 10”and 11” observationslie in group with
cumulative frequency 14.




x v Cumulative frequencies
1.48 2 2
1.49 7 9
1.50 5 14 >
1.51 5 19
1.52 1 20
> f=20

m= %[1.50+ 1.50]= %(3) =1.50 liters.

Example S:
Find the median electricity consumption of a shop for 60 days using the data:

Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207
Number of days 10 13 15 10 4 6 2

Solution:
Here, n =60, h = 20. Data are a continuous frequency table, so we need to compute class
boundaries and cumulative frequencies as done in the table below.

Class limits | Class boundaries f Cumulative frequencies
68-87 67.5-87.5 10 10
88-107 87.5-107.5 13 23
108-127 107.5-127.5 15 38 (m-class)
128-147 127.5-147.5 10 48
148-167 147.5-167.5 4 52
168-187 167.5-187.5 6 58
188-207 187.5-207.5 2 60
n =60

n
2

class is one with cumulative frequency of 38. The m-class is 108-127 (as highlighted in table).
Using the formula:

m=L+ﬁ(£— cj=107.5+§(@—23)
2 150 2

20 20
m=107.5+ E(?)O— 23) =107.5+ EX 7=107.5+9.333=116.833 kWh.

th
Median class (m-class) is one containing ( ) observation, i.e. 30 observation. So, m-

Here, L = LCB of m-class = 107.5, /& = class interval m-class = 20, f'= frequency of m-class =
15.and ¢ = Cumulative frequency of class just before the median class = 23.
Quartiles:

An ordered data may be divided into four equal parts to define quartiles. There are three
quartiles within the range of data which divide data into 4 equal parts.

The first (or lower) quartile Q,, divides ordered data into 25% to 75% ratio.

n+3 Y . h .
For ungrouped data: 0= T observation, if —4 is not integer

(M




n

1 th th
Otherwise, Q, = —K—j + (z+ 1) observations} if z is an integer )
2(\4 4 4

For grouped data with discrete classes, we also use (1) and (2). For grouped data with

h(n
continuous classes, we use: Q, = L+?(Z— cj 3)

where, L is LCB, & is width, fis frequency of Q, -class, and c is cumulative frequency of
a class just before Q,-class. The Q,-class is one containing the (ﬁj observation.
4

The second (or middle) quartile Q,, divides ordered data into 50% — 50% ratio. It is

same as the median of data.
The third (or upper) quartile Q; divides ordered data into 75% — 25% ratio.

h
For ungrouped data: Q, = (371 *l j observation, if 34—” is not integer 4)
1 3 th 3 th -| 3
Otherwise, Q, =— (_nj +(—n+1) observatiqns ., if —nis an integer (5)
2(\ 4 4 ] 4

For grouped data with discrete classes (4)-(5) are used with cumulative frequencies.

] _ h(3n
For grouped data with continuous classes: Q; = L"'? T ¢ (6)

h
where, L is LCB, & is width, 1 is frequency of Q,—class, which contains (%j

observation, and c is the cumulative frequency of the class just before Q;—class.

Example 1:
Find lower and upper quartiles in the following datasets.
(1). 1000, 1200, 1600, 1500, 1200 (i1). 32, 36, 36, 37, 39, 41, 45, 46
Solution
(i) The ordered data set is: 1000, 1200, 1200, 1500, 1600. Here, n = 5.

For Q, :Z = % =1.25 is not integer,

h
s0: Q, = n13 j =2" observation =1200.
For Q, :3_n _35 3.75 is not integer,
4 4
1

s0: Q, =(3n+

th
n j = 4™ observationl 500.




(ii):  The data are already given in ordered form and n = 8. >

For Q, : %= % =2 is integer,

th th
s0:Q, _1 (zj +(£+1) observations
214 4

1 n Iz 1 1
=Q,= 5[2 443 observat10n]=5[36+36]=36-

3 3x 8
For Q,: Tn = % =6 (integer),

$0:Q, = %[ 6 1 7" observations:l = % [41+45]=43.

Example 2:

Find lower and upper quartiles of the number of children in 80 families:
Number ofchildren | 1 | 2 | 3 | 4 | 5|6
Number of families | 8 | 10 | 10 | 25 |20 | 7

Solution:
Data are grouped with discrete classes. Here, n = 80.
Finding cumulative frequencies as in the following table.

x | f | Cumulative frequency
1] 8 8

2110 18

3110 28 (Q4-class)
4125 53

617 80

For Q, : Z = % =20(an integer).

So, Q, is average of 20"and 21" observations.

These both lie in class with cumulative frequency 28, Q, =4(3+3)=3.

3 3x 80
For Q, :Tnz =2 =60,

4
60”and 61* observations lie in the class with cumulative frequency 73.
So,Q, =4(5+5)=5.




Example 3:
Find quartile weights (in Kg) of 100 students reported below:

Weight (Kg) 70-74 | 75-79 | 80-84 | 85-89 | 90-94
Number of students 10 24 46 12 8

Solution:
Here, n=100, h =35, and data are grouped with continuous classes. First we compute class
boundaries and cumulative frequencies. The calculations are summarized in the following table.

Class Class f Cumulative
limits | boundaries Frequencies
70-74 | 69.5-74.5 | 10 10
75-79 | 74.5-79.5 | 24 | 34 (Q,-class)
80-84 | 79.5-84.5 | 46 80
(m and Q4-class)
85-89 | 84.5-89.5 | 12 92
90-94 | 89.5-94.5 | 8 100

For Q, :Z: % =25. 25™ observation lies in class with cumulative frequency 34,

So, Q, —class is 75—-79.

In this class: Q, = L+£(ﬁ— c j= 74.5+ —5(25— 10)=177.625 Kg.
f\4 24
n 100
ForQ,=m:—=—=50.
Q, 5"

50" observation lies in the class-with cumulative frequency 80.
So, m-class is 80-84.
m= L+ﬁ(f—cj= 79.54 2(50-34)=81.239 Ke.

fl2 46

For Q, :%Tnz 3Xi00 =75.

75" observation lies in the class with cumulative frequency of 80.

So, Q,-class is same as m-class, which is: 80-84.

In this class:
h(3 5

Q, =L+—(—n—cj =79.5+—(75-34)=83.956 Kg.
fl4 46

Note that:
The quartiles are positional in nature, their positions do not change as long as number of
observations remain same. For example, for an ordered data with n=10:

. 1 . .
Q,= 3" observation, Q, = m = 5 [5”’ +6" observatlons] ,Q, = 8" observation




Any ordered dataset with 10 observations will follow these positions, as in:
a. 1,3,5,7,9,11,13,15,17,19 Q =5 m=10, Q,=15

b. 10,12,12,13, 17,20, 20, 20,21,25 Q, =12,m=13.5,Q, = 20.
c. 1,1,1,3,12,12,13,17,19,30 Q=1L m=12, Q,=17.

Mode:

The most frequent observation in a data is referred as mode. Mode relies on the principle
“majority is the authority”. Mode can be computed for both quantitative and qualitative data.
Data with no mode is non-modal, one mode is uni-modal, two or more modes is multi-modal.

For ungrouped data, observation(s) which occur most frequently than others, if any, are
referred as mode(s).

For grouped data with discrete classes, mode is the observation (class) with highest
frequency. If two or more than two classes have tie for highest frequency, then data is multi-
modal, and all observations with same highest frequency are modes.

For grouped data with continuous classes, a class with highest frequency is called modal
class, and a mode lies in the modal class. The formula to compute mode (M) in modal-class (M-

f,—f h
class) is: Mode= M =L+ ( M M- )><
26y =y~

Where, L is LCB, h is width and f,, _is frequency of M-class. f,,, and )., are frequencies of

the classes just before and after M-class, respectively.

Example 1: Find mode in the following datasets:

(i). 75, 76, 80, 80, 82, 82, 82, 85 (ii). 13, 14, 15, 11, 16, 10, 19, 20, 18, 17

(iii). 1.49, 1.50, 1.51, 1.50, 1.48,.1.51 (iv). 1,2,2,2,5,5,5,8,9,9,9,6, 1, 10

(v). C+,A,B,B, B+, C,B, A, A+, C (grades)  (vi). Good,Poor,Dull,Good,Fair,Fair (ratings)
Solution:

(1).  Mode = 82 as 82 occurs 3 times, which is more than any other observation.

(i1).  Data has no mode, it is non-modal data.

(iii).  There are two modes: 1.50 and 1.51 as these equally occur more than others.
(iv).  Data is tri-modal. There are three modes: 2, 5 and 9.

(v).* Grade “B” occurs most frequently, so the modal grade is “B”.

(vi).. Data has two modes: Fair and Good as these are equally most frequent ratings.
Example 2. Find modal number of mobiles possessed by a family from data of 45 families.

Numbers of mobiles [0 | 1] 2 | 3 [4|5]|6|7
Numbers of families | 1 | 7| 15|12 |52 |2 |1

Solution: Data are grouped into discrete classes. Here, “15” is the highest frequency, and it

corresponds to the class “2”. Hence, the modal number of mobiles per family is 2.

Example 3: From the blood groups of 30 students given below, find the modal blood group.
Blood group A+ | B+ | AB+ | O+ | A- | B- | AB- | O-

Number of student | 6 | 5 3 7131 2 3

Solution: The modal blood group is O+ as it is associated with the highest frequency “7”.




Example 4: Compute modal satisfaction level of 40 customers from the following data.

Satisfaction level Not at all | Not very | Not sure | Some what | Very
Number of customers 3 8 5 6 18
Solution: The modal satisfaction level is “Very satisfied” as it occurs most frequently.
Example 5: Find modal kWh electricity consumption of a shop for 60 days using the data:
Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207

Number of days 10 13 15 10 4 6 2
Solution: Data are grouped in continuous classes. The highest frequency is-15. The modal
class s 108-127.  The  class  boundaries are  computed = in  table.

Class limits | Class boundaries | Frequency
68 - 87 67.5-87.5 10
88 - 107 87.5-107.5 13
108 - 127 107.5-127.5 15
128 - 147 127.5 - 147.5 10
148 — 167 147.5-167.5 4
168 - 187 167.5 - 187.5 6
188 - 207 188.5 -207.5 2
h=20,L=1075,f, =15,f,, =13.f,,=10 o (5=13x20  _ _ 2x20
Mode - Mo Lt _(fu=fu)xh 2(15)-13-10 30-23
2f, —f,  —f,,., M =107.5 +5.71428 = 113.21428kWh.
Note that: '
The continuous frequency di on in Example 5 was uni-modal as there was only
one class with the highest frequen
The following continuous freque istribution representing diameters of a reel of wire using
measured diameters at is bi-modal.
Diameters (mm) 31 2.14-2.17 | 2.18-2.21 | 2.22-2.25 | 2.26-2.29 | 2.30-2.33 | 2.34-2.37
Number of places 5 4 4 5 1 1
There are two mo ses: “2.14 — 2.17” and “2.26 — 2.29” corresponding to the highest
frequency “5”. ormula in each class, we can get the respective modal diameters of
2.175 2. m.

Geometric mean:

In geometric mean, all numbers are given equal importance. We mix the numbers by
their product and then remove effect of mixing by finding »” root of the product. It is meaningful
to compute geometric mean (G.M.) of only quantitative data which are positive. If

Xj3Xy5X5,5..., X, are n numbers (all positive), then:

GM. =(x,.x,..x,) =[H(x)] (1)

Here, I1is upper-cased Greek letter pi for product. G.M., if exists, is unique.

For ungrouped data, formula (1) is referred as the basic formula to find G.M. But, when
observations are bigger in magnitude, we use logarithmic formula obtained by taking logarithm
on both sides of (1) and using properties, which is:




Zn: log x.

log x
G.M = antilog | =—— |=antilog ‘:Z £ } 2)

n n

In (2), G.M. is the antilogarithm of the arithmetic mean of logarithms of data.
For grouped data, the basic formula is:

1 1

7
Ji 12 4

M= [(3) () xx(x,) | [H(x)j:r/ 3)
Zf. logx:|

and, logarithmic formula is: G.M. = antilog {— (4)

>t

In (3)-(4), f,L,...f are class frequencies and X,,X,,...,X, are class marks, all positive. None of

the frequencies should be zero in (4).

Example 1: Find G.M. using basic and logarithmic formula. Which one is better and why?
(1).2,4,2, 16 (i1). 1.48, 1.52, 1.47, 1.50 (ii1). 1000, 1200, 1600, 1500, 1200

Solution:

1 1
(i).  Using basic formula: G.M. = 2x 4x 2x16)* = (256)* = 4.

log(2)+Hog(4)+Hog(2)+Hog(16
Using logarithmic formula: G.M. = antilog { 98(2) log( )4og( JHlog( )}

0.3010+0.6021+0.3010 + 1.2041 ,
} = antilog (0.60205)=3.9999 ~ 4.
4

Observations were small in magnitude, so basic formula is better.

G.M. = antilog [

1

(ii).  Using basic formula; G.M. = (1.48x 1.52x1.47x 1.50)* = (4—9604): = 1.4924
log(1.48) + log(1.52) + log(1.47) + log(1 .5)}
4

By logarithmic formula: G.M. = antilog [

0.1703+0.1818+0.1673+ 0.1761 .
= antilog (0.173875)=1.4924.
4

Again, basic formula is suitable as observation were smaller in magnitude.
(iii).. Using basic formula:

G.M. = antilog {

1 1
G.M=(1000x 1200x 1600x 1500x 1200)" =(3456000000000000) =1281.48 ~ 1281.5
Using logarithmic formula:

log(1000) + log(1200) +log(1600) + log(1500) + log(lZOO)i|

5
3+3.0792+3.2041+3.1761+ 3.0792

G.M.=antilog|:

G.M.=antilog|: } = antilog(3.10772)=1281.504 ~ 1281.5

5
The logarithmic formula is better as logarithms made higher magnitudes smaller to use.




Example 2:
Find average amount of cold drink using geometric mean in the following data.

Amount of cold drink (liters)

148 | 1.49 1 1.50 | 1

511152

Number of bottles

2 7 5

5 1

Solution:

Given data are grouped into discrete classes. Computations required in the basic and

logarithmic formula are show in following table.

Classes (x) f ®f log(x) fx log(x)
1.48 2 2.1904 0.1703 0.3406
1.49 7 16.3044 0.1732 1.2124
1.50 5 7.5938 0.1761 0.8805
1.51 5 7.8503 0.1790 0.8950
1.52 1 1.52 0.1818 0.1818
Y f =20 | [Ix/ =3236.0651 | -= | X flog(x) =3.5103

L 1
Using basic formula: G.M. = [H(x)f]Zf = (3236.0651)2 = 1.49796 ~1.498 liters

Zf logx
f

Using logarithmic formula: G.M. = antilog [Z—

, {3.5 103}
antilog | ——
20

G.M.=antilog (0.175515) =1.4980 L. The G.M. amount of cold drink is 1.498 liters.

Example 3:
Find G.M. of the electricity consumption data using logarithmic method.
Electricity 68-87 [ 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207
consumption (kWh)
Number of days 10 13 15 10 4 6 2

Solution:

The computation required in the formula are carried art in the following table.

Class Class marks Log
limits f (x) (x) [ log(x)
68-87 10 77.5 1.8893 18.8930
88-107 13 97.5 1.9890 25.8570
108-127 15 117.5 2.0700 31.0500
128-147 10 137.5 2.1383 21.3830
148-167 4 157.5 2.1973 8.7892
168-187 6 177.5 2.2492 13.4952
188-207 2 197.5 2.2956 4.5912
> f =60 > flog x =124.0586

| Zflogx .| 124.0586 _
So, G.M. = antilog I antilog | ——— [ antilog (2.0676)= 116.8422 kWh.
f 60

Example 4:

Find average diameter of a rear of wire using G.M. Use both methods.

Diameter (mm) | 2

.10-2.13

2.14-2.17

2.18-2.21

2.22-2.25 | 2.26-2.29

2.30-2.33 | 2.34-2.37

Number of places

4 5

4

4 5

1 1




Solution:

Data are grouped into continuous classes. The computation follow in the table.

Class Class £

limits marks (x) f * log(x) fxlog x >
2.10-2.13 2.115 4 20.0097 0.3253 1.3012
2.14-2.17 2.155 5 46.4768 0.3334 1.6670
2.18-2.21 2.195 4 23.2134 0.3414 1.3656
2.22-2.25 2.235 4 24.9523 0.3493 1.3972
2.26-2.29 2.275 5 60.9406 0.3570 1.7850
2.30-2.33 2.315 1 2.315 0.3646 0.3646
2.34-2.37 2.355 1 2.355 0.3720 0.3720

2 f =24 | [1x/ =178967745.4 | - | X flogx=8.2526

& 1
By basic formula: G.M =[ [Tx" |Zf = (178967745.4)2 =2.2073 mm

{Zf log x

5
Harmonic mean:

The harmonic mean (H.M.) is the reciprocal of the arithmetic mean of reciprocals of
data. In H.M., we mix all #» non-zero numbers by the sum of their reciprocals and then remove
the effect of mixing by dividing the same into » equal parts. Finally, the H.M. is the reciprocal
of the result. The H.M is usually computed for quantitative data, and it is always unique.

8.2526

By logarithmic formula: G.M. = antilog =antilog [T }=2.2074 mm

Ifx]:X2 »--»X, are n non-zero numbers, then:
For ungrouped data: H.M. = Reciprocal of “arithmetic mean of reciprocals”.

L AN z(l)

x x n
H.M. = Reciprocal of | ———————= |=Reciprocal of X/ = @)

n n Z(i}

2 f

f
o
X
Example 1:

Find H.M. of the speeds of a vehicle measured for each 10 km distance. The speeds are:
15 km/h, 30 km/h, 22km/h, 30 km/h and 45 km/h.
Solution:
n_ 5 _ 5
1 ) 11 1T 1 1 00667+0.0333+0.0454+0.0333+0.0222
| —t—t+—+—+—
X 15 30 22 30 45

)

For grouped data, if x's are non-zero class marks, then H-M. =

HM.=

M.= 209 =24.8880. So, average speed of vehicle is 12.4719 km/h using H.M.




Example 2:
The amount of cold drink (in liters) is given for 20 bottles. Find H.M. amount.

Amount of cold drink(in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52

Number of bottles 2 7 5 5 1
Solution:
Given data are grouped into discrete classes, so:
D 247+5+5+1
HM. = =

Z(f) 2 7 5 s n

—+—+ +—+
x 1.48 149 150 1.51 1.52
20

HM.= = =1.4979 liters.
1.3513+4.6980+3.3333+3.3112+ 0.6579 13.3517
Example 3:
Find harmonic mean mass (in Kg) of 50 blocks of metals given as::
Mass (Kg) 7.1-73 1 7.4-7.6 | 7.7-7.9 | 8.0-8.2 | 8.3-8.5 | 8.6-8.0 | 8.9-9.1
Numbers of blocks 3 5 9 14 11 6 2
Solution:

S
2(/)

Computing the required sums in the following table, we have:

Data are grouped into continuous classes, so: H.M =

Class Class ’ L
limits | marks (x) x
7.1-7.3 7.2 3 10.4167
7.4-7.6 7.5 5 10.6667

7.7-7.9 7.8 9 | 1.1538
8.0-8.2 8.1 14 | 1.7284
8.3-8.5 8.4 11 | 1.3095
8.6-8.8 8.7 6 | 0.6896
8.9-9.1 9.0 2 | 0.2222
Total -— 50 | 6.1869

HM=—"_ =80816Kg.
A 4

 6.1869

Q EXERCISE 22.3

\ ind A.M., G.M., H.M., median and mode in the following (wherever possible).
3.2,6,10, 12, 12, -20, 25, 28, 30.8

14,12, 18, 19, 0, -19, -18, -12, -14

6.5,11,12.3,9, 8.1, 16, 18, 20.5, 25

51, 55, 52, 54, 58, 60, 61, 62, 52, 57, 52, 64

A+, O-, AB+, O+, AB+, AB-, B+, AB+, O+, A- (blood groups)

North, South, East, West (directions)

B+, Fail, B+, A+, A-, C+, B+, A-, B-, Fail, A-, B+, C- (grades)

a.
b.
c.
d.
e.
f.

g.




. The daily earnings for ten workers in Rs. are: 188, 170, 172, 125, 115, 195, 181, 190, 195,
190. Find A.M. (by definition and deviations with A = 50, # = 10), G.M. (by definition and

logarithmic method), H.M, median and mode.

. Find average attitude for dogs using A.M. median and mode from 60 people data.
Attitude Love dogs | Like dogs | No opinion | Dislike dogs | Hate dogs
Number of people 20 15 4 13 8

. Find modal cause of death from the following data of mortality/month in a ci
Cause of death T.B. | Diabetics | Malaria | Cholera | COVID | Cancer | B.P.
Number of people | 10 6 2 2 15 10 2 5

. The sizes of shoe sold at a store on a 50% off price are listed. Calculate A. M., HM,,

median, Q1, Q3 and modal shoe size sold that day.
Shoe size 5155|6 |65|7 |75]8
Number of pairssold | 2 | 5 15130 |60 |40 |23

. Daily wages (in Rs. 100) for thousand employees in a factory are given. Find A.M., G.M.,

H.M., median, quartiles and modal wages.
Daily wages (in Rs. 100) | 22 | 24 | 26 | 28 | 30
Number of employees 3 | 131431102 ] 175

38 140 | 42 | 44
69 12516 |1

7. The profits earned by a company for a period of last. 50.days are summarized below. Find

the A.M. profit using shortcut and coding method 0

(a). A=9000, h=2000 (b). A= =2000
Profits (Rs.) | 4000-6000 | 6000-8000_] 8000-10000 | 10000-12000 | 12000-14000
Number of days 5 11 21 6

8. The marks obtained by students:in a subject (out of 50) are given in the following grouped

table. Find A.M., G.M. (using di d logarithmic methods), H.M., median and mode.

Marks -29 | 30-34 | 35-39 | 40-44 | 45-49
Number of. 9 18 35 17 5

9. The following data sh ber of devices resulting in observed values in appropriate

., median, quartiles and mode.
11.0-11.4 | 11.5-11.9 | 12.0-12.4 | 12.5-12.9
7 10 12 8

22.3(ii): Recognize properties of arithmetic mean:

Here, we discuss some important properties of A.M. with examples.

1. The sum of all deviations of observations in an ungrouped data about A.M. is zero.

2. A.M. of a constant dataset is that constant itself.

3..IfAM. ofaset Xis ¥, thenof Y = aX + b is ¥ = ax+ b, where a, b are real numbers.
4. If AM. = G.M. = H.M.,, then all observations in data are same or constant.

5. For a non-constant data, A.M. > G.M. > H.M.

6. For a non-constant data: (A.M)(H.M)~ (G.M.)2 :

7. If A.M. = Median, then the data are symmetric, otherwise asymmetric.

8. In a uni-modal symmetric data: A.M. = Median = Mode.

9. In a constant data: A.M. = G.M. = H.M. = Median = Mode.

Example 1:

Find the arithmetic mean of the following datasets:
().  X={19,19,19,19,19} (ii). Z=3Y+7, where Y={3,4,6, 1, 6}



Solution:
@). X= {19, 19,19,19,19} is constant with all values equal to 19, so: X=19.

3+4+6+1+6 20
Tt

Now, asZ = 3Y + 7, s0: z =3y+7=3(4)+7=19.

We can verify that, when Z = 3Y + 7 ={16,19, 25,10,25} , then Z=19is correct.
Example 2:

Show that sum of all deviations in {3, 4,6,1, 6} about its A.M. is zero.

(ii).  First we find: y = 4

Proof:
0_
A Y
Now, the deviations about X are: (3-4), (4-4), (6-4), (1-4), and (6-4), or simply: -1, 0, 2, -3 and
2. Now, we observe the sum of all deviations about X :
DU(X=X)=(D+(O0)+(2)+(-3)+(2)=0. =D (X=X) #. Hence shown.

Example 3:

Verify that A.M. = G.M. = H.M. = Median = Mode for {19,19,19, 19, 19} .

Solution:
Finding all averages for the given constant dataset. Here, n =5 (odd).

Let X = {3,4, 6,1, 6} . Finding ¥ first, which is: X = & = 4.
n

A.M.=19+19+159 +19 +19:19 (i)
% 5><1 .o
G.M.=(19x19x19x19x19) =19 *=19. (ii)
5 _5 — 19
H.M.=1 T 1 1 1 s 7 (iii)
——t —+ =t = —
9 19 19 .19 19 19
. 5+1Y o . .
Median = N observation = 3" observation = 19. (iv)
Mode = 19 (Most frequent observation). v)
From equations (i)-(v), we have: A.M. = G.M. = H.M. = Median = Mode. Hence proved
Example 4:

Use A.M. and median to see if the following data are symmetric/ asymmetric.
(1).4,5,6,6,6,7,7,7,7,7,7,8,8,8,9, 10 (i1). 4, 8, 13, 14, 19, 20, 23
Solution:
_4+5+46+6+6+7+7+7+7+T7+7+8+8+8+9+10 112

(). AM. =7
16 16

Median = lI:S”’ +9™ observation] = l[ 7+7]=17
2 2

As A.M = Median, so data are symmetric.




(i). AM

_4+8+13+14+19+20+23

7

=14.42

7+17
Median ZI:T} observation = 4" observation = 14

As AM.# Median, so data are asymmetric.

Example 5:

For {4,5,6,6,6,7,7,8}, verify (i). A M.>G.M. > H.M. and
@ii). (GM)’ =~ (AM)(HM).

Solution:
A.M,=4+5+6+6+6+7+7+8
8
8
HM=7"77"17T"771 1 1 1
ettt —+—+—
4 5 6 6 7 7 8

=5.879

As 6.125>6.006 > 5.879, so: A.M. > G.M. > H.M. Hence verified (i)
As (G.M.)’ =36.072 and (A.M.) (H.M.)=36.008;
So, (G.M.)2 ~ (AM.)(H.M.). Hence verified (ii).

22.3 (iii): Calculate weighted mean and moving averages
(a).Weighted mean:

When some observations are more important than others in a data, then we cannot give
equal weight (relative importance) to all for computing the mean. The mean which is computing
by using relative importance / weights of the observations is called weighted mean.

=6.125, G.M.=(4x 5% 6x 6x 6x 7x Tx 8)% =6.006

If x,,X%,...,X, are numbers associated with observations in a data and

W, W,..., W, are corresponding weights, then weighted A.M., G.M. and H.M. are:

Xw 2w

Example 1:

The marks of a student in a social sciences diploma course are given for each subject

n
Z WiXi
oW

G, = antilog [

S d sz(

taught with relative weights. Find weighed mean marks:

Subject | English | French | History | Science | Mathematics

Marks 73 82 60 62 57

Weights 4 3 2 1 1
Solution:

The formulas are: X, = 2 G, = antilog =

2w

<zwlogx)}nde=_

X

w

w



We compute the required sums in following _ 777

table: X, =——= 70.6 marks.
x | w|xw w logx | w.logx H _|
X 1
73 4 1292 ] 0.0548 | 1.8633 7.4532 GW = anti log l:ﬂ 20.2991’5
82 | 3 | 246 ] 0.0366 [ 1.9138 | 5.7414 11 J
60 2 | 120 | 0.0333 | 1.7782 3.5564 .
2 11 6 [oo6l (179224 | 17924 G, = antilog(1.8454) 70.04 marks.
57 1 57 | 0.0175 | 1.7559 1.7559 11 .
] - 20.2 H, = =069.5 marks.
Sum | 11 | 777 | 0.1538 0.2993 0.1583
Note that:

In Example 1, the unweighted means are: x = 66.8, G.M.=66.17 and H.M.=65.58 which
are lower than the weighted means. The weighted mean marks best describe the average
performance of student by giving more share to important courses.

(b). Moving Averages:

When we want to examine average behavior of a variable of interest over fixed intervals
of time (in days/months/years/etc) then it is important to track the change in average as time
proceeds for specific periods. In this case, the average of specific periods/ intervals of time keep
changing/ moving as time increases, and are referred as moving averages.

For the case of an odd-period moving averages, we place the moving averages at the middle cells
of specific period only and rest of the cells are left blank. The placement of moving averages
should be done at the already existing cells.

For the case of an even-period moving averages, we place the average of two middle cell.
This way placement can be done at already existing cells.

The process is illustrated using following examples.

Example 1:
The data summarizes monthly price of an item in Rs./month for the last year.
Month Jan. | Feb. | Mar. | Apr. | May. | Jun. | Jul. | Aug. | Sep. | Oct. | Nov. | Dec.

Price (Rs../month) | 180 | 87 | 91 102 | 108 | 139 | 150 | 200 | 220 | 307 | 289 | 330
Compute (i). 3-months, (ii). S-months and (iii). 4-months moving averages.
Solution:

(@i). First we compute 3-months moving Month | Price | 3- months moving averages
averages by considering 3 consecutive Jan. | 180 | @ oeeeeeeees
months starting from: Jan.-Mar., Feb.-Apr., . | (L8087+I1)/3=119.33
. Mar. 91 93.33
Mar.-May., and so on until the last 3- Apr. 102 10033
months period: Oct.-Dec. These are placed May. | 108 166,33
at middle month of the 3-months period. For Jun. | 139 132.33
example, the moving average of Jan.-Mar. is Jul. 150 163
placed beside Feb. Aug. | 200 190
The 3-months moving averages are (S;I:- ggg 2‘;27-233
o : ot
summarized in the adjacent table. N 30866
Dec. | 330 | = e




(ii).  For 5- months moving averages, we Month | Price | 5- months moving averages
consider 5 consecutive months each time Jan. | 180 | = -reeeeeee
starting from Jan.-May, Feb.-June, and so on L. .
Mar. | 91 [ (180+87+91+102+108)/5=113.6
up fo Aug.-Dec. Apr. | 102 105.4
_ Moving averages are shown in the May. | 108 118
adjacent table. Jun. | 139 139.8
We can see that there are total 8 such Jul. 150 163.4
possibilities. The first and last two cells are Aug. | 200 203.2
left blank. Sep. 220 233.2
The 5-months moving averages are IEI)g\tz ;g; e
positioned at the middle months. Dec 1330 | 7

(iii).  For 4- months moving averages, we consider groups of 4 consecutive months each time
starting from Jan.-Apr., Feb.-May, ... , Sep.-Dec.
Initially the averages are placed mid-way between the 4 months, then each pair of two 4-
months averages are averaged further to get the required 4-months centered moving averages.
The results are summarized in the following table. We have to add two columns for even-
period group averages always.

Months | Prices 4- months moving averages(Initial) 4- month moving averages(centered)
Jan. 180 | e
Feb. 87 | e e

115
Mar. 91 106
97
Apr. 102 103.5
110
May. 108 117.375
124.75
Jun. 139 137
149.25
Jul. 150 163.25
177.25
Aug. 200 198.25
219.25
Sep. 220 236.625
254
Oct. 307 270.25
286.5
Nov. 280 | e
Dec. 330 | e




Note that:

The average price (arithmetic mean) of the 12 months for the year equals Rs. 183.58 per
month. We can see that the prices were not constant, and the 3, 5, 4- months moving averages
better summarize the variations in respective periods over the year.

22.3 (iv): Estimate medians, quartiles and mode, graphically.
Graphically, to locate and estimate median and quartiles, we use ogive (cumulative

frequency polygon) of the data. The median, lower quartile (Q,) and upper quartile (Q.) in an

ogive are simply the x-coordinates of the points on ogive whose y-coordinates (cumulative
frequencies) are %, % and 3, respectively.

To locate and estimate mode (if it exists) graphically, we use the histogram of data. The
modal class is one for which the rectangle has highest height, and in this class, the mode is the
x-coordinate of the point of intersection of two line segments. First segment is drawn by joining
left peaks of the rectangles corresponding to the modal class and class after it. The second line
segment is drawn by joining right peaks of the rectangles corresponding to the modal class and
class before it. The perpendicular from point of intersection to-the x-axis hits it at the location of
mode. This procedure is used for a grouped data with continuous classes.

Example 1:
Locate and estimate median, quartiles and modal weights (in Kg) graphically.

Weights (in Kg) 70-74 | 75-79 | 80-84 | 85-89 | 90-94
Number of students | 10 24 46 12 8

Solution:
We have n=100 and, and given data Class Class /| Cumulative
are grouped with continuous classes. First, limits | boundaries frequencies
computing the class boundaries and ;2;3 gzg Zgg ég ;2
cumulative frequeqmes in th_e adjacent table to 2084 | 795845 | 46 20
be able to draw ogive and histogram. 85-80 | 84.5-805 | 12 9
90-94 | 89.5-94.5 | 8 100
| . . . Oy X-axis: 1 1] =1
For median and quartiles, we identify 2 =50, 2 On Yoaxis: 3 small square - 10
2 4 -.-' 4
_ 3n_ . LLHH
=25and —= 75 on y-axis.
4 w0+
LT . -

Then, drawing perpendiculars through these to |, |

ogive, and then from ogive to x-axis lead to median, Q, |=*° T

and Qy, respectively. We read values as: BT
Median~81.2, i,
Q1 ~77.6, g i :
Q} = 839 v

ks o UCHs [Wweighins in kgl




For mode, we first draw the histogram, as shown here. The modal class corresponds to
the highest height rectangle as highlighted in the figure.
Joining left peaks of the rectangles of modal class and class after it, and then right peaks
of the rectangles of the modal class and class before it to get two line segments. Now, the
perpendicular from point of intersection to the x-axis hits at nearly 81.4 where mode is located.
The modal weight is approximately 81.4 Kg.

1. IfW= {148, 145, 160, 157
Show that sum of a
[ % M. = H.M. = Median = Mode for X.

Q Of 50 bricks bought, 21 bricks have mean mass of 24.2Kg, 29 bricks have mean mass of

q

eights (Kg) and price (Rs./Kg) of monthly items required by a family are

¥

50
45
40

f3s5

| 30
25
20

L 15

10

5
(1]

On X-axis: 1 small squares =1
On Y-axis: 2 small squares =5

Model Class

i
-

l

,3,3,3,4,1

Sho at
2. Check if@
ind wi

,160, 160, 165}, X = {-2, -2, -2, -2}, then:

v
RCISE 22.4

¥ Rectangle

IR

65  T4.5 ?9.5; 845 (895 o945 X
Class bou nd;lri?-jiwel._:;_hl-', in kgl

Mode = 81.4

1ations of W about its A.M. is zero.

0 =3X.
of Z=3W-11
. <G.M. <A M. <Median < Mode for W.

3,22} and Y = {2,1,4,4,4,6,6,5,7,1} are symmetric?

eighted mean prices using A.M., G.M. and H.M.

Item

A

B

C

D

E

Price (Rs./Kg)

300 | 200

600

250

650

Required weight (Kg) | 25

5

4

8

3

23.6Kg, Find weighted mean mass of the 50 bricks.

. 5. Calculate 2, 3 and 4-days moving average from the following data of number of deaths
monitored for a peak week in a province due to nCOVID’19.

Days Mon. | Tue. | Wed. | Thu. | Fri. | Sat. | Sun.
Number of deaths | 102 | 130 | 158 | 188 | 196 | 259 | 310
6. Calculate 4 and 5 years moving averages of sales (in million Rs.) over 11 years.
Year | 2011 | 2012 | 2013 | 2014 | 2015 | 2016 | 2017 | 2018 | 2019 | 2020 | 2021
Sales | 102 | 130 [ 158 | 188 | 196 |259 |310 | 188 | 196 |259 |310




7. Locate and estimate median, quartiles and mode graphically in the data.
Overtime (hrs/week) | 25-29 | 30-34 | 35-39 | 40-44 | 45-49 | 50-54 | 55-59

Number of days 5 4 7 11 12 8 1 <
8. Locate and estimate the indicated measures in the following.
a. Mode
b. Median and quartiles
On X-axis: 5 small squares = 20
On Y-axis: 2 small squares = 1

X : Y A

15 S

14 3 " n

13 = R S

53 R, 55#»—
=H 10 281 mE: 10 i 50:—
=10 E ] B = 451+
Z 9 2401 >
Z8 =354
g7 6 g 30 ‘ 1
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675 875 1075 1275 1475 1675 1875 2075 " 4 210" 2015 2020 2425 2080 2035 X
Electricity Consumption (in KWh) v Diameters “Less than rt“"’
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22.4. Measures of Dispersion
The measures of central tendency only focus on the average or central behavior of data
without focusing on the variations and consistency of data. When observations are much away
from the average, then the measures of central tendency alone are not sufficient to have a
thorough understanding of the behavior and properties of a data. For example:
The table below shows the marks obtained by two students in five subjects.
Subjects [ O Jarjivyv

Marks of student-A | 90 | 30 | 85 | 50 | 25
Marks of student-B | 63 | 50 | 60 | 55 | 52

If we find average marks obtained by each student using A.M., then we observe that the
A.M. marks of both students are 56, but is it sufficient to compare the performance of both
students? The answer is No. Student-A marks have higher fluctuations about the mean, whereas
Student-B marks are closer to the mean marks.

The performance of Student-B is more stable/ consistent/ reliable than of Student-A due
to lesser fluctuations/ variations/ scatter/ dispersions about the mean.

We can also observe average marks of students using all types we learnt below:
Average A.M. | Median | Mode G.M. HM.

Marks of student A | 56 50 None | 49 (Approximately) | 43 (Approximately)
Marks of student B | 56 55 None | 56 (Approximately) | 56 (Approximately)

Due to variation in marks, the averages for Student-A are also much different than each
other. The averages of the marks of Student-B are closer to each other.




Due to stable and consistent performance, we are in a better position to predict the marks
of Student-B in a forthcoming subject as compared to Student-A.

The knowledge of variation in data matters a lot in decision making and forecasting.
Therefore, it is important to compute the degree of variation (or dispersion) in a data besides
computing the average to have a better understanding of data. The measures of dispersion are
indicators of the extent to which the data are spread-out/scattered about the central point or
average. A measure of dispersion indicates the average variation in a data. It is mostly used to
compare two or more data sets from the view-point of stability/ consistency /reliability. Higher
is the variation/ dispersion in a data, lower is the stability/ consistency/ reliability.

When we are interested in variation/dispersion in only one data set, we compute the
measures of dispersion in the units of data, and are thus called absolute measures of dispersion.
The variation of two or more data sets with same nature/units, number of observations and
equal/closer averages can also be compared using absolute measures of dispersion.

For two or more data sets with different nature/units, number of observations or different
averages, we use relative measures of dispersion, which arenot in the units of data but show
the relative behavior of the variation.

22.4(i) Define, identify and measure range, calculate variance, mean deviation and
standard deviation:

We discuss some important measures of dispersion here.

(a) Range: Range of a data refers to the difference between the extreme observations.
For ungrouped data, range (R).is the difference between the largest observation (x;) and

smallest observation (xs), i.e. R=x,— X (1)
For grouped data, R is the difference between UCB of the final group (UCBF) and the
LCB of the initial group (LCB;),i.e. R=UCB,. - LCB, 2)

Formulas (1)-(2) calculate absolute range. For relative range we divide by x; + x5 and
UCBp + LCB, in equations (1) and (2), respectively for comparison.
Note that:
e Range does not properly measure variation of data with outliers.
e Range uses extremes in data only without using frequencies and other parameters.
Example 1: Find range of the data sets: W = {27.90, 34.70, 54.40, 18.92, 47.60, 39.68}, X = {3, 8, 10, 7,
5,14,2,12,8},Y=1{8,8,8,8,8} and Z = {1, 3, 2, 4, 3, 2, 43}. Also interpret the results.
Selution: We know that for an ungrouped data: R =Xx,— X .So,

R, =5440-18.92=3548,R =14-2=12,R, =8—8=0and R, = 43— 1=42.

We can interpret range for dataset, say W, as: “All observations in dataset W lie within a
distance of 35.48 between the extreme values 18.92 and 54.40.

The observations in data W and X are well-spread around the extreme values, so range
meaningfully represent the variation. The range of set Y is zero as all observations were same
and there is no variation. The majority of observations in set Z lie within 1 and 4, but due to an
outlier 43, the range equal to 42 is misleading.




Example 2:
Compare the variation of marks of two students in five subjects as given below using
range, and interpret the results. Which student performs more consistently?

Marks of student A | 90 | 30 | 85 | 50 | 25
Marks of student B | 63 | 50 | 60 | 55 | 52

Solution:
Data for both students are ungrouped. The absolute range in marks are:
R, =90-25=65marks and R, = 6350 =13marks. Here, x; + x5 is same for both students, so

relative range is not useful here. The performance of Student-A show higher variation as
compared to Student-B on the basis of absolute range. So, Student-B performs more consistently
than Student-A.
Example 3:

Using range compare variation of price and life of five similar rating batteries
manufactured by two different companies. Interpret the results.

Price (in thousandRs.) | 8 | 13 | 18 | 23 | 30
Life (in years) 1.3[15[1.8]25]35

Solution:

The data of price (P) and life (L) of batteries are ungrouped, and different in nature and
units. Also, x; + xg are different for both datasets. So we use the relative range to compare
variation.

P-P 30-8 22 L-L 3513
Relative R, = —— = ——=—=0.5789. Relative R=———=—"—=—=04583.The
P+P 30+8 38 L+L 35+13 438

relative variation in price of batteries manufactured by five different companies is higher in
comparison to the relative variation in lives of batteries.
Example 4:

Compare the range of number of mobiles possessed by a family for Karachi and Moro
using the grouped data of some randomly selected families in the cities. Is it sufficient to compare
the variation on basis of range?

Number of mobiles 0] 1 2 3 [4]5|6]7

Number of families (Karachi) | 1 | 7 | 15 [ 12 [5]|2]2]1
Number of families (Moro) | 4 | 13 | 8 5 [2]1]0]1

Solution:
The data are grouped into discrete classes with spacing between the classes d=1. So, the
range is: R=UCB, - LCB, =(7+0.5)—(0-0.5)=7.5+0.5=8mobiles. The range of number of

mobiles possessed by a family in Karachi and Moro is same, i.e. 8 mobiles. But, range does not
consider number of families in the cities (frequencies). The variation between the number of
mobiles possessed by an average family in Karachi and Moro are surely different, but this cannot
be reflected by the range.
Example S:

Find the range of electricity consumption (in kWh) of a shop using the data:

Electricity consumption | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207
Number of days 10 13 15 10 4 6 2




Solution:
The data are grouped into continuous classes with spacing between the classes d = 1. So,

1 1
R=UCB, -LCB,= [207 + —} - [68— —} =207.5-67.5=140kWh. Here, R does not wuse the >
2 2

frequencies of classes, so can be misleading.
(b)  Variance, mean deviation and standard deviation

To better calculate the amount of dispersion in data, we use all observations instead of
only the extreme ones along with their frequencies in the concepts of variance, mean deviation
and standard deviation. The deviation of an observation x; about the mean (usually A.M.) is
defined as:

Deviation about mean = p, = x,—x (1

Deviations can be negative, positive or zero. But, to calculate total of all deviations,
simply summing them will not be useful as the result will always be zero.

To overcome this, we must avoid negative deviations, and this is done in two ways. We
can use the squared deviations or the absolute deviations, defined as:

Squared deviation about mean = p;” = (x, - i)z (2)
Absolute deviation about mean = |D;|= |xi —f| 3)

The squared deviations are always are non-negative. The absolute value of a real number
is always non-negative, for example: [3| =3,[-22|=22,0|=0,|-1.5=1.5. These two ways lead us
to define more appropriate measures of dispersions.

The variance (Var or s?) is the mean of squared deviations of observations about their
AM. The mean (or absolute) deviation (M.D.) is the mean of absolute deviations of
observations about their A.M. Because the dispersion is usually meaningful in original units of
data, and the variance finds it in squared units, so we find its square root to define the standard
deviation. The standard deviation (S. D. or s) is the positive square root of variance.

For ungrouped data with observations: x;,x,,xs,...,x, with their AM. =x:

2 M 4) MD.:M

Var=s"=
n n

SD.=s=+s? = 2w (6) whereTm%

n

©)

For grouped data, if x; are class marks and f; are class frequencies, then:

Var =s* = M 7 M.D.= M (®)

2 >/
S.D.=s=\s" = M (9)  where ;‘c:zxf

df

Formulae (4)-(9) calculate absolute measures, the relative measures are computed by
dividing x in the units of data for comparison.




Example 1:

Find variance, mean deviation and standard deviation of the marks of students A and B.
Which student performs more consistently?

Marks of student A | 90 | 30 | 85 | 50 | 25
Marks of student B | 63 | 50 | 60 | 55 | 52

Solution:

Marks of both students show ungrouped data. First, we compute mean marks:
For student-A (x) and student-B (y), we have:

n 5 n 5
As means are same, so we use the absolute variation formulas variance, mean deviation
and standard deviation. Computations are shown in the following tables.

x xX—x (x—%)?% | |x—x|
90 34 1156 34
30 26 676 26
85 29 841 29
50 -6 36 6
25 31 961 31

Sum=280 0 3670 126

—\2
Var, = Z(x 5 = 36570 =734,

n
D l=% 126
(M.D), =& =22 =252

(5.D.), =734 =27.0924.

y y=F | =9 | ly -7
63 7 49 7
50 6 36 6
60 4 16 4
55 a1 1 1
52 4 16 4

Sum=280 | 0 118 2

(-7 18
Vary = &= === =236,

n

> Iv-3 2
MD.), ==——="=44.
( )B n 5

(8.D.), =~/23.6 = 4.8578.

We observe that the variation in marks of student A is much

higher than that in the marks of student B by all formulae, so performance of student B is more

consistent.

Example 2: Compare the variation using standard deviation of price and life of five similar

rating batteries manufactured by different companies. Also interpret the results.

Price (in thousandRs.) | 8 | 13 | 18 | 23 | 30
Life (in years) 1.3/15]18[25]35




Solution: Data of price (P) and life (L) are ungrouped and different in nature and units. First, we
compute means. >

x _ X
X =L=%=18.4(1000 Rs) and x, =L=%=2.12years.
n n

P

As means are different, we use the relative standard deviation formula for comparison.
Computations are shown in the following tables for P and L.

Price (P) | xp —%p | (xp — %p)?
8 -10.4 108.16
13 -54 29.16
18 -0.4 0.16
23 4.6 21.16
30 11.6 134.56
Sum=92 0 293.2
x _
s, = x 293.2 =7.658(1000Rs)
n \J
Relatives = S—P 768 638 =0.416.
PTE 184
P
Life (L) | x, =% | (x, —x,)?
1.3 -0.82 1.69
1.5 -0.62 2.25
1.8 -0.32 3.24
2.5 0.38 6.25
3.5 1.38 12.25
Sum=10.6 0 25.68
(x5 ) /
X -
s = LN ) 2568 2 2.266 years
L V n 5
Relative s = S—L= 2266 =1.069.
box 212

The relative standard deviation in life of batteries is higher than price. This means that
data of price of batteries is more consistent than the lives of batteries. We note that if relative
formula was not used then conclusion would be different and wrong.

Example 3: Find variance, mean deviation and standard deviation of amount of cold drink.
Amount of cold drink (in liters) | 1.48 | 1.49 | 1.50 | 1.51 | 1.52

Number of bottles 2 7 5 5 1
Solution: Data are grouped with discrete classes. Calculations are given in table below.
Amounts | Number of xf (x— %) (x —%)? |x — x| (x — %)2f lx —x|f

(%) bottles (f)

1.48 2 296 | -0.018 | 0.0003240 | 0.018 [ 0.000648 0.036
1.49 7 1043 | -0.008 | 0.0000640 | 0.008 | 0.000448 0.056
1.5 5 7.5 | 0.002 | 0.0000040 [ 0.002 0.00002 0.01
1.51 5 7.55 | 0012 [ 0.0001440 | 0.012 0.00072 0.06
1.52 1 152 | 0.022 | 0.0004840 | 0.022 | 0.000484 0.022
Sum 20 29.96 - - - 0.00232 0.184




]

Z(x—>:C)f ~0.00232

X 29.96

X = =1.498liters. Var=s>= = =0.000116 (1iters)2 .
> f 20 >r 20
x—x f
S.D.=s=+0.000116 = 0.01078liters. M.D.= Z|Z:f| = 0'2154 = 0.0092liters.

The variation in amounts of cold drink is much smaller, or negligible.

Example 4: Find mean deviation and standard deviation of electricity consumption data.
Electricity consumption (kWh) | 68-87 | 88-107 | 108-127 | 128-147 | 148-167 | 168-187 | 188-207
Number of days 10 13 15 10 4 6 2

Solution: The calculations are summarized in the table below, where x show class marks.

Class limits | Class marks (x) | f xf | =0 (x=—%2 | |x—x | (x=0>2f | [x—xIf
68-87 77.5 110 | 775 -44.167 | 1950.724 | 44.167 | 19507.24 441.67
88-107 97.5 | 13 | 1267.5 | -24.167 | 584.0439 | 24.167 | 7592.571 314.171
108-127 117.5 | 15 | 1762.5 | -4.167 | 17.36389.| 4.167 | 260.4583 62.505
128-147 137.5 1 10 | 1375 15.833 | 250.6839 | 15.833 | 2506.839 158.33
148-167 15751 4 630 35.833 | 1284.004 | 35.833 | 5136.016 | 143.332
168-187 17751 6 1065 55.833 | 3117.324 | 55.833 | 18703.94 | 334.998
188-207 1975 ] 2 395 75.833 | 5750.644 | 75.833 | 11501.29 | 151.666

Sum -- | 60 7270 -- -- - | 65208.35 | 1606.672

. . . .- xf
First we need mean consumption, which is: x= % _ 2011 667K0wWh.
f

Now, using the required sums, the mean and standard deviations are:

M.D.— Z|x—;c|f _ 1602(.)672 Z(X—;)zf fﬁszé)s.as S

W] S
Example 5:

Some randomly selected families in the Karachi and Moro, when asked about number of
mobiles possessed by them, resulted in an average mobiles/family of 5.773 and 6.133 with
standard deviations 1.412 and 3.408, respectively. Compare which city shows more consistent
use of mobiles per family?

Solution:
The average mobiles/family for Karachi (K) and Moro (M) are different as:
x _=5.773 mibiles/family and X = 6.133mibiles/family .

The standard deviations are given as:
sg=1.412 mobiles/family and 5y = 3.408 mobiles/family.

As mean mobiles/family differ for both cities, we use relative measures:

. 1.412 . 4
Relatives;, = 3K _ 2772 _ 246 and Relative 5, = ;—M _ 34084 sss.
X M

5.733 6.133

=26.778kWh. S.D.=s =

By observing relative standard variations of both cities, we conclude that the relative
variation for number of mobiles possessed by a family in Karachi is smaller than that for Moro.
So, average use of mobiles/ family is higher and more consistent for Karachi than Moro.




EXERCISE 22.5
1. Find range, variance, mean deviation and standard deviation of number of absentees in a
class for last seven days: 3, 5, 3,2, 4, 1, 8.
2. Find range, mean deviation, variance and standard deviations of scores of two batsm
in 6 innings. Who is more consistent player?

Batsman-A | 12 | 15 |0 | 185 |7 | 19
Batsman-B | 47 | 12 | 76 | 48 | 4 | 51

3. Compare variation using range and standard deviation of income and expendi of six

families. Also interpret the results.
Income (in thousand Rs.) 10 [ 20 | 30 | 40 | 50 | 60

mean deviations to find which team performed more consisten
Goals scored 0 |1]2[3]|4
Number of games A played [ 27 |9 [ 8 |5 | 4
Number of games Bplayed | 17 |9 [ 6 | 5|3
5. Find range, variance, standard deviation and

metal as distributed in the following data:
Mass of block(in Kg) | 7.1-7.3 | 7.4-7.6 | 7.7-7.
Number of blocks 3 5

Expenditure (in thousand Rs.) | 7 | 21 |23 | 34 | 36 | 53
4. Goals scored by teams A and B in a football season are giveS@ative standard and

&ewation in mass of 50 blocks of

2 | 8.3-8.5 | 8.6-8.8 | 8.9-9.1
4 11 6 2

Review Exercise 22
1. Tick the correct answer.

). Arithmetic mean is based on the use of observations of data.
(a). Middle (b). Extreme (c). All (d). None
(i1)).  The ungrouped data.must be ordered first to find _ .
(a). AM. (b). Mode (c). Median  (d). Range
(iii). The number of classes in a continuous frequency table lies between 5 and .
(a). 10 (b). 15 (c). 20 (d). 25
(iv). Mode of grouped data is obtained graphically using .
(a). Histogram (b). Polygon (c). Ogive (d). Bar chart
(v).  If datahas outliers, then is misleading.
(a). AM. (b). Range  (c). Median  (d). Mode
(vi).. The AM. of {0,90,k, 10, 100} is 40, thenk=__ .
(@).0 (b). 90 (c). 10 (d). 100
(vil). Median and quartiles are in nature.
(a). Mathematical (b). Positional (c). Logical (d). None of these
(viii). Upper quartile divides data in ratio.
(a). 50%—-50% (b). 25%-25% (c). 75%—25% (d). 40%—60%
(ix). If data contain a number equal to 0, then  cannot be computed.
(a). AM. (b). GM. (c). HM. (d). Median

(x). Ifall numbers in data are equal, then:
(a). AM.=G.M.=H.M.(b). Range =0(c). S.D. =0 (d). All of these
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SUMMARY

Quantitative data refers to numbers, and are further categorized into discrete (only
integers) and continuous data (any real numbers).

Qualitative data refers to attributes of a variable, and are further categorized into nominal
(without ordering) and ordinal (with ordering) data.

To get meaningful information, data are grouped into frequency distribution:

Frequency distribution lists classes and respective frequencies.

Classes defined by a single point are discrete, whereas by a range of numbers are
continuous.

Observations are distributed into classes using tally or list entries method.

Number of classes can be obtained using Sturges’ (1926) rule.

The range is the difference between highest and lowest-observations in a data.

The number of observations that can fall in a class is class interval or width.

Class limits are starting and ending points of a class.

Class boundaries are obtained by averaging any two consecutive class limits.

The spacing between classes is the distance’between any two adjacent classes.

Relative and percentage frequencies lie from 0-to 1 and 0 to 100, respectively.
Cumulative frequencies are the sum of all frequencies upto a particular class.

Histogram is a graph of adjacent rectangles with bases at class boundaries and heights
proportional to class frequencies.

Frequency polygon is formed by connecting points with line segments whose x-
coordinates are class marks-and y-coordinates are frequencies.

Ogive or cumulative frequency polygon is obtained by joining the points with coordinates
(class boundaries, cumulative frequencies).

A measure of central tendency is capacity of data to cluster about a central point.

AM., G.M. and H.M. are based on the equality among all observations.

Median. is the middle most part of a ranked dataset.

Mode is based on the principle of majority, and is the most frequent observation.
AM.> G.M.> HM.

If A.M. = median, then data are symmetric, otherwise asymmetric.

Mode can be located and estimated graphically using histogram.

Median and quartiles can be located and estimated graphically using ogive.

A measure of dispersion refers to the amount of variation / scatter in a data.

The higher the variation/ dispersion in a data, lesser is the stability/ consistency.

Range measures variation in data by difference of two extreme observations.

The sum of all deviations about mean in an ungrouped data is zero.

Variance is the A.M. of squared deviations of data about A.M.

Mean/absolute deviation is the A.M. of squared deviations of data about A.M.




PYTHAGORAS
THEOREM

Students Learning Outcomes (SLOs)

After completing this unit, students will be able to:

»

Understand the following theorem along  with itscorollaries and apply them to solve

allied problems.

* In aright-angled triangle, the square of the length of hypotenuse is equal to the sum of the squares of
the lengths of the other two sides. (Pythagoras’Theorem).

w  If the square of one side of a triangle is equal to thesum of the squares of the other two sides then the
triangle is a right angled triangle, (converse to Pythagoras’ Theorem).




Introduction:
Pythagoras, a Greek philosopher and mathematician was born around 570BC. He
discovered a very important relationship between the sides of right angled triangle. The
Pythagorean theorem or Pythagoras theorem is a fundamental relation in Ecludian geometry
among the three sides of a right angled triangle. He developed this relationship in the form of
theorem called Pythagoras theorem after his name. The theorem can be proved by various
methods. Here we shall prove it by using the concept of similar triangles. We shall state and
prove its converse also and then apply them to solve different problem of daily life.
23.1.1 Pythagoras Theorem:
Theorem 23.1.
In a right angled triangle, the square of the length of hypotenuse is equal to sum of the
squares of the length of the other two sides. A
Given: AABCis a right angled triangle, having right angle at C. The

measures of sides A_B,A_C and BC are ¢, b and a respectively.
To prove: ¢ =a°> +b*
Construction:

Draw an altitude of vertex C to side AB. say BD =x

Proof:
Statements Reason

In AABC <> ACBD
ZACB= ZCDB ZCDB is right angle (Construction)
/B=/B Common angle

and ZBAC=z=/BCD Complements of ZB
AACB ACBD By definition of similar As.

Hence $=2 Corresponding sides of similar triangles
a X

ex=a’ ..(3)

Againin AACB <> AADC

ZACB = ZADC ZADC is right angle (Construction)
LA=LA Common angles
and. ZCBA=/ZDCA Complements of ZA
AACB AADC
b
Hence ~ = o x Corresponding sides of similar triangles
c(c—x)=b
or c? —ex =b 2 (ii)

Adding equation (i) and (ii) we get,
ex+ct—ex=a* +b?
i =d* +b*




Corollary: In a right angled triangle ABC, right angle at B. B

i (mﬁ)2 =(mAC)’ - (mAB)’
ii.  (mAB) =(mAC) ~(mBCY
Theorem 23.2

(Converse of Pythagoras theorem) 4
If the square of one side of triangle is equal to the sum of the squares of the p ¢
other two sides, then the triangle is a right angled triangle. B
Given: N s
In a AABC,mBC =a,mAC =b and mAB=c ,f’
i C
such that a® + b* = ¢* ,"f
To prove: 5 o .
AABCis a right angled triangle. D C A )
Construction:
Draw CD perpendicular to BC such that CD = CA. Join the points B and D.
Proof:
Statements Reason
ADCBEis a right angled triangle struction
—\2 —2
(mBD) =a +(mDC ) Pythagoras theorem
= (m@)z =a +b°
But a’+b*=’ Given
5 .. .
(m B D) —2 Transitive property of equality
B mBD =¢ By taking square root of both sides
Now in
ADCB <> AACB
CD=~CA Construction
BC=BC Common
BD =~ AB Each side equal to C (Proved above).
ADCB = AACB 555=5S5S
m£/DCB=m/ACB Corresponding angles of congruent triangles
But  m£DCB=90 Construction
mZ/ACB=90° Transitive property of equality.
Hence ABCis a right angled triangle. m/ACB =90

Q.E.D




Corollary:
Let a,b and ¢ be the sides of a triangle. Such that the side ¢ be the longest side.

Then,
1. If a* +b* = c* then the triangle is right angled triangle.
1i. If a®> +b* > ¢? then the triangle is acute angled triangle.
1i. If a® +b* < ¢? then the triangle is obtuse angled triangle.
Example 1:
Measures of the sides of a triangle are given decide which of these represent right
triangles.
1. a=5cm, b=12cm and ¢ =13cm
ii. a=6cm, b=7cm and ¢ =8cm
1il. a=9cm, b=12cm and ¢ =15cm
Solution:
. . 2 2 2
i Since (13)" =(5)" +(12)
169 =25+144
169 =169

By the converse of Pythagoras theorem, the a,b and ¢ are the sides of right triangle.
ii.  Since (8) #(6)’+(7)’
ie. 64 #36+49
or 64 # 85
By the converse of Pythagoras theorem, the a,b and c are not the sides of right triangle.
ii.  Since (15)%=(12) +(9)’
225=144+81

225=1225
By the converse of Pythagoras theorem, the a,b and c are the sides of right triangle.

Example 2:

An anchor line for a tower needs to be placed. The tower
is 96fts. The anchor line is 105fts long. How far from the tower 4| .
can it be placed? £
Soelution: E

Let the anchor line be placed at x ft from the tower. By
Pythagoras theorem. x

(105)* =(96)* +(x)’
= 11025=9216+x>
= x> =1809
x = /1809 = 42.53ft
Hence the required distance is 42.53 ft approx.




Example 3: Am
There are two streets that one can choose to go from ""W

Amna’s house to Ahmed’s house. One way is to take C path,
and the other way requires to take A path of 2 km and then B
path of 1.5 km. How much shorter is the direct path along C

path as shown in the figure.
Solution:

1. Following are the length of sides of trlang

Let x be the length of path C.
By Pythagoras theorem.

¥ =(2)° +(15)’

=  x=4(2)*+(15)* =J/6.25=25km

wy 5|

Ahmed
House

I km

By using the alternative way, he has to cover the distance =2+1.5=3.5km
The difference between these two paths =3.5—-2.5=1km

EXERCISE23\, "~

i. a=16 b=30 c=34
iil. a=15 b=20 c=25

2. Find unknown values in each

7

= B

BO

The three sides of a trlangle are of measure 9.5cm, 7.5cm and xcm. For what value of x
will the side represent right triangle?
ABC is an isosceles triangle with mAB =mAC =13cm and mBC =10cm. Calculate the
perpendicular distance from 4 to BC.

The foot of a ladder is placed 6 feet from a wall. If the top of the ladder rests 8 feet up on
the wall. How long is the ladder?

@nat the triangle is right triangle.

=6 b=8 c=10
13bJ_6c15

110w1ng figures.

I
.



6. Find the value of x in the adjacent
figure.

7. In the AABC as ZADB is right
angle as shown in the adjacent figure.
Find the lengths a, 4 and b if

mCD =5 units and mAD =7 units.

Q.\ b B

8. The sides of a rectangular swimmin and 30m. What is the length between
the opposite corners?

9. The length of each side of an equilateral triangle is 8 units. Find the length of any one
altitude. %

10. The sides of a triangle have x,x+4 and 20. If the length of the longest side is
20. What values of x ma t triangle?

11. A manager goes 18m and then 24m due north. Find the distance of his current
position from the oint.

12.In the rectangle , mBC+mCD =17cm and mBD + mAC = 26cm calculate the

length and b}g the rectangle.

A4

REVIEW EXERCISE 23

1. .Eneircle the correct option
%iagonal of a rectangle measures 6.5cm. If its width is 2.5cm, its length is
(@) 9cm (b) 4cm

(¢) 6cm (d 3cm
. ii.  Which of the following are the sides of a right angled triangle?
(a 3,4,5 b)) 2,34
() 5,6,7 d 4,56
iii. In aright angled triangle the greatest angle is
(a) 100° (b) 90°

() 80° (d  110°




iv. In aright angled triangle hypotenuse is opposite side to

(a) Acute angle (b)  Right angle

(c) Obtuse angle (d)  None <
v. Ifa, b, c are sides of right angled triangle, with c is the larger side, then

(@) E=a+b* (b) v =c*+a? é

© @=bt+c @ F=d - Q
vi. If5cm and 12c¢m are two sides of a right angled triangle. Then hypote%

(a) 16 (b) 15
(c) 14 (d) 13
vii. If hypotenuse of an isosceles right-angled triangle i m, then each of
other side is of length
(@ 2cm (b) Scm
(¢) 3cm (d) lcm
2. Explain the Pythagoras theorem.
3. A ladder 25m long rests against a vertical wall oot of the ladder is 7m away from
the base of the wall, how high up the wall wi adder reach.
4. Find the unknown values in each of the fﬁ figures
PN
K i) | B iii) | B
‘ B B
2 x c‘." 10 X 12
A 3o (‘\O A X C A 9 (]
o
@ SUMMARY

> In&a ed triangle, the square of the length of hypotenuse is equal to the sum of
the squares of the lengths of the other two sides.

%@ square of the one side of a triangle is equal to the sum of the square of the other
b o sides then the triangle is a right angled triangle.
(|




RATIO AND
PROPORTION

Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:

» Understand the following theorems along with theircorollaries and apply them to solve allied problems.

+» A line parallel to one side of a triangle, intersectingthe other two sides, divides them proportionally.

< If a line segment intersects the two sides of a triangle in the same ratio then it is parallel to the third
side.

< The internal bisector of an angle of a triangle divides the side opposite to it in the ratio of the sides
containing the angle.

«» If two triangles are similar, the measures of their corresponding sides are proportional.




24.1 Ratio and proportion

In this chapter, we will study the theorems related to the ratio and proportion of sides
of a triangle along with the similarity of triangles. So, first of all we have to recall the
concepts of ratio, proportion and similarity.
Ratio:

Ratio is the comparison of two quantities of same kind with same units. The ratio of a

L a . .
and b is written asa : b or 5 where a is called antecedent and b is called consequent.

For example the ratio of 25 litres and 5 litres is 25:5 or 5:1.
Proportion:

Equality of two ratios is called proportion.

If two ratios a:b and c:d are equal then we write it as a:b=c:d ora:b::c:d and
call it as proportion.

In the proportion a:b=c:d, a and d are called extremes, whereas b and ¢ are called
means.

In a proportion, the product of means is always equal to the product of extremes.
Similar Triangles:

Two triangles ABC and PQR are called similar triangles if their corresponding angles
are congruent.

Symbolically, we write it as AABC ~APQR

In the given figure, AABC ~ AXYZ
C

For similar triangles, following theorem is important
“If two triangles are similar then their corresponding sides are proportional”. We will
prove this theorem in last.




Theorem 24.1

A line parallel to one side of a triangle and intersecting the other two sides, divides
them proportionally.

Given: In AABC,ﬁHﬁ and DE intersects the other 2
S _ P
sides AB and AC at points D and E respectively.
AD mAE D E
To prove: maz _nmad q \
Construction: B C

Select such a unit of length so that mAD = p units, and mBD = gunits where p and ¢
are natural numbers.

Divide AD into p congruent segments and BD into ¢ congruent segments.

, @ — P From the points of division, draw lines parallel to BC.
mDB ¢
Proof:
| Statements >\J Reasons |
AD is divided into p congruent segments onstruction
by the parallel lines.
AEBis also divided into p. congruent Parallel lines make equal numbers of
segments by the same parallel lines. congruent intercepts on each transversal.
Similarly, EC is also. divided into ¢ | BDis divided into g congruent segments
congruent segments. by the parallel lines.
Now,
mAE  p " AE and EC are divided into p and ¢
mEC = ; congruent segments respectively
(Proved above)
But
AD p By construction
mDB "~ q
So
mAD mAE By transitive property of equality
mDB  mEC

Q.E.D
Corollary 1:

mAB  mAC

From the figure of above theorem, it can be proved that —=—.
mDB  mEC




Corollary 2:

From the figure of the above theorem, it can be proved that —— = —.
mAB  mAC )
Corollary 3:
If a line is parallel to the base of an isosceles triangle and intersects other two

congruent sides then the corresponding intercepts on the sides will be congruent.

Example:
In the adjacent figure, DE || BC in AABC.

Find mAD if mAE = 5cm,
mBD =15c¢m and #CE =25cm.

Solution:

DE || BC

mAD  mAE
mBD  mEC
mE_ 5
15 25

= mAD=
25

= mAD =3cm
Theorem 24.2
If a line segment intersects the two sides of a triangle in the same ratio then it is
parallel to the third side. A
Given:
In AABC, PQ cuts AB and AC

at points P and Q respectively. P Q
such that

mAP  mAQ

1.e.

mPB  mQC B T~~~ C
To prove: e 2
PQ| BC
Construction:
If PQ is not parallel to BC, draw BK meeting A—C) at point K other than C such that

PQ||BK




| Statements Reasons |
In  AABK ‘
PQ||BK Construction <
mAP _ mAQ Line parallel to one side of triangle @
mPB  mQK other sides proportionally
But 6
mAP  mAQ .
—_— == Given
mPB  mQC
o ()
Al Al
m__Q = g Transitive erty of equality
mQK mQC
— If antecedents are equal then consequents
= Z are als 1 in equal ratios.
re.  QK=z=QC @ ition of congruent segments.
g::lsl (1:s possible only when K coincides ) s i e in e
Hence
PQ|IBC Our assumption is wrong
Q.E.D
Corollary:

The line segment joining the mid points of two sides of a triangle is parallel to the
third side.
Example:

In adjacent ﬁgure,ﬁcuts two sides AC and BC of AABC
at points D and E respectively. Find the base angles A and B
if m£ADE =130° and mZBED =100° where lengths of
sides are given as shown in the figure.
Seolution:

Z/ADE and ZCDE are supplementary

mZCDE =50°( mZADE =13(°)
Similarly

mZDEC = 80°

i.e. DE cuts two sides AC and BC proportionally




So,  mZA=mZCDE, because corresponding angles of parallel lines are

equal
ie. mLA=50° >
Similarly

ms£B=m/DEC = 80°

EXERCISE 24.1 Q“‘
A
- — Sem
1. InAABC, DE|| AB. Find mCE e b
if mBD = 6cm, mDC =12cm >

and mAE = Scm.

2. InAABC, PQ| BC. Find x

if mAP = 5x—3, mPB =2 C
mAQ=2x+1and mQC =3

3. Prove that the line drawn bo the parallel sides of a trapezium divides the non-

parallel sides proportio

4. Prove that the line

parallel to anothe

5. Prove that the line
parallel to the

.~

A 353 P 2B

cg drawn through the mid point of a side of a triangle and
@ sects the third side.
hich divides the non-parallel sides of a trapezium proportionally is

Theorems24.3

The internal bisector of an angle of a triangle divides
the side opposite to it in the ratio of the sides containing the
angle.
Given:

BD is the bisector of ZABC of AABC.
e <lz<2

To prove: -
mAD B mAB
mDC  mBC

Construction:

— — —
Draw CE parallel to BD meeting AB at point E




| Statements Reasons
EC| BD Construction &
mZE=m/1...>1) Corresponding angles of parallel lineo
Also
ms2=m/3

But mll=ms2
So mZl=m/3

mLE=m/3
In ABCE,
BC=BE
In AACE,
BD||EC
mAD  mAB
mDC  mBE
Or - -
mAD mAB
mDC  mBC
Corollary:

Given

Alternate angles of parallel liniiQ

Transitive property
Usingeq (i)

Sides opposite @nt angles of a
triangle are cong

COHSWK
Li 1 to one side of triangle divides

es proportionally

> BC=BE (Proved above)

Q.E.D

If the internal bisector of an angle of a triangle bisects the opposite side, the triangle is

isosceles.

_)
Example: In adjacent figure, AD is the bisector of /A of AABC.
Find x if mAC=15cm, mAB=4x-1cm, mCD=x+1cm and
mBD = Scm: Also specify the type of triangle where xe N.

Solution:

. .
AD is the bisector of ZA

mCD _ mAC
mDB  mAB
x+1 15

5 4x-1
45 —x+4x-1=175
4x* +3x-76=0

:_..
Y

(x—4)(4x+19)= 0
x—4=0 or

ug gy uld

4x* +19x—16x-76=0
x(4x+19)-4(4x+19)=0

A 4x-1 B




__19¢N >
4

-19
we neglect e

Hence x =4
Now mAB =4x-1
=4x4-1
=15

mAB = mAC =15 cm
and mBC = x+1+5=10 cm

AABC is an isosceles triangle.

Theorem 24.4:

If two triangles are similar, the measures of their corresponding sides are proportional.
Given:

AABC and AXYZ are similar triangles.

1.€. In AABC < AXYZ A X
/A=/X
/B=/Y
and L/C=/Z o .
To prove: % £
mAB mBC mAC
XY mYZ - mXZ : \
Construction:

From AB, cut off AD= XY and from AC, cut off AE = XZ. Draw DE.

Proof:
Statements Reasons
AADE <> AXYZ
AD =~ XY Construction
N /A=/X Given
AE=XZ Construction
AADE = AXYZ By S.A.S postulate
/ADE = /Y Corresponding angles of congruent triangles
But ZB=ZY Given
So ZADE = /B Transitive property
Hence




—_— == Corresponding angles ZADE and £ B are

DE || BC
o _ congruent ‘
mAB  mAC
D wAD By Theorem 1 (Corollary) é
or MmAB_mAC 4 mAD = mXY and mAE =mx_z\Q
mXY mXZ

Similarly ——=——...(ii By the above process 6
VXY mYZ (@) v . @
so mAB_mBC _mAC From (i) and (i) @

\

mXY mYZ mXZ
Q.E.D
Corollary:
In a correspondence of two triangles, if two angles of a triangle are congruent to the
corresponding two angles of other triangle then their corresponding sides are proportional.

Example 1:

In the given figure, AABC and E
APQR are similar. Find the values of x and y
if mAB=6cm, mBC=12cm, m PQ=3cm, 2 12cm
and mPR =7cm
Solution: 4

AABC and APQR are similar ’

Their corresponding sides are equal
mAB  mBC. mAC

i.e. —_— =
mPQ mQR ~mPR
- S 2L (Using the given measures)
3x 7
= é = 2 and § = Z
3 x 3 7
or 2= 12 or 2=2
X 7
or 2x=12 or 4=y
= x=6cm or y=14 cm

So the values of x and y are 6¢cm and 14cm respectively.




Example 2

mAB _ x

In the given figure, AABC and APQR are similar and —— = —where h, and h,are the >

altitudes of the given triangles.
Prove that:

Area of AABC x?

Area of APQR )

Proof:
mAB  x
we have ——=—
mPQ y
AABC and APQR are similar A
mA_C_mB_C_mAT?‘_f )
mPR  mQR  mPQ y
In AADC <> APSR
mZA =msP (Given)
and m£D = m/S =90°
AADC ~ APSR
Hence by = m_A_C =z (using eq: 1)
h, mPR y
Now
1 —=
Area of AABC E(mAB)hl
Area of APQR %(mP_ h,
mAB h,
= — X —
mPQ h,
X x mAB
=—X— ———
Yy mP
x2
S

Hence proved.
From above example, we conclude that

mPQ y
C
R
hl A\
E P 5 Q
D B

The ratio of areas of two similar triangles is equal to the square of the ratio of
any two corresponding sides.




EXERCISE 24.2

H
1. In the adjacent figure, ADis the bisector of
ZAof AABC. Find the value of x if

mA_B=x+9,mA_C=11—x,mC_D= 2x+3and
mBD = 3x+2.Also specify the type of triangle.

2. In the adjacent figure, APQR andAABCare

similar. Find the values of x and y if lengths of
sides are indicated in the figure. S

3. Let A andA, be the areas of tw Q 5
triangles ~ AABC and APQR respect @

as
shown in  the figure. ind A, if
A = 28cm?,mAB =4 xcm @ =2 xem A, =28cm’

Q A 4x em B P 2¢¢m Q
4. Ratio of correspo es of two similar triangles is 2:x—5and the ratio of their

A,=7?

areas is 1:9. F1 ue of x.
5. Prove that IWG&H triangles have their sides proportional if an acute angle of the one is
ute angle of the other.

cong n
6. ht le the perpendicular drawn from the right angle to the hypotenuse divides
the triangle into two triangles. Prove that each of these triangles is similar to the original

X
Q\ REVIEW EXERCISE 24
ick the correct option.
. 1. Inaproportion, the product of means is equal to _ of extremes.
(a) sum (b) difference (c) quotient (d) product
ii. triangles are always similar.
(a) right (b) scalene (c) acute angled (d) equilateral

iii. The symbol of similarity of triangles is

(@ = (b) = © ~ d <




iv. If a line parallel to base of a triangle and divides one side in 2:3 then it will
divide other side in .
(a) 3:2 (b) 2:3 (c) 2:6 (d) 5:3

v. If a line intersects two sides of a triangle in same ratio then it is to
other side.
(a) parallel (b) non-parallel (c) coincident (d) all of these
vii In AABC, the bisector of ZA divides BC in ratio if
mAB = 6cm and mAC =8cm.
(a) 5:8 (b) 3:4 (c) 1:1 (d) 5:7
vii. The bisector of an angle of equilateral triangle divides the opposite side in
(a) 2:3 (b) 3:2 (c) 1:1 (d) 5:2
viii. The corresponding sides of two similar triangles are .
(a) equal (b) un- equal (c) proportional (d) None of these

ix. If the ratio of two corresponding sides of similar triangle is 5:7 then ratio of their
areas is equal to .
(a) 5:7 (b) 7:5 (c) 25:7 (d) 25:49
x. If the ratio of areas of two similar triangles is 36:121 then the ratio of its
corresponding sides will be ¢
(a) 6:10 (b) 6:11 (c) 11:6 (d) 10:6
xi. If the ratio of corresponding sides of similar triangles is 2:x and that of areas is 4:9

then x=_
(@3 (b) -3 (c) both aand b (d) none of these
xii. Two equilateral triangles are also .
(a) congruent (b) similar (c) proportional (d) equivalent
SUMMARY
» Ratio is the comparison of two similar quantities.
»_Inratio a:b, a is called antecedent and b is called consequent.
#_Proportion is the equality of two ratios.
» In proportion, the product of means is equal to the product of extremes.
. Two triangles are similar if they are equiangular.
» If two triangles are similar then their corresponding sides are proportional.
» A line parallel to one side of a triangle and intersecting the other two sides, divides them

proportionally.

If a line segment intersects the two sides of a triangle in the same ratio then it is parallel

to the third side.

» The internal bisector of an angle of a triangle divides the side opposite to it in the ratio
of the sides containing the angle.

\%




CHORDS OF
A CIRCLE

Student Learning Outcomes (SLOs)
After completing this unit, students will be able to:
»  Understand the following theorems along with their corollaries and apply them to solve allied problems.
«* One and only one circle can pass through three non-collinear points.
«» A straight line, drawn from the centre of a circle to bisect a chord (which is not a diameter) is
perpendicular to the chord.
« Perpendicular from the centre of a circle to a chord bisects it.
< If two chords of a circle are congruent then they will be equidistant from the centre.
«» Two chords of a circle which are equidistant from the centre are congruent.




Introduction

In previous classes and units, we studied detailed geometry involving triangles and
quadrilaterals which are all formed by line segments. Line segments do not have bends. Here,
we focus on theorems with proofs and allied examples related with circles.

Circles play an important role in understanding the shapes of real world objects.
Without circles, we will be unable to understand movement of a vehicle around a curve on the
road, the starting developments about the orbits of planets, movements of electrons in an atom,
shapes of cyclones, etc. Circles form a basis to study advanced shapes: ellipses, spheres,
cylinders, and cones which are used in trunks, trees, water drops, wires, pipes, balloons, pies,
wheels, ball-bearings, etc.

The path followed by a moving point is termed as curve. An open curve has different
starting and ending points. A closed curve starts and ends at the'same point (or) which has no
starting and ending points. A curve which does not cross itself is a simple curve, otherwise
non-simple. A curve which is simple as well as closed is known as-a simple closed curve. For
examples, refer to the curves in Figure (i).

(A) (B) (©€) D) (E)
Simple, open  Simple, closed Non-simple, open Non-simple, closed  Simple, closed
Figure (i). Open, closed, simple and non-simple curves

A circle is a simple closed curveand all its points are at the same distance from a fixed
point, called its centre. The length of the boundary of a circle is called its circumference. A
line segment joining centre of acircle and any point on its boundary is a radial segment, and
its length is called the radius of the circle. The points lying inside the boundary of a circle
form its interior, and those outside form its exterior. A line segment joining any two points
of circle is a chord of the circle. A chord passing through the centre of circle is called a
diameter or a central chord, and its length is highest of all the lengths of chords of a circle.
These terms are explained in Figure (ii).

_h\ 773{‘ {‘H, R g }'Br
[ “3" | |:_.\ b } ) bl ) jiry W A
\\.‘___,/’ "Q\_.____ / : l, " i.. 2 P\"'i'F'

(A) (B) © (D) E)

Circle Circumference  Radius 7 and radial Interior (E) Chords AB.CD
e at ¢ segments OA,OB,  and exterior  EF,GH, diameter
o( 0) of O OC. 0D of O o

: EF(mEF = 2r)
Figure (ii)

If r is radius of a circle, then its diameter, circumference and circular area are equal
to: 2r,2nrandnr’, where n (Greek letter PIE) is an irrational number. m is ratio of

circumference of a circle to its diameter. It is approximated by %, but is not equal to it. In




real, ©=3.141592653. We see that 22 _ 3142857142 matches with only first two decimal

7
places of =.

A portion of the circumference of a circle is an arc of the circle. A chord chops the
interior of a circle into exactly two parts or segments. The diameter divides the circle into two
equal segments. The segments are bounded by an arc and a respective chords of a circle. For
a particular chord, a segment with larger portion of the interior of circle is major segment and
the other one is minor segment. The corresponding arcs are referred as major and minor arcs.
A portion in interior of a circle confined between two radii (plural of radius) and the intercepted
arc in-between is a sector of the circle. This leads to the minor and major sectors for an arc
and chosen radii. The word subtend means “holds under”, is usually used for angles under a
chord or an arc at a point in a circle. The central angle is an angle subtended by an arc with
the cen;[re_ of circle (vertex of gentral angle). Figurf, (iii) explains these concepts.

- B 4 B AN
-
I: 6 '| Nl ‘1
N k=
(A). Arcs (B). Minor arc ACB (C). Sector (D). Central angle
’ /MON =9. Vertex O,

AB,CED major arc ADB, minor boundiby_AB OM.ON

and major segments and OA,OB. arms T

Figure (iii)

The location and size of a circle are determined by its centre and radius, respectively.
Two circles are congruent if their radii are equal. Two circles with same centres are
concentric. Points lying on the same line are collinear, else non-collinear. Points lying on the
boundary of a circle are concyclic. A circle through vertices of a triangle is a circumscribed
circle (or) circumcircle. A quadrilateral whose all vertices lie on a single circle is called
cyclic quadrilateral. These terms are explained in figure (iv).

s //" \\

R 1( \c
i A S |
, e i O 1]

(A). Concentric (B). Congruent (C). Concyclic (D). (E). Cyclic
circles circles points Circumcircle  quadrilateral
Figure (iv)

25.1 Chords of a Circle:
Theorem 25.1: One and only one circle can pass through three non-collinear points.
Given:

Three non-collinear points, say A, B and C.
To prove:
One and only one circle can pass through A,B and C.




Construction:

Draw line segments ABand BC. Draw right bisectors
> — — ) > >

ED and GF of AB and BC, respectively. ED and GF intersect
at a point, say O. Draw OA, OB and OC.

Proof:

Statements Reas

All points on ED are equidistant from A ED is the right bi AB, and O

— — . . <2
and B, so mOA = mOB (i) |1s apoint on ED

> > S <~

All points on GF are equidistant from B | GF is the bisector of BC, and GF
and C, so mOB = mOC (ii) | PAssEs (O 0.
(()_i)s the u(gi)que point of intersection of | 3 F are non-parallel lines.
EDand GF. (iii)
The point O is equidistant from A, B )rom (1) and (i1).
and C, i.e.
mOA = mOB = mOC = r, say Transitive property.

(iv)
The circle with centre only at O and
radius 7 passes through A, B and C. (v)

A, B and C are non-collinear. (vi)
Therefore, there exists one and only one
circle centered at O and with radius
passing through non-collinear points
A,B and C.

O_A,O_B and OC are radial segments,
and by (iii).

Given

From (iii), (iv), (v) and (vi).

Q.E.D

Corollary:

Any three distinct points on a circle are non-collinear.

Note 1:
Theorem 25.1 demonstrates the existence and uniqueness of the circle which can be

drawn through any three non-collinear points.
Note 2:

Any number of distinct points more than three on a circle are non-collinear.




Example 1:
Prove that one and only one circle can pass through three vertices of a triangle.

Given:
AABC with vertices A, B and C. AE
To prove: . .
One and only one circle can pass through vertices of * ,x’:.;f\\i "\,{
AABC. ,'"/-;’ poe %\
& o ¥ \
Construction: t/ ORI\, |
PARGPEEN _.\'[E.- _____‘__‘__I % |
Draw right bisectors: DE, FG and HI of sides of AABC >\: D —
. AB, BC and AC , Tespectively, intersecting at the point O, say. G- ( ‘uh_i__,x’" A

Draw O_A,@ and OC.
Proof:

Statements

" Reasons

O is the unique point of intersection of
— & >

DE,FGand HL

The point O is circumcenter of AABC.
The point O is equidistant from vertices
AABC, i.e. mOA = mOB = mOC %
The circle with centre O and asses
through vertices of AABC

and (ﬁl)are non-parallel lines, and
on all of these

>
DE

%y definition of triangle.
of

By definition of circumcentre.

OA, OB and OC are radial segments.

Q.E.D

Example 2:

Show that one and only one circle can pass through vertices of a quadrilateral.

Given:
A quadrilateral ABCD.

To prove:

Only one circle passes through vertices of quadrilateral

ABCD.

Construction: o o
> <>
Draw L bisectors EF,GH,1J and KL

on A_B, B_C,C_D and AD. These all meet at point O. Construct OA

,OB,0C and OoD.




Proof:

Statements

Reasons

All points on EF are equidistant from A and
B.

OA =OB @)
Similarly, =~ OB=OC (ii)
0OC=0D (iif)
OD=OA (iv)

O is the unique point of intersection of

e D R TR = ¥

EF,GH,IJand KL

O is equidistant from vertices A, B, C and D
of the quadrilateral so:

mOA = mOB=mOC = mOD = r

The unique circle with centre O and radius »

passes through vertices A, B, C and D of
quadrilateral.

EF is | bisector of AB.

\
G% )

<>
O lies on EF.

Using similar reasoning for
I >
IJ and CD,KL and AD, a

O lies on all these lirb
From (i) toEv).5

C%DC and OD form radial segments.

)]

Q.E.D
CISE 25.1

Can you draw a circle
Show that one an
Show that only
Three villag

A

vill s to walk down?

Can a circle pass through t @ 0 i;inear points? Explain with reason.
four non-collinear points? Explain with reasons.
circle can pass through the vertices of a square.

e can pass through the vertices of a regular pentagon.
ituated in a way that B is east of A at a distance of 6km and C is north

ofBa d@ of 8km. Determine the location of mosque so that all have to walk same
dis& ach village by using ruler, compass and divider. How much distance each
ager

Theorem 25.2: A straight line, drawn from the centre of a circle to bisect a chord (which is

not a diameter) is perpendicular to the chord.
Given:

A circle with centre O and a chord AB which does not pass
through O, i.e. not a diameter. A straight line OC bisects AB at C,
i.e. mMAC=mBC.

To prove: OC_L AB
Construction:

Draw OA and OB.




Statements Reasons
In AOCA <~ AOCB
mOA = mOB Radius of same circle.
AC— mBC Given. O
mOC = mOC Common side. Q
AOCA = AOCB S.S.S=SSsS. 6
or mZ/OCA =m/0OCB ) Corresponding angles of ntAs.
m/OCA+msZOCB=180° (ii) Supplement postulate
mZOCA =90° =m-/OCB From (i) and (ii).
Thus, OC_L AB By deﬁnitic{ of perpendicular.
Q.E.D

Theorem 25.3: Perpendicular from the centre of a circle to a chord bisects it.
Given: A circle with centre O and its chord AB . The perpendicular oC
from O meets AB at C, i.e. @J_E, so ZOCA and ZOCB are
right angles.

To prove: OC bisects AB at C.

Construction: Draw OA and OB.

Proof:
Statements Reasons

In AAOC <> ABOC
m/OCA =90° =m/OCB Given.
OA =~ OB Radial segments of same circle.
0OC=0C Common side.

So, AAOC= ABOC H.S=H.S.

. AC ~BC Corresponding sides of congruent As.
OC bisects the chord AB. C is the midpoint of AB.

Q.E.D

Corollary 1:

Perpendicular bisector of the chord of a circle passes through the centre of the circle.
Corollary 2:

The shortest distance from a point on chord and the centre of the circle is from its
midpoint.
Note:

Theorems 25.2 and 25.3 highlight relationship between a chord of a circle and a line
segment dividing it equally through the centre of circle. With these and the Pythagoras’
theorem, we can find length of a chord of a circle.




Example 1:
Calculate length of a chord which stands at a perpendicular distance of Scm from the
centre of a circle with radius 9cm.
Solution:
Consider a circle with centre O and its chord AB. The
perpendicular from centre O meets chord AB at a point C, as shown in
the adjacent figure. Using Pythagoras’ theorem in AOCA , we have:

(m()_él2 = (m(Yj)2 +(mE)2 (or) 92 =5 +(mA_C)2
. mAC = 81-25 =456 = 214 cm.
Finally,

Length of chord = AB = Z(mE) (As& bisects @)

_ 2(2\/ﬁ) =414 =14.967cm

Example 2:

If length of a chord in a circle is 8cm, and perpendicular distance from centre of circle
to the chord is 3cm, what is radius of that circle?

Solution:

Consider a circle with centre O and .its chord AB. The
perpendicular from centre O meets chord AB of length 8 cm at a point
C, as shown in the adjacent figure. Using Pythagoras’ theorem in
AOCA , we have:

2 2 2
(mOA|" =(mOC| +(mAC)
(or)  x?=32+4(OC bisects AB)
. X? =25 = x=5,ignoring negative sign.
Thus, Radius=mOA= x=5 cm.

4
EXERCISE 25.2

w that the diameters of a circle bisect each other.
% that angle subtended by the centre of a circle and midpoint of a chord is right angle.
ength of the chord is 8cm. Its perpendicular distance from the centre of circle is 3cm,
then find circumference and area of the circle.
© 4. Calculate length of a chord which stands at a perpendicular distance of & from the centre

of a circle with radius » when:
a. k=4cm, r =9cm b. k=3cm, r6cm

5. What will be radius of a circle in which the distance of a chord of length 10cm from the
centre of circle is 3cm?




Theorem 25.4: If two chords of a circle are congruent then they will be equidistant from the
centre.
Given:

A circle with centre O. Two congruent chords: AB and CD

of circle, where OE | AB and OF L CD.
To prove:

OE = OF
Construction:

Draw OA and OC.

Proof:
Statements _ Reasons
AR~ L AB @ Perpe r& OE bisects the chord AB .
2
mCF = 1 mCD (i) @ndicular OF bisects the chord CD.
AR -
mAB = mCD (i AB=CD (Given).
. AB=CF Using (i), (if) and (iii).
In right AAEO <> ACFO O
OA ~0OC O Radial segments of same circle.
AE=CF Proved above.
AAEO = O& H.S.=H.S.
- O_FfN ®‘ Corresponding sides of congruentas.

Q.E.D

Corellary:
Two congruent chords of a circle subtend equal angles at the centre.

Note 1:

Theorem 25.4 explains the association between congruence of two chords and
their distances from the centre of the circle.

Note 2:
If two chords are not congruent, then they are not equidistant from the centre.




Theorem 25.5: Two chords of a circle which are equidistant from the centre are congruent.

Given:

A circle with centre O. Two chords AB and CD of circle, which are equidistant from >
0. i.e. OE = OF. This also means that OE 1 AB and OF 1. CD.

To prove:
AB=CD
Construction:

Draw OA and OC.

Proof:
Statements sons
In right AAEO <> ACFO
OA =~ 0OC Radial seg-é of same circle.
OE = OF Given.
. AAEO = ACFO
So,  mAE=mCF (i) dlng sides of congruent As.
mAE = lmA_B (i) ndicular OE bisects the chord AB .
2
mCFE = 1 mCD N\ El; Perpendicular OF bisects the chordCD.
2
Io= 1 = O Using (i), (ii), (iii)
0
=D N\
Q.E.D
Corollary:

If two chords subtend equal angles at the centre, then they are congruent.

Note 1:

Theorems 25.5 is converse of Theorem 25.4

Note 2:

If two chords are not equidistant from the centre, they

are not congruent.
Example 1:

Show that if two chords of a circle intersect each
other, then the product of their lengths of segments are equal.

Given: Two chords AB and P_Qof a circle centered at O

intersecting each other at M.

To prove: (mAM )x(mMB)=(mPM)x(mQMm)

Construction: Draw AP and BQ.




Statements

Reasons

ZPAM = ZBQM (6)

ZAPM = Z/QBM (ii)

AAPM ~ AQBM

mAM _ mPM

— (iii)

mQM  mBM

(AN ) mBM) = (PN QM)
Q.E

Example 2:

Show that the largest chord in a circle is

Proof:

Angles of same arc PB.
Angles of same arc AQ.

From (i) and (ii): A. A~ A.
Corresponding sides of simiA%Q
Vo N é

Cross multiplication

.D

the diameter.

Given: A circle with centre O and its diameterA_B. C_D 1S

N

Q.E.
Example 3:

Find distance between two congruent ch

each in circle whose circumference is 10 cm.
Solution:

Two congruent chords AB and PQ of length 6 cm of a circle
centred at O with radius » are shown in the adjacent figure. We need
mCD .

D

ords of lengths 6cm A

P

any other chord of circle except AB. A
To prove: mAB >mCD
Construction: Draw OC and OD to complete AOCD. o
C
Statements Reasons
In AOCD,
mOC+mOD > mCD () Sum (.)f two sides of a A is greater than
the third.
mOC + mOD = mAB (i1) OC and OD are radial segments, and
by definition of diameter.
mAB > mCD (iii) | Using (i) and (ii).
The length of chord AB, which is also | From (iii), and for any chord CD except
the diameter is larger than length of any | diameter.
other chord CD of the circle.




Radius of the circle: mOB = r = < = 10m =5cm
2n 2%

Using Pythagoras’ theorem in right AOCB, we have:
(mOB)" =(mOC)" +(mCB)

2 —
52 = (m@)z +(; mABj (Perpendicular OC from centre O bisects the chord AB)

—\\2 -
=(mOC) +3*  =mOC=+25-9=1/16 = 4cm.
Because, two congruent chords are equidistant from the centre of a circle, so:
mOD = nOC =4cm.

Finally, mCD = mOC+ mOD =4+ 4 =8cm.

EXERCISE 25.3
1. Prove that two congruent chords of two congru s are equ1d1stant from their
centres.
2. Show that two chords of congruent circles eq from the centres are congruent.
3. Find distance between two congruent cho gth o in a circle of radius 7 for the
following given values of a and r:
(a).oo.=7cm and r = 6cm (b).a @and r =4cm
(c).oo =2cm and r =4cm ( and 7 =9cm
4. Find distance between two par %‘ds of length o and B in a circle of radius r for the
following given values of o nd
a. o =6cm, 3 =8¢ cm b o =3cm, f =6cm, 7 =14cm
5. Iftwo chords of a circle with centre O intersect at P, find x in the following.
@ ¢ (b)
. ! B
7 /; F { ..3‘ % C
A D

X\
—




Review Exercise 25

1. Tick the correct option.
1. All circles are always

(@) congruent (b) similar é
() tangent (d)  none of these O

il. In the following figure, circles centred at D and E are . Q

6

R (Q
NSO
PHE

55

(@) congruent

(c) both (a) and (b) (d) of these
iii. In the given figure, the length of w is _

/ _.,_‘\\.

(a) 4cm (c) 8cm (d) 15cm
1v. One and only one ci sses through three  points.

(a) collinear b) non-collinear (c) disjoint (d) none of these
V. The hypothe & e enunciation “If two chords of a circle are congruent, then

t from the centre.” is:

(a) two f a circle are equidistant from the centre.
( 0 s of a circle are congruent.
(c) a circle has two chords.
d) the centre of circle is equidistant from chords.
Q conclusion of the enunciation “If two chords of a circle are congruent, then
‘b ey are equidistant from the centre.” is:
\ (a) two chords of the circle are equidistant from the centre.
(b) two chords of a circle are congruent.
(c) a circle has two chords.
(d) the centre of circle is equidistant from chords.
vii.  The hypothesis of the enunciation “One and only one circle can pass through
three non-collinear points” is:
(a) three points are non-collinear.
(b) one and only one circle passes through three points.

>




viii.
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(c) two circles pass through three points.
(d) three points are collinear.

The conclusion of the enunciation “One and only one circle can pass through
three non-collinear points” is:

(a) three points are non-collinear.

(b) one and only one circle passes through three points.
(c) two circles pass through three points.

(d) three points are collinear.

A circle is an example of a curve.

(a) simple and closed (b) simple and open

(c) non-simple and closed (d)  non-simple and open
SUMMARY

A circle is a simple closed curve.

All points of a circle are equidistant from a fixed point. The fixed point is the centre
and constant distance is radius of circle.

A radial segment in a circle is a line segment from its centre to any point on it.

A chord is a line segment joining any two points of a circle. A chord passing through
the centre is known as diameter or central chord of the circle.

For a circle of radius 7, its diameter, circumference and circular area are equal to: 27,
2mr and 772, respectively.

A portion of circumferenceof a circle is called an arc. These are further categorized as
minor and major arcs.

Sectors are portions.of circle bounded by two radii and the intercepted arc. These can
be further categorized as minor and major sectors.

Segments are portions of circle bounded between a chord and the intercepted arc. These
arefurther divided into major and minor sectors.

All circles are similar to each other.

Two circles are congruent if their radii are equal.

Circles having same centre are concentric.

Points lying on a circle are concyclic.

One and only one circle can pass through three non-collinear points.

A straight line, drawn from the centre of a circle to bisect a chord (which is not a
diameter) is perpendicular to the chord.

Perpendicular from the centre of a circle to a chord bisects it.

If two chords of a circle are congruent then they will be equidistant from the centre.
Two chords of a circle which are equidistant from the centre are congruent.



TANGENTS OF
A CIRCLE

Unit No. 26

Tangents Of A Circle
Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:
»  Understand the following theorems along with their corollaries and apply them to solve allied problems.
< Ifaline is drawn perpendicular to a radial segment of a circle at its outer end point, it is tangent to the
circle at that point.
< The tangent to a circle and the radial segment joining the point of contact and the centre are
perpendicular to each other.
< The two tangents drawn to a circle from a point outside it are equal in length.
< If two circles touch externally or internally, the distance between their centres is, respectively, equal
to the sum or difference of their radii.




Introduction

The theorems and proofs related to tangent(s) to a circle are discussed here. The concept
of tangent is also important in defining derivatives in a branch of Mathematics called Calculus.
A straight line may or may not intersect a circle. If a line touches a circle at only one point, then
it is a tangent to the circle. The common point between a tangent and the circle is the point of
contact (or) point of tangency. A line which intersects the circle at two points is a secant to the
circle. There are two points of contact between a secant and the circle. In Figure (i), lines [; and
[, do not touch the circle. The lines m; and m, are tangents at P and Q, respectively. The lines
n, and n, are secants to the circle at points A, B and C, D, respectively. A line segment from the
pomt of tangency to any other point of the tangent is a tangent segment. In Figure (ii),
PQ and ABare tangents to the circle, whereas PQ and AB are tangent segments, respectively.

mAB s length of tangent segment 4B. For a point P lying outside the circle, only two tangents
PA and PB can be drawn, as shown in Figure (iii).

Figure (1). Figure (ii). Figure (iii).

Circles touching each other internally or externally share the common point of tangency.
The point P is the commeon point of tangency of circles with centres O, M and N in Figure (iv).
Circles with centres O and M touch internally, whereas circles with centres O and N (also M and
N) touch externally. Two circles not touching each other can have common tangents but different
points of contact. A common tangent between two circles not touching each other is an internal
(or transverse) common tangent if it intersects the segment joining their centres, otherwise an
external (or direct) common tangent. In Figure (v), line m is an external (or direct) common
tangent, whereas line / is an internal (or transverse) common tangent to the circles.

" !
m
+—_ —
’ _—_a*
v /

Figure (iv). Figure (v).




26.1 Tangent(s) to a Circle:
Theorem 26.1: If a line is drawn perpendicular to a radial segment of a circle at its outer end
point, it is tangent to the circle at that point. ]
Given: 5
. . . H . .
A circle with centre O and radius ». AB is drawn perpendicular on
_ “«> -

radial segment OP, i.e. AB_L OP at its outer end point P.

To prove:

>
AB is tangent to given circle at P only.

Construction: fA
Draw OQ, where Q is any other point on AB except P. v
Proof: od
Statements Reasons
In right AOPQ, mZ0OPQ =90° AB L Qgiven)
But, mZOQP<90° Exc ht angle, other angles are acute

A

So,  mOQ>mOP %teater angle has greater side opposite.
Hence, Q lies outside the circle. l mOQ > r

<> . o
All points on AB except P lie @e he | Qisany other point except P
circle. (construction),

<> 00
Only point of conta& leand ABis | By definition of tangent.
<>
P.So, ABis tangét~ 1
’ Q.E.D.

Theorem 26.2: The tangent to a circle and the radial segment joining the point of contact and
the centre are perpendicular to each other.

rcle at P.

Given:
A circle with centre O, radius » and a radial segment OP.
<>
A tangent AB at P.
To prove:
J— «—>
OP 1 AB
Construction:
P <>
Draw OQ, where Q is any point on AB other than P. A




Proof:

Statements

Reasons

Q lies outside the circle.
So,  mOQ>mOP=r (1)
Distance from the centre of all points on

AB except P exceed r. So, all points
except P lie outside the circle.

The shortest line segment from O to any
“—> —
point on AB is OP.

So. m/OPQ=90° and, OP L AB

<>
Q is any other point on AB except P.

OP is radial segment.

- >
mOP = r, and Q is any point 0
except P. (construction). 6
From (i) for any Q o xcept P.

All other aﬁs bcute.

Q.E.D.

Note 1:

Theorems 26.1 and 26.2 highlight relationship between a tangent to a circle and the

corresponding radial segment at the point of tangency.

Note 2:

Theorem 26.1 is a converse of Theorem 26.2, and vice-versa.

Corollary 1:

The line drawn at right angle to a tangent of a circle at its point of tangency passes through

the centre of the circle.
Corollary 2:

The triangle formed by centre of the circle, point of tangency and any other point on the

tangent is a right-angled triangle.

Corollary 3:

Only one tangent can be drawn to a circle at a given point on its boundary.
Example 14

Show that the parallelogram circumscribing a circle is a thombus.
Given:

" ABCD circumscribing a circle so that: mAB = mCDand mAD = mBC.
To prove:

" ABCD is a thombus, i.e. mAB=mBC =mCD = mAD.
Construction:

AB,BC,CD and AD are tangent to circle at P, Q, R and S,

respectively. Draw OS,0A and OP.




Statements Reasons

In AOSA <OPA

0S=OP Radial segments of same circle.
m/OSA =90° = m/OPA Tangent perpendicular to radial segme
OA = 0OA Common side of triangles. G
= AOSA = AOPA H.S=H.S
and  mAS=mAP (i) | Corresponding sides of con S.
AOPB = AOQB By same process
Similarly,  mBQ=mBP (if) | Corresponding sides @ ent As.
AOQC = AORC By same proces
mQC = mRC (iii) | Corresponding :1(13) ongruent As .
AORD = AOSD By same process
. mD_S_= mD_R_ __(iv) | Corresp éides of congruent As.
Now, mAS+mBQ+mQC+mDS Adding%
_ wAP -+ mBP-+ mRC -+ mDR

or (mA_S+mD_S)+(mB_Q+m®)
R — N e-arrangin
=(mAP+mBP)+(mRC+mDR) D S
or mAD+mBC = mAB+mCD (v) | From figure
2mBC=2mAB = mAB=mBC (vi) | BY definition of parallelogram (given)

mAB = mBC =mCD = mAD Using (vi) and the given.
So, ||" ABCD is‘arhombus.

Q.E.D.

Example 2: Find the length of the tangent segment to a circle of radius S5cm from a point 13cm
away from the centre of the circle.

Solution: Let centre of the circle is O. The point of tangency is P.
Let Q be the point on tangent at a distance of 13cm from the centre
as shown in the figure. From Figure, we have:

mOP = 7= Scm, m@z 13cmand m@z x=?

Using Pythagoras’ theorem:

(#00) -] (P

(13 =(5) +(2
169=25+x" or x?=169-25=144 1

WEZX=M=12CM. !




Example 3:

Two concentric circles have radii Scm and 3cm, respectively. Find the length of the
tangent segment to smaller circle from the points on larger circle. Also find the length of chord
of the larger circle which touches smaller circle.

Solution:

Two concentric circle of given radii are shown in the figure

with common centre O. mOA = 3cm and mOP =5cm.
We first need to find mAP and nAQ, i.e. length of tangent ’

segment to smaller circle from points P and Q of larger circle.
Using Pythagoras’ theorem, we have:

(m@)z :(ma)z +(mﬁ)2
25= 9+(mﬁ)2
= (m@)2 =16 or m@ =4cm

o

But, the radial segment OA bisects the chord PQ, so:
mAP = mﬁ) = mﬁ) =4cm
Finally, we need length of chord PQ of larger circle which touches smaller circle, which

is: m@ =mAP+ mA7Q =8cm.
~»
(BXERCISE 26.1

s% ibing a circle is an equilateral triangle.

@ umscribing a circle must be a square.

3. The diameters o oncentric circles are 10cm and 5cm, respectively. Find length of the
tangent segmeﬂ*&xe smaller circle to a point on it touching outer circle. Also find length

of cho o ircle which touches inner circle.
4. The of tangent segment from a point at a distance of S5cm from centre of the circle

is 4cm. Find diameter, circumference and area of the circle?
S%ength of the tangent segment to a circle of radius 7cm from a point at a distance of

1. Show that a triangle
Show that a rect

s

cm from the centre of circle.
far from centre of the circle of radius 3cm, a tangent segment of length 10cm can be
\ awn?

>




Theorem 26.3: The two tangents, drawn to a circle from a /
point outside it, are equal in length.

— —
Given: PA and PB are tangents to the circle at A and B from
a point P outside it.

To prove: PA=PB. Y
Construction: Draw OA,OB and OP. =
Proof: B
Statements Reason%}v—
OA L PA and m/OAP = 90° Tangent is perpendic radial
segment
Similarly, OB L PB and m/OBP=9¢° | Tangent is perpendicular to radial
segment
In right triangles AOAP <> AOBP b
OP ~ OP Common si
OA =~ OB Ra ents of same circles
AOAP = AOBP O@ S
PA ~PB esponding sides of congruent As .
Q.E.D.

Note 1:

Theorem 26.3 demonstrates that the two tangents to a circle intersecting at a point outside
the circle must be equal in length.

Corollary 1:

The two tangents drawn to a circle from an external point subtend congruent angles at

the centre.
Corollary 2:

Two parallel tangents to a circle do not intersect at the same point outside it.
Note 2:

If a tangent and a secant to a circle intersect outside a circle
as shown in adjacent figure, then the square of the length of the
tangent segment equals the product of the lengths of the secant
segment and its external portion, i.e.

__N9 5 N _
(mAB) =(mDB) -(ch) or f=s-e
Note 3:
If two secants intersect outside a circle as shown in the
adjacent figure, then product of the lengths of one secant segment

and its external portion equals the product of the lengths of other
secant segment and its external portion, i.e.

(AR (mBF)=(mCE)x (mDF)  or s = s,




Example 1:
Prove that the tangents drawn at the ends of a diameter of a circle are parallel.

Given:
A circle centred at O. AB and CD are tangent at end
points P and Q of the diameter, respectively.
To prove:
> >
AB||CD
Construction:
Draw CP,DP, AQ and BQ.
Proof:
Statements
m/ APO=90° = m/BPO ABLO
m/CQO =90° =m £/DQO ED L
mZCPQ=m£BQP (1) A@ g angles
and mZAQP =m/QPD ii ting angles
AB|| CD me interior alternating angles, (i), (ii)
Q.E.D.
Example 2:
Prove that the two direct common tangents to two circles are equal in length.
Given: A

AB and CD are directcommon tangents to circles with
centres O and P.
To prove:

mAB=mCD
Construction:

Extend AB and CD to intersect at a point, say Q.
Proof:

Statements Reasons
h =mCQ () Tangents drawn from point Q outside O .
mBQ = mDQ (i) Tangents drawn from point Q outside P.
mAQ—mBQ = mCQ —mDQ Subtracting (ii) from (i).
mAB = mCD Using figure.

Q.E.D.



Example 3:

Find unknown length x in the following figures:
(b) B (©)

10cm E

6em DU
Solution:

(a). Tangents PQ and PR meet at point P outside the circle, so they must be equal in length,

i.e. mPQ= mPR. Therefor, x=3cm.
(b).  The tangent AB meets the secant DC at point B outside the circle, so we have:
(m@)z :(mﬁ) (mB7C) (or) ¥’ =12x3= ¥ =36=> x = 6cm.
(¢). Two secants AB and ED of circle intersect at C outside it, so we have:
(mAC)x(mBC)=(mEC)x(mCD) (or) (x+8)x8=(10+6)x 6= 8x+64 =96
Finally, 8x=96—-64 = 8x=32=x=4cm.

ERCISE 26.2

1. Show that the tangents e ends of a chord in a circle make equal angles with the

chord.

2. Show that if tw @ to a circle are parallel, then the points of tangency are the end
points of a diamet e circle.

3. Show that @; angents to a circle are not parallel, then the points of tangency are end

points of a of the circle.
4. Fin wn x in the following.
(b) (d)

(g) (h)

IH
o




5. Find unknown x in the following.

Theorem 26.4: Case (A): If two circles touch externally, the distance between their centres is

[
/

equal to the sum of their radii.

Given: Circles with centres O and O’ having radii r andr”,

respectively, touching each other externally at point B.

To prove: mOO =r+7

<>
Construction: Draw a common tangent AC through B of both

circles.
Proof:

Statements

Reasons

— <>
OB L AC so mZ0OBC =90°

OB L AC so m/O'BC=90°

m/OBC+m/0OBC=180°
0,B and O’ are collinear, and B lies
between O and O .

mOB+mO B = mOO'

or mOQ =r+#

(1)

Tangent is perpendicular to radial
segment.

(i1) | Tangent is perpendicular to radial
segment.
Adding (i) and (ii).

From (i), (ii) and (iii)

(iii)

By definition.

mOB=r and mO'B =7,
Q.E.D.




Theorem 26.4: Case (B): If two circles touch internally, the distance between their centres is
equal to the difference of their radii. C
Given:

Circles with centres O and O’ with radii » and 7', respectively,

touching each other internally at B.

To prove: B
mOO =r—r
Construction:
Draw a common tangent A<_(>3 through B of both circles. A
Proof:
Statements Rﬁyrs
OB L AC so mZOBC = 90° (i) | Tangent is perpendicular to radial
segment
_— <> . .
OB L AC so m/0BC = 90° (ii) Tange perpendicular to radial
segt‘%
mZ/0BC=m/OBC=9(° (1ii) and (ii).
0, O' and B are collinear, and O’ lies (1), (i1) and (iii).
between O and B,
mOO +mO'B=mOB l (iv) |By definition.
or mO0 = mOB-mO'B=# From (iv), and mOB = r, mO'B =r".
Q.E.D.

Corollary 1:

If distance between centres of two circles is sum (difference) of their radii, then circles
touch externally (internally).
Corollary 2:

If the distance between centres of two circles is not equal to the sum or difference of their
radii, then circles do not touch each other.
Example 1.

If three circles touch in pair externally, then the perimeter of a triangle formed by joining
their centres is equal to twice the sum of their radii.
Given:

Three circles with centres A, B, C and radii 7,7, 1;,

respectively, touch in pairs externally at points P, Q and R.

To prove:
Perimeter of AABC = 2(7/1 +7,+ 1”3) . “‘v
Construction: a
Construct AB,BC and AC through P, Q and R,

respectively, to form AABC.




Proof:

= mAP+mBP+mBQ+ mCQ+mAR+mCR
mAB + mBC+ mAC
=(mE+m§)+(m§+m@)+(m@+ mC_R)

=2r1+2r2+2r3:2(r1+r2+r3)

So, Perimeter of AABC=2(r; +1,+1;)

mAB+mBC+mAC=(r,+1)+(r, +1,)+(r,+1,)

T2 N

Q.E.D.

Example 2:

Statements Reasons
mAB = mAP + mBP (i) P lies between A and B.
mBC =mBQ 4mCQ (11) Q lies between B and C. (
mAC = mAR +mCR (iii) R lies between A and C. O
AB+mBC+mAC Adding (i), (i) and (i) \Q

Re-arranging @

mAP = mAR =1,
;—mBQ r

CQ mCR =17,

The radii of two intersecting circles are 10cm and 8cm. If the length of their common
chord is 6¢cm, what is the distance between their centres?

Solution:

Consider circles with centres O and O’ with radii 10cm and 8cm, respectively as shown

in the figure. From figure, we have:

mOA =10cm, mO A =8cm, mAB=6cm, mOO' =

P bisects A_B, s0 mAP = %mA_B = g =3cm.

In AAPO, using Pythagoras’ theorem we have:

102 =32+(moT>)2 — 0P =~100—9 = \Olcm.

In AAPO', using Pythagoras’ theorem we have:

= 3 +(mﬁ)2 — mOP =/64-9 = \55cm

Finally, mOO' =mOP+mO'P =+/91++/55 =16.955cm (approximately).

Example 3:

The two transverse common tangents to the two circles

are equal in length.

Given: ABand CD are two internal (transverse) common

tangents to circles with centres O and O’, respectively.

To prove: mAB=mCD




Construction: Tangents AB and CD intersect at point P.

Proof:
Statements Reasons
mAP = mCP (1) Tangents from a point outside circle.
mBP = mDP (i) Tangents from a point outside circl
mAP+mBP =mCP+mDP (i) | Adding (i) and (ii)
—  mAB=mCD From (iii) and figure. 1\6
Q.E.D.
Example 4:

Two circles touch each other externally, and the length of segment joining their centres

is 7cm. If radius of one is 3cm, what is area of other circle?
Solution:

Two circles touch externally, so:
Length of segment joining centres =7 +7r,

T=3+r, = r,=T7-3=4cm.

. 2
Now, area of second circle = 7y = 1t- (4) =16ncm’

4

6 (a) (b)
A A
[ 3 i 9

S.

=16 (272 )cm2 =50.286¢m” (approximately).

GHTRCISE 26.3

If length of the segment j entres of two circles is the sum of their radii, show that
the circles touch exte
If perimeter of t with vertices at the centres of three circles is equal to the sum
of their diameters, that the three circles touch in pairs externally.

If length o nt joining two congruent circles touching externally is 12cm, find their
radii and c@ferenaes.

If PA PB are tangents to the given circle from a point P outside as indicated in the
es. Find the unknown angle.

Show that if two circles touch externally, then the point of contact lies on the segment
joining their centres.




6. If two chords in a circle of radius 2.5cm are 3.9cm apart, and length of a chord is 1.4cm,
then find the length of the other chord.
7. If three circles touch in pairs externally and radii of two circles are 4cm and Scm, then

i

the radius of the third circle if the triangle formed through their centres has perimet
35cm.

Review Exercise 26

1. Tick the correct answer.

1.

ii.

iii.

1v.

Vi.

Vii.

Viii the adjacent figure, the point of tangency is .
% (a) A (b) B C (d D

L X

X1.

If a point is outside the circle then from this point we can dr

5r e;oint is .

circle.

(a) one (b) two (c) three (d) none
Angle between the radial segment and tangent at its o
(a) 45° (b) 60° (c) 90° @1

In the adjacent figure, circles with centres E an. & .
(a) touch internally  (b) touch externally é
(c) do not touch (d) are congruent

In the adjacent figure, circles with ce have

point(s) of contact.

(a) no (b) on
(c) two (d) no%&ese
In adjacent figure, circles tres E and C have

(a) no
(c) two ne of these
In the adjacent fig @ AB is

(a) tangent (b) secant
(c) chord + (d) none of these
figure, CDE is .

Int
&:@1 (b) secant
(c) ch

(d) none of these

angents drawn at end points of a diameter of a circle are

(a) parallel  (b) perpendicular (c) intersecting

-

<2

tangent(s) to the

point(s) of contact.

(d) both (b) and (c)

to each other

The maximum number of common tangents between two circles touching internally is

@0 (b) 1 (©)2 d)3

The maximum number of common tangents between two circles touching externally is

@0

(b) 1 ()2 ()3
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SUMMARY

A straight line touching a circle at only one point is a tangent to the circle, and t <
common point is called point of tangency or point of contact. (
A straight line intersecting a circle at two points is a secant to the circle. There a®1
points of contact between a secant and the circle.

A tangent segment is a line segment from the point of tangency to any otherpoint on the
tangent. %

The triangle formed by joining the centre of circle, the point of ta cy.and another
point on tangent line is always a right angled triangle.

When two circles touch internally or externally, they share c@n tangent between
them and the common point of contact. 3

Two circles not touching each other can also have common tangents: external (direct)
and internal (transverse) common tangents. b

The lengths of two direct common tangents to two re equal.

The lengths of two transverse common tangent circles are equal.

Only one tangent can be drawn to a circle at i it.

If a line is drawn perpendicular to a radial @n of a circle at its outer end point, it is
tangent to the circle at that point.

The tangent to a circle and the radial s t joining the point of contact and the centre

are perpendicular to each other
The two tangents drawn to a ci a point outside it are equal in length.

If two circles touch external istance between their centres is equal to the sum of
their radii.
Iftwo circles toucl'% the distance between their centres is equal to the difference

of their radii.
XN




CHORDS
AND ARCS

Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:

» Understand the following theorems along with their corollaries and apply them to solve allied problems.

“ If two arcs of a circle (or of congruent circles) are congruent, then the corresponding chords are equal.

“ If two chords of a circle (or of congruent circles) are equal, then their corresponding arcs (minor,major,
semi-circular) are congruent.
Equal chords of a circle (or of congruent circles) subtend equal angles at the centre (at the corresponding
centres).
If the angles subtended by the two chords of a circle (or congruent circles) at the centre (corresponding
centres) are equal, the chords are equal.

0
o

0
o




Introduction:
In this unit, we discuss the theorems related to chords and arcs of a circle.
Theorem 27. 1 D

If two arcs of a circle (or congruent circles) are congruent
then the corresponding chords arc equal.
We shall prove the theorem:
i. For one circle

ii. For two congruent circles = 0, "
i For one circle
Given: A circle with center O whose AB and CD arc congruent
arcsie. AB = CD. 1
AB and CD are the corresponding chords of the given ‘
congruent arcs.
To prove: AB=CD
Construction: Join the points O with A,B,C and D.
Proof:
Statement | W/ Reason
In AOAB < OCD e
OA=0C ii of same circle
OB=O0OD adii of same circle
msl=m/2 % Central angles of two congruent arcs
AOAB = OCD S.A.S postulate
AB ~CD Corresponding sides of congruent triangles
Q.E.D

ii. For two congruent.circles

Given: Two congruent circles with centers
Oand O respectively. AB and CD are ¢ congruent
arcs of these circles where AB and CD are the
corresponding chords.

To prove: AB=CD

Construction: Join O to A and B. Join O to C and D.

Proof?
Statement Reason

| In AOAB <> AO'CD

OA=0C Radii of same circle

OB=OD Radii of same circle

mLl=msL2 Central angles of two congruent arcs
AOAB = AO'CD S.A.S postulate
AB ~CD Corresponding sides of two congruent triangle




Theorem 27.2 (Converse of theorem 1)
If two chords of a circle (or of congruent circles)
are equal, then their corresponding arcs (minor, major, / \ /

semi-circle) are congruent.

Given: Two congruent circles with center O and O |
respectively havmg two congruent arcs i.e., AC=PR. \ /

To prove: AC=PR

a’

f
\ F
k_—_—_

Construction: Join O with A and C, O' with P and R.

Proof:
Statement Reas
In AAOC <> APOR
OA=O'P Radii of congruen
OC=~OR Radii of ¢ e 1rcles
AC =~ mPR Given
AOAC=APOR S.S. &
mZAOC=m/POR (i) Coding angles of congruent As.
Hence
AC=PR eq: (1)
Q.E.D
Example 1:

A point P on the circumference of a circle is equidistant from the
radial segments OA and OB. Prove that mAP = mBP

Solution:

Given: AB is the chord of a circle with center O. Point P on the
circumference of the circle is equidistant from the radial segment

OA and OB. i.e. mPR = mPS
To prove: mAP = mBP

Construction: Join O with P. Write m./1 and m/2 as shown in the

figure.
Proof:
Statement Reason
In right angle AOPR <> AOPS
mOP = nOP Common
mPR = mPS
AOPR = AOPS HS=H.S
So mLl=m/2 (6)) Corresponding angles of congruent As
=  AP=BP From (i)
Hence mAP = mBP By definition of congruent arcs




Theorem 27.3
Equal chords of a circle (or of congruent circles) subtend equal angles at the center
(at the corresponding centers).
We shall prove theorem:
1) For one circle ii) For two circles
i) For one circle
Given: Circle with centre O, having two congruent chords i.e.,
AB=PR.
To prove: mZAOB= m/POR
Construction: Join O with A and B and also O with P and R.

P «
roof:
Statement Re
AB = PR @) Given
OB=OR (i1) OB,OR,0A are radii of same circle
and  OA=OP (iif)
AAOB= APOR $SS= @
m/AOB = m/POB Corresponding angles of congruent triangles
Q.E.D
B Q

ii) For two congruent circles
Given:

Two congruent circles with center O 'and O/
respectively  so  that ~ mAC=mPR. Where |
AC and PR are the chords of circles.
To prove:

mZAOC= m/POR

Construction:

Take a point S on arc PR and join S to P and O' such that ZAOC = ZPO'S.
Proof:

Statement Reason
Let. mZAOC=m/POR
But  m/AOC=m/PO'S Construction
AC =PS () Arcs subtended by equal central angles
of congruent circles
s mAC =mPS (i1) From theorem (1)
But mAC=mPR (iii) Given
mPR =mPS Using (ii) and (iii)
Which is only possible, if R concides Because P is common point
with S.
= mZAOC = m/POR Our supposition is working




Corollary 1:

In congruent circles or in same circle, if central angles are equal then corresponding
sectors are equal. >
Corollary 2:

In congruent circles or in same circle, arcs will subtend unequal central angles for unequal
chords.
Example 1:

Prove that the internal bisector of a central angle in a circle
bisects the corresponding arc.

Given: A circle with center O. OP is an internal bisector of central angle
AOB. e L1= /2

To prove: AT’ = I%

Construction: Draw AP and BP, then write /I and /2 - are

corresponding angles of AP and BP respectively.

Proof:
Statement !é‘ Reason
In AOAP <> AOBP
mOA = nmOB same circle
msl=m/2 en

and mOP = mOP % Common
AOAP = AOBP O S.A.S postulate
Corresponding sides of congruent As

Hence AP=BP O
— AP = BP Arcs corresponding to equal chords in a circle.

Q.E.D




Example 2:

Prove that in a circle, if two diameters are perpendicular to each other then the lines

joining their ends form a square.
Given:

Given PR and Gs are two perpendicular diameters of a
circle with center O. So PQRS is a quadrilateral. Naming £1,£2,
P

/3,/4,/5 and £6 as shown in figure.

To prove:
PQRS is a square-

Proof:

=

Statement

of a circle with center O.
mZl=msL2=mL3=mL4=90°

mLP=ms/5+m/6

m/P =45°+45°

mZ/P =90° (vi)
Similarly, mZQ = m/R = m/S =90°
PQRS is a square

PR and Q_S are two perpendicular diameters

mPQ = mQR = mRS = mSP
mPQ=mQR = mRS= mSP

In right A POS,
mPO=mOS _ (iii)
APOS is right isosceles, triangle
mZ5 = 45° (iv)

Similarly, APOQ is right isosceles triangle
ms6=45° )

Moreover

“Reason
Give\

iameters are perpendicular to each
er

@) Arcs opposite to the equal central
angles in a circle

(i) | Chords corresponding to equal arcs.
PO and OS are radii of circle
From (iii)

APOS is right isosceles, triangle

By the above process

Angle addition postulate

By using (iv) and (v)

(vii)

By the above process

Using eq (ii), (vi) and (vii)
Q.E.D




Theorem 27.4

If the angles subtended by two chords of a circle (or
congruent circles) at the centres (corresponding centres) are equal,
the chord are equal.
(a) For one circle
Given:

Circle with centre O, having chords PR and AB. The angles
substended by both arcs are congruent i.e. Z/POR = ZAOB.
To prove: mAB= nPR
Construction: Join O with P and R, and also with A and B.

Proof:
Statement R@m
OR = OB (1) Radius of s@rcle
and OP=OA (i) Radii of rcle
/POR = ZAOB (i) | Give
APQR = AAOB A.S (Postulate)
ABZPR %rresponding side of congruent triangles
Q.ED
(b) For two congruent circles Q
Given:
Two congruent circles with-center O
and O'with ACand PR are chords.
Subtending equal angles ~at centre i.e.
ZAOC= /POR. P R
To prove: mAC =mPR 5
Proof:
~ Statement Reason
AOAC <> AO'PR
OA=O0OP Radii of congruent circles
ZAOC= /PO'R Given
OC=O0OR Radii of congruent circle
. AOAC=AOPR S.A.S postulate
Hence mAC = nPR Corresponding sides of congruent As

Q.E.D




EXERCISE 27.1

1. In a circle prove that the arcs between two parallel and equal chords or equal.

2. Prove that in equal circles, equal central angles have equal arcs. PS <

3. In the following figure, O is the centre of the circle. Find
the value of x and y.

4. In the following figure mZPQR =35° and m£PRQ =31°.
Find mZ QPR and mZOQR.

5. In the figure O is the center
mZ/AOB=120° and mABCD 85°.

OO

6. In the followin AB is diameter of the circle given
that m/DAB = 30° Find mZACD
~
A — 4
REVIEW EXERCISE 27

1. Multiple Choice Question:
the correct option.
chord of a circle subtends, a central angle of 60°. Then the chord and the radial segment

\ re .
(a) Parallel

(b) Perpendicular (c) Congruent (d) Incongruent

>
ii. An arc subtends a central angle of 45° then the corresponding chords will subtend a central
angle of ?
(a) 15° (b) 30° (c) 45° (d) 60°

iii. A pair of chords of a circle subtending two congruent central angle are.
(a) Perpemdicular (b) Non congruent  (c) Congruent (d) None of these




1v.

V.

Vi.

The arcs opposite to congruent central angles of a circle are always.

(a) Parallel (b) Congruent (c) Perpendicular (d) None of these
A 6cm long chord subtends a central angle of 60°. The radial segment of this circle is
(a) 4cm (b) 6cm (c) 5cm (d) 8cm

The chord length of a circle subtending a central angle of 180° is always
(a) equal to the radial segment
(b) less than radial segment
(c) double of radial segment
(d) half of the radial segment.

viii. The length of a chord and the radial segment of a circle are congruent, the central angle

1X.

YVVVYVYVYVYYVYYVY
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made by the chord will be:

(a) 60° (b) 75° (c) 90° (d) 45°
Out of two congruent arcs of a circle, if one arc makes a central angle of 30° then the
other arc will subtend the central angle:

(a) 60° (b) 90° () 75° (d) 30°
Diameter divides the circle into patts.
(a) Two (b) Three (c) Four (d) All of these
SUMMARY

The circles are congruent of their radii are equal.

Equal chords of circle subtend equal angles at the centre.

The straight line joining any two points of the circumference is called a chord of the circle.
The portion of a circle bounded by an arc and a chord is known as the segment of a circle.
The boundary traced by a moving point in a circle is called its circumference.

An portion of the circumference of a circle is called an arc of the circle.

A straight line, drawn from the centre of a circle bisecting a chord is perpendicular to the
chord

A perpendicular drawn from the centre of a circle on a chord, it bisect the chord.

If two arcs of a circle(or of congruent circles) are congruent, then the corresponding chords
are equal.

If two chords of a circle (or of congruent circles) are equal, then their corresponding arcs
(minor, major, semi circular) are congruent.

Equal chords of a circle (or of congruent circles) subtend equal angles at the centre (at the
corresponding centres).

If the angle subtended by two chords of a circle (or congruent circles) at the centre
(corresponding centres) are equal, the chords are equal.




ANGLES IN A
SEGMENT OF
A CIRCLE

Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:
» Understand the following theorems along with theircorollaries and apply them to solve allied problems.

» The measure of a central angle of a minor arc of a circle is double that of the angle subtended by the
corresponding major arc.

» Any two angles in the same segments of a circleare equal.

» The angle
¢+ In asemi-circle is a right angle,
+¢* In a segment greater than the semi-circle isless than a right angle, (i.e., an acute angle)

“* In a segment less than a semi-circle is greater than a right angle, (i.e., an obtuse angle)

» The opposite angles of any quadrilateral inscribed in a circle are supplementary.




28.1

Angle in a segment of a circle
We have already studied most of the terms related to circle like chord, minor arc and

major arc etc.

Now, we have to define some more terms in order to understand the theorems related to >

the angle in a segment of a circle.

Definitions:

i

ii.

iii.

iv.

allied problems.

Sector of a circle:

A sector of a circle is the part of circular region bounded
by two radial segments and the arc which they intercept.

In the given figure, AOB is a sector of the given circle,
with centre O.

Segment of a circle:

A segment of a circle is the part of circular region bounded
by an arc and its chord.

A segment is called major segment if its arc is major arc.
Similarly, a segment is called minor segment if its arc is
minor arc. In the adjacent figure, ACB is a minor segment .-
and ADB is a major segment. Regmens
Angle in a segment of circle:

An angle in a segment of a circle is the angle which is
subtended by the chord of the segment at a point other
than the end points on the arc of the segment.

In the adjacent figure, ZACBis an angle in the minor
segment ACB.

Whereas ZADB s an angle in the major segment ADB.
Note:

Angle in a segment of a circle is also known as inscribed angle of the arc of the segment or
simply angle subtended by the arc

Aimor
segment

Central angle of an arc:

Al central angle of an arc of a circle is the angle subtended
by the arc at the centre of the circle.

In the figure, ZAOBis the central angle of the arc AB.

Understand the following theorems along with their corollaries and apply them to solve



Theorem 28.1

The measure of a central angle of a minor arc of a circle is double that of the angle
subtended by the corresponding major arc.

OR

The central angle of a minor arc is double in measure of the inscribed angle of the
corresponding major arc. C
Given:

In a circle with centre O, ZAOB is the central angle of
minor arc AB.
ZACB is the angle subtended by corresponding major arc ACB.
To prove:

m/AOB =2m/ACB
Construction:

A

Draw CO and produce it to point D of the circle.
Proof:

Statements () Reasons
In AAOC, OA =OC @ 1l segments of same circle

mZOAC = nZOCA ...(1) %gles opposite to congruent sides

Now \ k
m/AOD =m/OAC+m/ Exterior angle is sum of opposite

interior angles of a triangle.
=2m/OCA @) Using eq:(1)
Similarly
mZBOD =2 ...(iii) By same process
Now
% OD+ms/BOD Angle addition postulate
mZOCA+2 mZ/OCB Using (ii) and (iii)
2(m£OCA +mzOCB) Taking 2 common
@AOB 2 méACB Angle addition postulate

Q.E.D

Corollary 1:

Measure of a central angle of a major arc is double that of the inscribed angle of the
corresponding minor arc.
Corollary 2:

Measure of the central angle of a semi-circle is double that of the inscribed angle of the
corresponding semi-circle.




Example 1:

In the adjacent figure, point O is the centre of the circle. Find
the value of x if mZAOB=80° and m/OBC=25°

Solution: In the figure, ZAOB is the central angle of AB and
Z/ACBis inscribed angle of corresponding ACB
Central angle of ABis double of the inscribed angle of the

corresponding ACB.
mZ/AOB =2m/ACB

ie. 80°=2mLACB
= mZACB = 40°

As we know that the sum of all angles around a point is 360°.

So,
80° + y = 360°
= y =280°
In quadrilateral AOBC

x+y+25°+msACB=360°
= x+280° + 25° + 40° = 360°
or x +345° = 360°

= x=15°
Theorem 28.2

Any two angles in the same segment of a circle are equal.
Given: ZAPBand ZAQB are the two angles in the same segment

APQB of circle with centre O.
To prove: mZAPB =m/ZAQB

Construction: Join O with A and B so that ZAOBis the central angle of ACB.

Proof:

‘S(atements

Reasons

ZAOBis the central angle of ACB.
nd Z AQB are the angles in the
e segment

|/ AOB=2m/APB

Also
m£AOB = 2n/AQB

2m/ APB = 2m/AQB
mZAPB=m/AQB

Construction
Given

Central angle of major arc is double of
inscribed angle of corresponding minor arc.

By same process
By transitive property
Dividing both sides by 2

Corollary 1: Any two angles in a major segment are equal.




Example: P
In the adjacent figure, ZP and ZQ are the two angles in the

same segment APQB of circle with centre O. Find the value of x or v
mZABQ where the measures of angles are indicated in the figure.
Solution:

ZP and £Q are the angles on the same segment x ¥

msQ=msLP
ie. mLQ=50° (-.msP=50°)

In AABQ,

mLA+mZQ+x=180°
ie. 30°+50° + x = 180°
= x =100°

EXERCISE @‘
< . C
1 @ “m .
.'II A II.IIII

s

3 %ﬁ: 3, point O is the centre of the circle.
G x+y when msD=3(°.

»

In figure 1, point O is the centre.of the circle.
Find x where m/C = 3(°.
: < > Figure 1

In figure 2, point entre of the circle.
Find x where mZQ =350°.

Figure 3

. The inscribed angles of two congruent major arcs of two congruent circles are congruent.
Prove it.

Prove that the inscribed angles of major arc and its corresponding minor arc in a circle
are supplementary.




Theorem 28.3 (a)

The angle in a semi-circle is a right angle. C
OR >
The angle inscribed in a semi-circle is right angle.
Given: A 0 S
. . . k/‘
In a circle with centre O, ZAOB is the central angle of

semi-circle ADB.
/ACB is the inscribed angle of corresponding semi-circle.

Toprove:  ZACBis a right angle. D
Proof:
Statements s
mZAOB =180° (i) Central angle of semi-circle

Now mZAOB=2m/ACB

= 2m/ACB=18(°
or mLACB=9F
ie. ZACBis right angle

Theorem 28.3 (b)
The angle in a segment greater than the semi-circle is less than a right angle.

The angle inscribed in'a major arc is acute.

Given:
In a circle with centre O, ZACB is the angle in the segment
ACB greater than semi-circle.
ZAOB is the central angle of corresponding minor segment AB. A
To prove: ZACBis an acute angle. A B
Proot: ~
Statements Reasons
m/AOB < 180° (i) Central angle of minor arc
Now
m/AOB=2m/ACB Central angle of minor arc is double of
inscribed angle of corresponding major arc.
=  2m/ACB<18(° Using eq: (i)
or m/ACB<IF Dividing both sides by 2
ie.  ZACBis an acute angle By definition of acute angle.

Q.E.D




Theorem 28.3 (¢)
The angle in a segment less than a semi-circle is greater than a right angle.
OR
The angle inscribed in a minor arc is obtuse.
Given:
In a circle with centre O, ZACB is the inscribed angle of
minor arc AB.
ZAOB is the central angle of corresponding major arc ADB.
To prove: ZACBis obtuse.

Proof:
Statements
mZAOB >180° (i) Central angle o C
Now
m/AOB=2m/ACB Central a f major arc is double of
inscrib ‘Qof corresponding minor arc.
= 2m/ACB >18(° Us1 &1
or mZLACB > 9(0° both sides by 2
ie.  ZACBis obtuse m definition of obtuse angle.
"Q.E.D
Example:

In figure 1, Point O is the centre of the circle. Find x and y

where m/BCO=30°. AC and BD-are diameters.
Solution:

BD is diameter
ZBCD is inscribed angle of semi-circle

Hence m/BCD=90°
= x+30°=90°
= x =60°

— . .. Figure 1
AC is diameter

mZCBA is inscribed angle of semi-circle

So msCBA =9(0°

In AABC,

30°+mZCBA +y =180°

30°+90° +y =180°

= y=060°
Inscribed Quadrilateral or Cyclic Quadrilateral:

A quadrilateral is called inscribed quadrilateral or
cyclic quadrilateral if all of its vertices lie on the same circle.
In the figure, ABCD is a cyclic quadrilateral.




The opposite angles of any quadrilateral inscribed in a circle are supplementary.

Given: PQRS is a quadrilateral inscribed in a circle with center O.

To prove:
mZQ+m/S =180°

and m/P+m/R=180°

Construction:

Draw OP and OR so that Z/POR or Zxis central angle
of PR and Zy is central angle of corresponding PQR.

Proof:

Statements

/S or /a is inscribed angle of PR
Zy s central angle of corresponding POR.
mLy =2msa

= m4a=%m4y...(i)

Now .
ZQ or £b is inscribed angle of PQR.

Zx is central angle of corresponding PR.
So, msx= 2ms/b

ie. msb= %méx...(ii)
Now

mLa+msLb = %m4x+%m4y

By definition
Constructio

2y definition

Construction

Central angle of minor arc is double of
inscribed angle of corresponding major arc.

Dividing both sides by 2

Adding eq: (i) and eq: (ii)
1
Taking > common

Sum of all angles around a point is 360°.

Zaz/Sand £b= /ZQ

By same process

Q.E.D

> %( mLx+msy)
- Lis600)
2
ie. mZa+msb=180°
or mZ£Q+m/S =180°
Similarly
m/P+ms/R=18(°
Corollary:

A parallelogram inscribed in a circle is rectangle.




Example:

In given figure, point O is the centre of the circle. CE is its
diameter and ABCD is cyclic quadrilateral. Find x if mZODE =35°.

Solution:

ZCDE is inscribed angle of semi-circle
mZCDE =90°

ie. 35°+msZADC=90°

= mZADC =55°

Now
In cyclic quadrilateral ABCD
x+mZADC =18(0°

= x+55°=180°

= x =180°-55°

= x=125°

EXER I@‘f

1. In figure 1, O is the centre lercle,

whereas AC is its dia

2. Infi k is a major arc of circle
&d and ZC is its inscribed
angle. Find x where xelR.

&

g

where xelR.

4. Prove that a rhombus inscribed in a circle is a square.

Figure 1
C

Figure 2

In a circle, 7x—11is the measure of inscribed angle of a minor arc of a circle. Find x

5. Prove that the exterior angle of a cyclic quadrilateral is equal to the interior opposite

angle.




Review Exercise 28

1. Tick the correct option.

i.  Inscribed angle of --------- is obtuse.

(a) minor arc (b) major arc (©) semi-circle  (d) all of these
i, =———mmme- is the circular region bounded by arc and its chord

(a) Sector (b) Segment

(c) Major arc (d) Circumference

iii. If 2x is the measure of inscribed angle of minor arc then the central angle of
corresponding major arc is --------- .

(@ x (b) 2x (©) 3x (d) 4x
iv. If2xand 60° are the measures of inscribed angles of same segment then x =------- .
(a) 120° (b) 60° (c) 20° (d) 30°
v.  The inscribed angle of minor arc of circle is ------------ angle.
(a) acute (b) obtuse
(c) right (d) reflex
vi. The inscribed angle of major arc of circle is ------=----- angle.
(a) acute (b) obtuse
(c) right (d)  reflex
vii. Sum of opposite angles of cyclic quadrilateral is ------------- .
(a 9 (b) 180° (c) 270° (d) 360°
viii. A parallelogram inscribed in a circle i§/=------------- .
(a) kite (b) .. trapezium
(c) rectangle (d) ~ rhombus
ix. The central angle of an arc is ----- than inscribed angle of corresponding arc.
(a) less (b) greater
(c) less or equal (d) greater or equal
x.  The sum of central angles of all the arcs of a circle is ----------- .
(a 9 (b) 180° (c) 360° (d) 1000°
SUMMARY

The circular region bounded by an arc and two radial segments is called sector.
The circular region bounded by an arc and its chord is called a segment.

Angle in a segment of circle is also known as inscribed angle of the segment.
Angle subtended by an arc at the centre of circle is called the central angle.
The central angle of minor (or major) arc is double than inscribed angle of the
corresponding major (or minor) arc respectively.

Any two angles in the same segment of a circle are equal.

The angle inscribed in semi-circle is right angle.

The angle inscribed in major arc is acute.

The angle inscribed in minor arc is obtuse.

All the vertices of a cyclic quadrilateral are on the same circle.

The opposite angles of cyclic quadrilateral are supplementary.
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PRACTICAL

CIRCLES

Students Learning Outcomes (SLOs)
After completing this unit, students will be able to:

vV VY

Y VYV

Locate the centre of a given circle
Draw a circle passing through three given
non-collinear points.
Complete the circle:
< By finding the centre,

«» Without finding the centre, when a part of
its circumference is given.

Circumscribe a circle about a given triangle.
Inscribe a circle in a given triangle.

Escribe a circle to a given triangle.
Circumscribe an equilateral triangle
about agiven circle.

Inscribe an equilateral triangle in a given
triangle.

Inscribe an equilateral triangle in a given
circle

Circumscribe a squate about a given circle.
Circumscribe a regular hexagon about a
givencircle.

Inscribe a regular hexagon in a given circle.
Draw.a tangent.to a given arc, without
using thecentre, through a given point P,
when P is :

% The middle point of the arc,
% At the end of the arc,
\ #  Outside the arc.

Draw a tangent to a given circle from a
point P, when P lies
«»  On the circumference,
«  Outside the circle.
Draw. two tangents to a circle meeting
each otherat a given angle.
Draw
«+Direct common tangent or external
tangent,
< Transverse common tangent or
internaltangent to two equal circles,
Draw
% Direct common tangent or external
tangent,
< Transverse common tangent or
internaltangent to two unequal
circles,
Draw a tangent to
¢+ To unequal touching circles,
“ Two un equal intersecting circles,
Draw a circle which touches \
<+ Both the arms of a given angle,
% Two converging lines and passes
through agiven point between
them,
<+ Three converging lines.




Introduction:

We know that Practical Geometry is an important branch of Geometry which is used in
architecture, computer graphics, art etc. We have already learnt to construct angles, triangles,
rectangle, pentagon etc in previous classes. Let us learn the construction of circles and related
figures.

29.1 Construction of circles:

We know that a circle can easily be drawn by using compass when its centre and radius
are given. In this section we will also learn to draw circles when centre and radius are not given
29.1(i) Locate the centre of a given circle:

In order to locate the centre of a given circle, we will use the fact that the right bisectors
of two non-parallel chords of a circle always intersect each other at-the centre of the circle.
Method of locating the centre of a given circle is explained with the help of the following
example. o
Example: Locate the centre of given circle as shown rQ / B
in the figure. ) \
Given: A circle N B
Required: To locate the centre of the given circle. ‘ i
Steps of Construction: : o ;

(1) Draw  two  non-parallel - chords A vl |

<4

AB and CD of the given (ii)rcle. - N\ / !
(i)  Draw the right bisector PQ- of the chord T
AB.
(iii)  Draw the right bisector XY of the chord CD
(iv)  Both the right bisectors PQ and XY intersect each other at point O.

The point O is the centre of the given circle.
29.1(ii) Draw a circle,passing through three given non-collinear points.
In order to draw a circle passing through three given non-collinear points, we
will first locate the centre and then draw the circle as explained in the following example.
Example: Draw a circle passing through three non-collinear point P, Q and R

Given: Three non-collinear points P, Q and R. B
Required: To draw a circle which passes through P, "'ﬁ . e
QandR. N \\ o
Steps, of Construction: , = \ B
@) Take any three non-collinear points P, Q o¥ i \
and R {\ L © \ |
(i)  Draw PQ and QR N S
. . VT R ;
(iii)  Draw the right bisector AB of PQ \ / .
P O\

«> -
(iv)  Draw the right bisector CD of QR —

<> <>
(v)  Both right bisectors ABand CD intersect each other at point O which is the centre
of the required circle.




(vi)  With O as centre and radius equal to mOP or mOQ or mOR , draw a circle.
This circle is the required circle.
29.1(iii) Complete the Circle:
e By finding the centre.
¢ Without finding the centre.
When a part of its circumference is given.

(a) Completion of circle by finding the centre when a part of its circumference is given.
We can complete a circle when a part of its circumference or an arc is given by finding
its centre with the help of its any three non-collinear points. The method is explained in
the following example.

Example: Complete a circle whose arc AB is given by finding the centre.

Given: A part of circumference or an arc AB is given. . A ——_

Required: To complete a circle whose arc is given. P ’ f ‘\\

Steps of Construction: X N Vi ¥
(1) Draw the arc AB y v Gy
(i)  Take a point C on AB other than A and B. o T _ 4 i
(i) Draw AC and BC. ,r"'l

(iv)  Draw the right bisector PQ of AC gy /

(v)  Draw the right bisector XY of BC "‘\“-x..___ 5
> > -

(vi)  Both PQ and XY interest each other at point O which is the centre of the circle.

(vil)  With point O as centre and radius equal to mAO or mOB or mOC,
draw the remaining part of the circle. .
Thus we have a complete circle of the given arc AB.
(b) Completion of a circle without finding the centre when a part of its circumference is
given.

We can complete a circle without finding the centre when an arc is given with the help
of regular polygon. We draw regular polygon with the help of either exterior angles or interior
angles which are congruent. The method is explained with the help of the following example.
Example: Complete a circle whose arc AB is given without finding centre.

Given: An arc AB of a circle.

\

Required: To complete the circle of AB i '
Stepsiof Construction: /\x
(i) Draw two congruent chords PQ and QR of given AB P K“‘*"f‘
(i) Draw exterior ZR congruent to ZQ and draw i ;'I 5-.| P
— — - H,/
RS congruent to P f \[7
gru Q vg %

(iii) Draw exterior /S congruent to /R and draw ST //
congruent to PQ ¢ % <
15 Q

(iv) By the same way, we get point S, T, U and V




(v) So we get a regular heptagon PQRSTUV

(vi) Draw dotted arcs of RS, ST, TU, UV and VP

These dotted arcs complete the circle.

1.
2.

2

3
4
5.
9.

EXERCISE: 29.1

Draw a circle with the help of a circular object. Locate its centre.
Take three non-collinear points X, Y, Z and draw a circle which passes t

points.

2

Circles attached to polygons:

tre.

Recall that polygon is a three or more sided closed figure for example, triangle,
quadrilateral, pentagon, hexagon etc.
The circles attached to polygons are those circles which either pass through all the
vertices of the polygon or touch the sides of the polygon.
29.2 (i)Circumscribe a circle about a given triangle:

Circumcircle of a triangle:
A circle which passes through all the three vertices of a

triangle is called circumcircle of the triangle. In the given figure,

there is circumcircle of A ABC with centre O which is called ‘

circumcentre.

Example: Draw the -circumcircle of AABC in which mAB= 6cm, mBC= 5cm and

mAC= 7cm.
Given: A triangle. ABC in which mAB= 6cm, I:Q
mBC= 5cm and mAC = 7cm. . 9 TSN

Required: To draw a circumcircle of A ABC.
Steps of Construction:

(1)

(i1)
(iii)
(iv)

V)

/ \ /
Construct a A ABC with the help of given data. {, ; \ J

Draw the right bisector l()_)Q of AB
<> _
Draw the right bisector XY of AC

. . e Ay . 7
Both the right bisectors PQand XY intersect each ¢

other at point O.
With O as centre and radius equal to mOA or mOB

or m&, draw a circle which passes through A, B
and C.
This is the required circumcircle of A ABC.

Oe

o
. Draw a minor arc AB by a circular object. Complete the circle by finding th@e.

. Draw a major arc ABC by a circular object. Complete the circle by findi
Draw a minor arc AB by a circular object. Complete the circle without finding the centre.




29.2(ii) Inscribe a circle in a given triangle: o
Inscribed circle or Incircle of a triangle: |
A circle which touches all the sides of a triangle is called |

incircle or inscribed circle of the triangle. In the adjacent figure, there is

an incircle of AABC with centre O which is called the incentre A~

Example: Draw an inscribed circle of AABC in which mAB = 7em,

m/B =60° and mBC =6 cm B

Given: A triangle ABC with mAB = 7cm, m/B=60° and mBC = 6cm

Required: To draw. an inscribed circle of AABC \ &

Steps of Construction: T
(1) Construct a AABC with theilf:lp of given data. : /(\2
(i)  Draw the internal bisector A_)X of ZA v /. \becm
(ili)  Draw the internal bisector BY of /B Y

e

. . . _) H . /
(iv)  Both the internal bisectors AX and BY intersect /
each other at point O. i

(v)  Draw perpendicular OP on AB from point O.OP =
intersects AB at point L A 7em

(vi)  With point O as centre and radius equal to mOL
draw a circle which touches all the three sides of
AABC.
This circle is the required inscribed circle.
29.2(iii) Escribe a circle to afgiven triangle P
Escribed Circle,or'Excircle. /
A circle which touches one side of a triangle externally /
and the two produced sides internally is called an escribed F
circle or excircle of the triangle.
In the given figure, there is an escribed circle of AABC C/
opposite to vertex A with centrel, , which is called excentre. //' 1 I,

Similarly I, and I are excenters of excircles of

L 4

B
AABC opposite to vertices B and C respectively.

Example: Draw an escribed circle opposite to vertex A of AABC where mAB = 5cm,
mZA=30° and mZB = 60°
Given: A triangle ABC in which mAB = 5¢cm, mZA=30° and mZB = 60°
Required: To draw an escribed circle opposite to vertex A of AABC.
Steps of Construction.
(i) Construct a AABC with the help of given data.

(i1) Produce AC beyond C and produce AB beyond B making two exterior angles BCE
and CBF respectively.




(iii) Draw the internal bisector AX of ZA.
— -
(iv) Draw the internal bisector BY of ZCBEF.

. H H .
(v) Both bisectors AX and BY intersect each
other at point I

— —
(vi) Draw a perpendicular 1Z on AF from I

which cuts AF at point K.
__,,—:'.23{}""_

> A

draw a circle which touches BC externally
— — .

and AE and AF internally.
This is the required escribed circle of AABC opposite to vertex A.

29.2(iv) Circumscribe an equilateral triangle about a given circle.

We will draw an equilateral triangle which circumscribes about a given circle by using
the fact that if a circle is divided into three congruent arcs and tangents drawn at the points of
division will be the sides of the equilateral triangle circumscribing about the circle. The
method is explained in the following example.

Example: Draw a circle of radius 3cm with centre at point O and circumscribe an equilateral
triangle about this circle.
Given: A circle of radius 3cm with centre at point O.
Required: To circumscribe an equilateral triangle about
the given circle.
Steps of Construction:

(i) Draw a circle of radius 3cm with centre at point O.

—~

(i) Divide the circle into three congruent arcs AB,

BC , and AC by dividing central angle into three
congruent angles.
(iii) Draw tangents at points A,B and C by making
right angles-at these points.
(iv) These tangents intersect each other at points P, Q
and R.
Now PQR is the required equilateral triangle.

Y

(vii) With I as centre and radius equal to mIK

29:2(v) Inscribe an equilateral triangle in a given triangle
We know that an equilateral triangle is said to C
be inscribed in a given triangle if all the vertices of the
equilateral triangle lie on different sides of the given R Q
triangle. In the adjacent figure, APQR is the equilateral
triangle inscribed in the given A ABC.




Example: Draw an equilateral triangle inscribed in a AABC where mAB = 4cm,
mBC = 5cm and mAC=7cm.
Given: A triangle ABC in which mAB=4cm, mBC=5cm and mAC=7cm.

Required: To draw an equilateral triangle inscribed in A ABC. e
Steps of Construction: ’II'" J
(i) Construct A ABC with given data. /N
(i) Draw the internal bisector BD of ZB which is the q/qf'//
suitable angle (usually the largest angle) %D/ E
(iii) The internal bisector BD intersects AC at point E \E/{j .-"m
(iv) At point E, draw two angles BEP and BEQ each of Y \mﬁll .
measure 30° /_, AP
(v) EP and EQ intersect BC and AB at points F and G CI"- AN\
respectively. A dem I".Q B
L |

(vi) Draw FG
Now EFG is the required inscribed equilateral triangle of A ABC

29.2(vi) Inscribe an equilateral triangle in a given,eircle -
Inscribed equilateral triangle in a circle o HH
An equilateral triangle is called inscribed equilateral triangle £ A \
in a circle if the circle passes through its all the vertices. In the / H & \

adjacent figure ABC is an inscribed equilateral triangle of circle | |
with centre O. |\ .

A ] /”B

Example: Draw an inscribed equilateral triangle of a circle with centre at O and radius of 3cm
Given: A circle of radius 3cm and with centre at point O.
Required: To draw an inscribed equilateral triangle of the
given circle.
Steps of Construction:
(i) © Draw a circle of radius 3cm with centre at point O.
(i) < Take a point A on the circle. Starting with A as
centre and radius of 3cm divide the circle in six
congruent parts at point B, C, D, E and F
(iii) Draw AC,AE and CE
Now AEC is the required inscribed equilateral
triangle of the given circle.




EXERCISE: 29.2

1.  Construct the A ABC and draw its circumcircle in each case.

(i) mAB = 5.5cm, mAC = 6cm and mZA = 50° < >

(ii) mAB = 6cm, mBC = 4.5cm and mAC = 5cm

2. Construct the APQR and draw its incircle in each case
@) mﬁ) =5cm, mQ_R = 6.5cm and mRP = 5.5cm Q
(ii) mﬁ = 6cm, m/P = 60 and m£Q = 50°

3.  Construct the AXYZ and draw its escribed circle opposite to £ Y in-each. case.
(i) mXY =4.5cm, mYZ = 5cm and m£Y = 30°

(i1) mXY = 5.5cm, mYZ = 6cm and mXZ = 2.5cm
4. Draw a circle of radius 3.5cm with centre at point O and circumscribe an equilateral

triangle about this circle.
5.  Draw an equilateral triangle inscribed in A PQR W{

mﬁ =4.5cm, mQ_R =5.5cmand mPR = SCm%

6.  Draw an inscribed equilateral triangle of a cir radius 3.8cm with centre O.

29.2(vii): Circumscribe a square about'a given circle.

Before going to circumscribe or inscribe a square or hexagon or any other polygon
about or in the given circle respectively. We must know the following theorem regarding
regular polygons attached to the circles.

If the circumference of a circle be divided into n equal arcs then

(i) the points of division are the vertices of a regular n-gon inscribed in the circle.
(ii) the tangents drawn to the circle at these points will be the sides of a regular n-gon
circumscribing about the circle.

It means if we have to circumscribe or inscribe a square, regular pentagon, regular
hexagon etc with a given circle then we have to divide the given circle into four, five, six etc
equal parts respectively.

Let us learn how to circumscribe a square about a given circle with the help of the
following example.

Example: Circumscribe a square about a circle whose
radius'is 3.5cm and centre at point O. -1
Given: A circle with radius 3.5cm and centre at point O.
Required: To construct a square which circumscribes the
given circle.
Step of construction:

(i) With point O as centre, draw a circle of radius

3.5cm.

(ii)) Drawa diameter AB .
(iii) Draw another diameter CD which is perpendicular -
toAB.




(iv) Draw tangents at points A,B,C and D.
(v) These tangents intersect each other at point P,Q,R and S.
Now PQRS is the required square which circumscribes about the given circle.
Let us learn how to inscribe a square in a given circle with the help of the following
example.
Example: Construct a square inscribed in the circle whose radius is 3cm and centre at point C.
Given: A circle with radius 3cm and centre at C.
Required: To construct a square inscribed in the given circle.
Step of construction:
6 With C as centre , draw a circle of radius 3cm

(i)  Draw a diameter PR
(iii)  Draw a diameter QS which is perpendicular to PR

(iv)  Given circle has been divided into four equal parts at
point P,Q,R and S
(v)  Draw PQ, QR, RS and SP. Now PQRS is the required
inscribed square in the given circle.
29.2(viii) circumscribe a regular hexagon aboutagivén circle:
The method of circumscribing a regular hexagon about a given circle is explained with
the help of the following example.
Example: Circumscribe a regular hexagon about a circle of radius 4cm with centre at point O.
Given: A circle of radius 4cm with centre at point O
Required: To construct a regular hexagon which circumscribes the given circle.
Steps of construction:
(1) With O as centre draw a circle of radius 4cm
(i)  Take any point A on the circle.

5 R

(iii)  Starting with A and radius equal to mOA draw arcs
to divide given circle in six equal parts with points of
division are A,B,C,D,E and F
(iv)  Draw tangents at these points of division
) These tangents intersect each other at points
P,Q,R,S,T and U
Now PQRSTU is the required regular hexagon
circumscribing the given circle.
29,2 (ix) Inscribe a regular hexagon in a given circle:
The method of inscribing a regular hexagon is explained with the help of the following
example.
Example: Construct a regular hexagon inscribed in a circle of radius 4.5 cm and centre at point
0.
Given: A circle of radius 4.5cm and with centre at point O.
Required: To construct a regular hexagon which inscribes the given circle.




Steps of construction:
() With centre at point O, draw a circle of radius
4.5cm
(i)  Take any point A on the circle.

(iii))  Starting with point A and radius equal to mAO
or 4.5cm draw arcs to divide the given circle in b
six equal parts at points A ,B, C, D, E and F

(ivy Draw AB, BC, CD, DE, EF and AF

Now ABCDEF is the required regular hexagon
which is inscribed in the given circle.

EXERCISE 29.3 Q
Circumscribe a square about a circle of radius 4.2 cm and w %} at point C.

Inscribe a square in a circle of radius 3.6 cm with cen l?at

Circumscribe a regular hexagon about a circle of radi cm with centre at point O.
Inscribe a regular hexagon in a circle of radius 4.4 centre at point C

Inscribe a regular pentagon in a circle of radius and centre O

(Hint: Draw five congruent angles at centre),\

Fh 6= B0 [ =

29.3 Tangents to a circle

Recall that tangent to a circle is'a line which touches the circle at a single point.
Tangent and radial segment of a circle are always perpendicular to each other at the point of
contact
29.3 (i) Draw a tangent to a given.arc, without using the centre through a given point P
when P is

e The middle point of the arc

e At the end ofith€ arcy

e Qutside theirc
Casel. When P is the middle point of the arc

The method of drawing tangent to a given arc without using the centre through a point
P which is middle point of the arc , is explained with the help of the following example.

Example: Take an arc AB. Draw tangent to the arc AB through the middle point P of AB
without using centre.

“

Given: Point P is the mid-point of AB TY

Required: To draw a tangent through P without 'i

using centre C [,! D

Step of construction: " ’
(i) Take an arc AB £ >

(i) Draw the chord AB
R —_—
(iii) Draw the right bisector XY of AB which cuts the arc at point P.
<> <«
(iv) At point P, draw a perpendicular CD on XY
<>

Thus CD is the required tangent X




Case2. When P is at the end of the arc

The method of drawing tangent to an arc without using centre through an end point P of
the arc is explained with the help of the following example
Example: Take an arc PAB

Draw a tangent to the PAB through its end-point P without using centre.
Given: Point P is the end point of PAB

Required: To draw a tangent to PAB at the end point P without
using centre. %
Steps of Construction: _ \
(i) Draw a PAB with radius and centre of your choice ' |
(i) Draw chord AP / /
(iii) Draw a perpendicular A_X) on PA at point A which cuts the 5. / bi 7 4
given arc at point Q. i N L

(iv) Draw PQ which is the diameter of the arc

_) —
(v) At point P draw a perpendicular CD on PQ

Now CES is the required tangent.
Case 3. When P is outside the arc

The method of drawing tangent to an arc through point P which is outside the arc
without using centre is explained with the help of the following example.
Example: Take an arc AB

Draw a tangent to the arc AB through point P which is

outside the arc without using centre

<>
Given: A point P outside an arc AB

Required: To draw a tangent to the AB from the point P
without using centre
Steps of Construction:
(i) Draw an arc'AB of your choice
(i) Take a point P outside the AB |
(iii) Draw AP which cuts the given arc at point C. B
(iv). Draw the right bisector ST of AP which cuts AP at
point O.

(v) With O as centre and radius equal to mAO or nOP,
draw a semi-circle

Tt
L J

(vi) Draw a perpendicular a:) on AP at point C which cuts the semi-circle at point D.

(vii) With P as centre and radius equal to mPD, draw an arc which cuts AB at point Q.
—>

(viii) Draw PQ

_) . .
Now PQ is the required tangent.




29.3 (ii) Draw a tangent to a given circle from a point P, when P lies
e On the circumference
e  Outside the circle

Casel. When point P is on the circumference

The method of drawing a tangent to a given circle from a point P when P lies on the

circumference is explained with the help of the following example.
Example: Draw a circle of radius 3.4cm with centre at O.
Draw tangent to the circle at a point P of its circumference.
Given: A circle of radius 3.4cm with centre at point O and a
point P on it circumference
Required: To draw a tangent to the circle at point P.
Steps of Construction:

(1) With point O as centre, draw a circle of radius 3.4cm

(ii) Take a point P on its circumference

(iii) Draw OP

> -
(iv) At poi(n_t) P, draw a perpendicular AB on OP
Now AB is the required tangent.

Case2. When point P is outside the circle

The method of drawing a tangent to a given circle from a point P which lies

outside the circle is explained with the help of the following example.

Example: Draw a circle of radius 3em with centre O. Draw a tangent to the circle from a point

P outside the circle.

Given: A circle with centre O and radius of 3cm. Also a point P outside the circle

Required: To draw a tangent to the circle from point P outside it
Steps of Construction:

(i)  With O as centre, draw a circle of radius 3cm 5;‘,::

(i) Take point P outside the circle Vi

(iii) Draw OP [ [ sm)

> _— \
(iv) Draw the right bisector XY of OP which cuts it at point A.

(v) With A as centre and radius equal to mAO, draw a semi- \‘---.M_

circle which cuts the given circle at point Q
H
(vi) Draw PQ
_) . .
Now PQ is the required tangent
293 (iii) Draw two tangents to a circle meeting each other at a given angle:

—> — .
Consider a circle with centre O. PS and PT are two tangents to pe. K
the circle where ZP is the angle between the tangents. 3 N

—
Here m/PSO=90°( OS L PS)

— =
and mZ PTO=90° (  OT L PT) y
Now, in quadrilateral PSOT T g




mZP+msLPSO+mZO+msPTO=36(0°
mZP+90° + mZ0+90° = 360° ie,
= m/LP+msZ0 =180°

= |m£0=180°— m/P|

i.e, the central angle of circle joining the points of contact is supplement of the angle
between the tangents

Using this fact, we will draw two tangents to a circle meeting each other at a given
angle. The method is explained with the help of the following example.
Example: Draw two tangents to a circle of radius 3.6cm and centre at point O meeting each
other at angle of measure 60°

Given: A circle with centre O and radius of 3.6cm /"_‘&

whereas angle between the tangents is 60° @,5} _ _
Required: To draw two tangents to the given f i v e Ex
circle meeting each other at angle of 60° 0 j120° | P
Steps of Construction: %} e
(1)  With centre O, draw a circle of radius 3.6cm \ L /
(i) Take a point A on the circle and join it with O %____F_,E
(iii) Draw £ AOC of 120° (i.e 180°— 60°=120°) :
such that &)? cuts the given circle at point B
(iv) Draw perpendicular AD on OA at point A.
(v) Draw perpendlcular BE on OB at point B.
(vi) Both AD and BE intersect each other at point P
Thus AP and @ are the required tangents such that m/P=60°
- EXERCISE 294
1. Take a minor W a tangent to PQ through its midpoint A without using centre.
2. Take a ma ﬁf{ Draw a tangent to PQR through its endpoint Q without using

centr
3. Take a minor arc XY. Draw a tangent to XY through point Z which is outside arc without

centre
% circle of radius 2.9cm with centre C. Draw a tangent to the circle from a point P of
ircle.
raw a circle of radius 3.2cm with centre P. Draw tangent to the circle from a point Q
which is at a distance of 8cm from P.
6. Draw two tangents to a circle of radius 3.3cm with centre C meeting each other at an angle

of measure (i) 50° (ii) 63°

29.3(iv) Draw
e Direct common tangents or external tangents.
o Transverse common tangents or internal tangents to two equal circles.
(a) Drawing of direct common tangents or external tangents to two equal circles




Direct Common Tangent:

A common tangent is called direct common e —
tangent or external tangent to two circles if it does not / \ )
intersect the line segment joining the centres of the |
two given circles.

<>
In the figure, PQ is a direct common tangent
to two circles with centres at A and B.

<> R
Note thatPQ does not intersect AB. The method of drawing direct common tangents to two

equal circles is explained by the following example.

Example: Draw two direct common tangents to two equal circles with centres at points A and

B and having radius 3cm each such that mAB = 8cm

Given: Two equal circles of radius 3cm each and centres at points A and B such that

mAB = 8cm y
Required: To draw two direct common %

.

[+

A

Q

E

A

tangents to the given circles
Steps of Construction:

(i) Draw AB of 8cm

Y

(ii) Draw two equal circles, each of radius
3cm at points A and B.

(i) Draw perpendicular (C_D> on-ABat point

A

L

A which cuts the circle at points P and S

(iv) Draw perpendicular EF on ABat point
B which cuts the other circle at points Q and T

(v) Draw (IY)) and <S_T)

e e
Now PQ and ST are the required direct common tangents to the given circles.
(b) Drawing of transverse common tangents or internal tangents to two equal circles

Transverse Common Tangent:

A common tangent is called transverse common tangent or internal tangent to two
circles if it intersects the line segment joining the centres of the two given circles.

<>
In'the figure, PQ is a transverse common tangent to two given circles with centres A and B.

«—> J—
Note that PQ intersects AB. The method of drawing transverse common tangents to two
equal circles is explained with the help of the following example.




Example: Draw two transverse common tangents to two equal circles each of radius 2.8cm
with centres at points A and B whereas mAB = 7.8cm

Method 1
Given:
Two circles each of radius 2.8cm with a 1 t b
centres at A and B where mAB=7.8cm : i
Required:

To draw two transverse common
tangents to the given circles
Steps of Construction:
(1) Draw AB of 7.8cm
(i) At points A and B , draw two
circles each of radius 2.8cm
(iii) Draw the right bisector of AB
which meets it at point O.

(iv)  Draw a right bisector of OB meeting it at point P
(v)  With P as centre and radius equal to mOP , draw a circle which cuts the circle of

centre B at points T and Y.
(vi)  Draw BT and BY
(vii) Draw AZ BY and AS BT using set squares.
(viii) Draw ST and YZ.

«—> «— .
Now ST and YZ are the required transverse common tangents.
Method-2

Given: Two circles each of radius 2.8cm with centres at A and B such that mAB = 7.8cm
Required: To draw.two transverse common tangents to the given circles

'y

Steps of Construction: ——

(i) Draw AB of 7.8cm. 7 o Wy
(i) At points A and B, draw two circles _' A ""\_&______
each of radius 2.8cm. 2 RPN N
(iif). Bisect ABat O and draw a circle of |/ Ne /7
radius equal to mAO with centre O. |-,_. "' T ‘5'
(iv) With B as centre and radius equal to \'\\ {"-;_: .\\x-
5.6cm (double of 2.8cm), draw a circle b AR Y f}“’--—--"'/
which cuts the previous circle of centre ¥ TRl T Vs
O at points L and M. i
(v) Draw BL and BM which cut the !

smaller circle with centre B at points T and Y respectively.
(vi) Draw AS BT and AZ BY by using set squares.




N > «—
(vii) Draw ST and YZ.
«—> «— .
Now ST and YZ are the required transverse common tangents.
29.3(v) Draw
Direct common tangents or external tangents.
Transverse common tangents or internal tangents to two unequal cireles?
(a) Drawing of direct common tangents or external tangents to two unequalcircles.
Following example is suitable for learning the method of drawing direct common tangents
to two unequal circles
Example: Draw direct common tangents to the given circles of radius 3.4cm and 2.1cm, where
distance between their centres is 7.5 cm.

Required: To draw direct common tangents to the given circles.

Method 1
Given: Two circles with centres A and B having radii 3.4 cm and 2.1 cm respectively such that

mAB =7.5cm

Steps of Construction:

(1)
(i)

(iii)

(iv)

™)

Draw AB of 7.5cm

With centres A and B , draw two
circles of radii 3.4 cm and 2.lcm
respectively.

Bisect AB at point O and draw a

circle of radius equal to mAQO with
centre O.

With centre A of larger circle, draw a
circle of radius 1.3cm

(i.e. 34-2.1 =1.3) which cuts the
previous circle at points C and D.

Draw- AC and produce it to intersect
the given concentric circle at point Q

(vi) Draw AD and produce it to intersect the given concentric circle at point T
(vii) Draw BP Il AQ and BS [l AT by using set squares
(viii) Draw PQ and ST

<> <> . .
Now PQ and ST are the required direct common tangents.

Given: Two circles with centres, A and B and

Method 2

b

5

——

~~ -

#&\(N'; .

having radii 3.4cm and 2.1 cm respectively such  /

that mAB=7.5cm
Required: To draw direct common tangents to
the given circles.

\

e

g

1';.

\ i
,| 7.5cm l-\
/ N

J




Steps of Construction:

(i) Draw AB of 7.5cm.
(i) Draw circles of radii 3.4cm and 2.1cm at points A and B respectively.

(iii) Take a point C on circle with centre A and draw AC.

(iv) Draw BD lAC using set squares.

(v) Draw CD and produce it beyond D.
(vi) Produce AB to intersect CD at point M.

(vii) With M as centre and radius equal to mMB, draw an arc which cuts the circle of centre
B at points P and Q.

(viii) Draw MP and produce it to meet other circle at S.
(ix) Draw MQ and produce it to meet the other circle at point T.

Now SP and TQ are the required direct common tangents to the given circles.

(b) Drawing of transverse common tangents or:internal tangents to two unequal
circles.
We explain the method of drawing transverse common tangents to two unequal circles
by the following example.
Example: Draw the transverse common tangents
to two circles with centres A and B, also having
radii 3.1cm and 1.9cm such that the distance \
between their centres is 7.6cm I ' / 7&
Given: Two circles with centres A and B having / ;" ¥4 W

radii 3.lcm and 1.9cm  respectively and | .' P | n mm* \-,|
Tk . || B

'

mAB =7.6cm , \ '-. PNt ] /
Required: To draw transverse common tangents '\ : N 2 / T\‘ f /
to two given circles. \ \m % { /" / .
Steps of Construiction: \ " 5 L

(i) Draw AB of 7.6cm. ~ >

(i) Draw circles of radii 3.1cm and 1.9cm at
points A and B respectively.

Y

(11i) Bisect AB at point O and draw a circle of radius equal to mOA with centre O.
(iv). With centre A (centre of bigger circle) and radius of 5 cm (i.e,3.1cm+1.9cm=5cm),
draw a circle which cuts the previous circle at points P and Q.

(v) Draw AP which cuts the given larger circle at point S.

(vi) Draw AQ which cuts the given larger circle at point L.
(vii) Draw BM AQ and BT AP .
<> R d
(viii) Draw ST and LM .
<> S
Now ST and LM are the required transverse common tangents.




29.3(vi) Draw a tangent to
e Two unequal touching circles
e Two unequal intersecting circles >
(a) Drawing of a tangent to two unequal touching circles
There are two cases
Case 1: when circles touch internally.
The method is explained by the following example
Example: Draw a tangent to two unequal circles of radii
3cm and 2cm with centres A and B respectively whereas
circles touch internally.
Given: Two circles with centres A and B having
radii 3cm and 2cm respectively which touch
internally.
Required: To draw a tangent to these two circles
Steps of Construction:
(1) With centre at point A, draw larger circle of
radius 3cm

(ii)) Take any point P on the circle and draw AP

(i) Take a point B on AP at a distance of 2cm from
point P

(iv) With B as centre and radius of 2cm draw a circle which touches the larger circle at
point P

(v) Draw a perpendicular ﬁ on AP at point of contact P

Now ST is the required tangent.
Case 2: When circles touch'externally.
The method is explained in the following example
Example: Draw a tangent to two unequal circles of radii 3.5cm and 2.2cm with centres A and
B respectively whereas both circles touch
each other externally. ls
Given: Two circles of radii 3.5cm and 2.2cm P \
with centres at A and B whereas circles touch f \ > /' Ty
each other externally. / 3
Steps ‘of Construction: <y
(1)~ With centre A, draw a circle of radius !. A
3.5¢cm. AN /
(ii) Take a point P on the circle. \ ’ S P,
(iii) Draw AP and produce it to point B 2 s R
such that mPB=2.2cm S > ¥

(iv) With P as centre and radius of 2.2cm, draw a circle which touches first circle at point P
> —
(v) Draw a perpendicular ST on AP at point of contact P

&2 . .
Now ST is the required tangent.




(b) Drawing of a tangent to two unequal intersecting circles.
The method is explained with the help of the following example
Example: Draw a tangent to two unequal interesting
circles of radii 4cm and 2cm with centres A and B
respectively such that mAB=5.5cm
Given: Two unequal intersecting circles of radii 4cm
and 2cm with centre A and B respectively such that
mAB=5.5cm
Required: To draw a tangent to both the circles
Steps of Construction:
(i) Draw AB of 5.5cm.
(i) Draw circles of radii 4cm and 2cm with centres
A and B respectively. \
(iii) With centre A (centre of larger circle), draw a circle of radius 2cm(4cm —2cm = 2cm)

(iv) Bisect AB at point O. With O as centre and radius equal to mAO, draw a circle which
cuts the smaller circle of centre A at point C and D.

(v) Draw AC and produce it to meet the larger concentric circle of centre A at point P.
(vi) Draw BQIlAP using set squares.
(vii) Draw PQ
>
Now PQ is the required tangent.
29.3(vii) Draw a circle which touches
e Both the arms of a given angle
e Two converging lines and passing through a given point between them
e Three converging lines
(a) Drawing a cirecle which touches both the arms of a given angle.
We explain the method of drawing a circle which touches both the arms of given angle
in the following example
Example: Draw a circle which touches both the arms of an angle ABC of measure 30°
Given: An angle ABC of measure 30°

Required: To draw a circle which touches both the e
arms of the angle. P >
Steps‘of Construction: l'/‘j’\] — D

(i) Draw an ZABC of 30° e\ [k

(i) Draw the internal blse_ct)or BD of ZABC |

(iii) Take any point P on BD @

(iv) From point P, draw a prependiculer ﬁ on g& which cuts it at point E

(v) With P as centre and radius equal to mPE, draw a circle which touches ﬁ and B_é
This circle is the required circle.




(b) Drawing a circle which touches two converging lines and passing through a given

point between them. “e T

Converging Lines: ’ : 5

Two or more lines which get closer and ~— >

closer to each other and finally meet at a point, are e T
said to be converging lines, In the adjacent figure,
two lines AB and CD are converging lines and
they finally meet at a point P.
Example: Draw a circle which passes through a point P between the converging lines

AB and CD and touch both the lines.
Given: Two converging lines AB and CD.
And a point P between them - C
Required: To draw a circle which passes
through point P and touches both the given “E f i
converging lines.
Steps of Construction:

(i) Draw two converging lines AB and =«

CD which meet at point E.
(i) Take any point P between these lines.

H
(iii) Draw the internal bisg;[or EF of ZE.
(iv) Take any point G onEF . N _
(v) From point G, draw a perpendicular GL. on EC meeting it at point M

=

-
“ A

(vi) With G as centre and radius equal to mGM , draw a circle which touches both the
converging lines.
H
(vii) Draw EP which cuts this circle at point N.
(viii) Draw NG . Also drawPQ [ NG .
. H H .
(ix) PQ cuts EF atpoint O.
(x) With O a centre and radius equal to mOP, draw a circle which passes through P and
touches the two converging lines.
This is the required circle.
(c)Drawing a circle which touches three converging lines

Drawing a circle which touches three converging lines in a plane is not possible.
However, it is possible in space which is beyond the scope of this book.

-
> EXERCISE 29.5

1. Draw two equal circles each of radius 3.3cm with centres at points A and B such that
mAB = 7.8cm.
(a) Draw direct common tangents to these circles.
(b) Draw transverse common tangents to these circles.




2. Draw two unequal circles of radii 3.3cm and 2.1cm with centres, A and B respectively
such that mAB=8cm.

(a) Draw direct common tangents to these circles. c
(b) Draw transverse common tangents to these circles.

3. Draw a tangent to two unequal circles of radii 3.8cm and 2.2cm with centres A
respectively whereas
@) circle touch internally Q
(i1))  circles touch externally %

(iii)  circles intersect each other and mAB=5.6cm.

4. Draw a circle which touches both the arms of an angle of measu\@
(1) 35° (i)  40°

5. Draw a circle which passes through a point M which lies b two converging lines
PQ and ST such that the circle also touches both the lines.

REVIEW EXERCISER9
Tick the correct option
(i) Right bisectors of non-parallel intersect at the centre of the circle.
(a) Radial segments (b) Chords  (c) Tangents (d) none of these
(i1) circles can pass through a single point.
(a) One (b) Two (c) Three (d) Infinite
(iii) circles can pass through three non-collinear points.
(a) One (b) Two (c) Three (d) Infinite
@iv) angles of regular polygon are equal in measure.
(a) Interior  (b) Exterior. (¢) both a and b (d) none of these
(v) Each interior angle of regular hexagon is equal to_ .
(a) 90° (b) 108° (c) 120° (d) 135°
(vi)A circle which touches all the sides of triangle is called .
(a) circumcircle (b) incircle  (c¢) excircle  (d) tricircle
(vii) A circle which touches one side of triangle externally and two produced sides internally
is called .
(a) excirele  (b) circumcircle (c) incircle  (d) tricircle
(viii) The centre of inscribed circle is called
(a) excentre (b) incentre  (c) centroid (d) orthocentre
(ix)Right bisectors of sides of a triangle intersect each other at
(a) incentre  (b) excentre (c) centroid (d) circumcentre
(x) The point of intersection of internal bisectors of angles of a triangle is called
(a) excentre (b) circum centre (c) centroid  (d) incentre

(x1)If a regular hexagon is inscribed in a circle then length of each side of hexagon
radius of the circle
(a) < (b > (©= (d <
(xii) Angle between tangent and radial segment at the point of contactis  angle
(a) right (b) obtuse (c) acute (d) reflex




(xiii) The central angle of circle joining the points of contact of tangents is of
the angle between the tangents

(a) complement (b) supplement (c) square  (d) cube
(xiv) common tangents do not intersect the line segment joining the centres of
the circle
(a) internal (b) transverse (c) direct (d) vertical
(xv) Direct common tangents of two equal circlesare
(a) intersecting (b) coincident (c) equal (d) parallel
(xvi) common tangents of two equal circles intersect at the midpoint of the

line segment joining the centres of the circles
(a) direct (b) transverse (c) external . (d) parallel

(xvii)If two circles of radii Scm and 2cm touch each other externally then the distance

between their centers is
(a) 5cm (b) 10cm (c) 3cm (d) 7em

(xviii) If two circles of radii Scm and 2cm touch each other internally then the distance

between their centres is

(a) 5cm (b) 10cm (c) 3cm (d) 7em
(xix) Two or more converging lines always intersect each other at
(a) single point (b) two-points
(c) more than one point (d) none of these
(xx) Three or more sided closed figure is called
(a) pentagon (b) hexagon (c) heptagon (d) polygon
SUMMARY

%
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Centre of a circle can be'located by drawing the right bisectors of two non-parallel chords
which meet each other.at the centre.

From three non-collinear points, a unique circle can be drawn.

A circle can be completed without finding the centre when an arc is given with the help
of regular polygon.

Circumecircle always passes through all the vertices of a polygon.

Incircle of a triangle always touches all the sides of the triangle.

Excircle of a triangle touches one side of a triangle externally and two produced sides
internally.

Three excircles of a triangle can be constructed.

Tangent is a line which touches circle at a single point

Secant always cuts the circle at two points.

Tangent to a circle is always perpendicular to the radial segment at the point of contact.
Only one tangent can be drawn to a circle from a point of its circumference.

Only two tangents to a circle can be drawn from a point outside the circle.

The central angle of a circle joining the points of contact is supplement of the angle
between the tangents.

If a line is tangent to more than one circle, it is called common tangent.




Direct common tangents do not intersect the line segment joining the centres of the two
given circles.

Transverse common tangents always intersect the line segment joining the centres of <
two given circles. {
If two circles touch each other externally then the distance between their center@

to the difference of their radii.

sum of their radii.
If two circles touch each other internally then the distance between their % is equal
Converging lines get closer and closer to each other and finally meet at a .
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After completing this unit, students will be able to:
Measure an angle in sexagesimal system (degrees, minutes and seconds).
Convert an angle given in D' M' S" form into decimal form (upto two decimal places) and vice- versa.

Define a radian (measure of an angle in circular system) and prove the relationship between radian and degree
measures

Establish the rule / = 7O, where r is the radius of the circle, / the length of the circular arc and O is the
central angle measured in radians.

Prove that the area of the sector of a circle is lrze or —1 10
Define and identify: <

°,

< General angle (coterminal angles)

< Angle in standard position.

Recognize quadrants and quadrantal angles.

Define trigonometric ratios and their reciprocalswith the help of a unit circle.
Recall the values of the trigonometric ratios ford5°, 30°, 60°.

Recognize signs of trigonometric ratios in different quadrants.

Find the values of remaining trigonometric ratios ifone trigonometric ratio is given.
Calculate the values of trigonometric ratios for0°, 90°, 180°, 270°, 360°.

Prove the trigonometric identities and apply them to showdifferent trigonometric relations.
Find angles of elevation and depression.

Solve real life problems involving angles ofelevation and depression.




Introduction:

The word trigonometry has been derived from Greek word, “tri”(Three), gono (angles)
and “metron” (measurement). Literally, trigonometry means measurement of the triangle. This
branch of mathematics was developed by Greeks in 330 B.C. It deals with solution of triangle.
It has vast application in Physics, navigation astronomy surveying etc.

30.1 Measurement of an Angle:

An angle is defined as union of two rays which have a common point (called vertex),
one of the rays is called “initial side” and other is called “terminal side”.

Measuring of angle depends upon the direction of the rotation from the initial side to
the terminal side. Angle measured in the anti clock-wise direction is taken to be “positive
angle” as shown in figure (a) and angle measured in the clock-wise direction is to be negative
angle, as shown in figure (b).

Note: The rays are also called arms of the angle and their common-end point is also known as
vertex of the angle.

O Initial side P

Y

L)

&
o

(o‘

L J

0 Initial side A
Figure (a)

Figure (b)
An angle is said to be in standard position if its initial side is on the positive of x-axis
and its vertex is at origin.

30.1.(i) Measure.an angle in Sexagesimal system (Degrees, minutes and seconds)

If the initial ray (arm) OA completes one rotation in anticlock-wise direction, then the
angle formed is said to be 360 degree or 36(0°. Hence, the circumference of a circle is divided
into 360 equal arcs. The angle subtended at the centre of the circle by such an arc is called one
degree and is denoted by 1°. Each degree is divided into 60 equal parts, each part is called 1
minute is denoted as 1'. Furthermore, each minute is divided into further 60 parts and each part
is 1 second and is denoted by 1”. Hence 1 minute is the 60" part of 1 degree and 1 second is
360° ™ part of 1 degree. The system in which angle measures in degree, minutes and seconds is
called sexagesimal system.

1
Thus one degree is defined as the measure %th of a complete rotation and it is denoted by

1°, it is further sub-divided as under




1° = 60 minutes = 60/

1' =60 seconds =60"

e.g, 30 degrees, 20 minutes and 10 seconds are written symbolically as30°20' 10"
30.1.(ii) Convert an angle given in D° M S’ into decimal form (up to two decimal places)
and vice versa
In this section we convert minutes and seconds into degrees by dividing minute with 60 and
second with 3600. After simplifying we get required decimal form.
Example 1

Convert 30° 30’ 10" into degrees and write in decimal form.

Solution:
Since 1'= (lj
60 ) .
s0=(2] (1
60) (2
and 1= (LJ
3600 ) D
107 = (&] _ (Lj
3600 360
! 1" 1 1
30°30'10" = (30+—+—
2360
=|30+0.5+ 0.003]
=30.503°
=30.50° (round off upto two decimal places)
Example 2
Convert 12.51° into D° M' S form.
Solution:
12.51° =12°+(0.51)°
=12°+(0.51x 60) ( 1°=60)
=12°+(30.6)

=12°+30 +(0.6)
=12°30' +(0.6x 60) ( 1=60")
=12°30'36"
30.1.(iii) Define a radian (measure of an angle in circular system) and prove the

relationship between radian and degree measures.
Radian is another unit to measure an angle which is equal to ratio of arc length to the

radius of the circle. i.e., 6 =—, where 0 is central angle in radians, / is the arc length and 7 is
r




the radius of the circle. The system where angle is measured in radian is called circular system.
Thus, the angle measure in circular system is said to be of 1 radian if it is subtended by an arc

equal to radius of circle. (as shown in figure 30.1).

/ AY
we have 0 =—,
,
when /=7
! V.
then 0O=- 0 /
! s o ¢
g
For a complete rotation the arc length is the circumference
of the circle i.e., / =2mr.
NOW, L A4
o=l .
» Fig: 30.1
g2
r

Hence for a complete rotation, the angle measured in radians is 27.
Relationship between degree and radian

We know that, for a complete rotation the angle measured in degree is 360°, and angle

measured in radians is 27 .
Therefore
360° = 27w radians
= 180° = 7 radians

1°= T radians =~ 0.01745 radians
180

or, 1 radians = (@j ~ 57.3°
T

Some standard angles in degrees and radians are as under

degree 30° 45° 60° 90° 180° 270° 360°
. s s s s 3n
radian 6 2 3 5 T 2 2n
Example 1

Convert the following into radian measure.
(a) 120° (b) 10°30"  (c) 24°32'3("

Solution (a):

we know that




1° = T radians
180

120° = 120x —=— radians )
180
= 120° = 2?” radians
Solution (b):
we know that

o

s
60
(2]
60 2
30 1Y (21)
10°30' = 10+=— | =| 10+— | =| ==
Now ( 60)( 2] (2]

=% T radians ¢ 1°=Lradians)
2 180 180

= 7—” radians
120

Solution (c): 24°32'30"
=24°+ ¥ + 30 I'= L and "= L
60 3600 60 3600

= 24+£+i = 24+§+L
60 3600 15 120

(24x120+64+1)
120

2945 ) N
= = -+ 1° = —— radian
( 120 j ( 180 j

2945 2945 @ .
Z 7| =2 Zx— radians
120 120 180

589

Now (

7 radians

T 4320

So,24°32'30" = >89
432

7 radians




EXERCISE 30.1

1. Convert the following into degree, and write in decimal form. <
(1) 32015 (i)  10° 30 (i) 8 15 30" &
(iv) 45°21'36" (v)  25°30 (vi) 18621 O

2. Convert the following angles into D° M' " form. Q
(1) 32.25° (i)  47.36° (i)  57.325° 6
(iv) —67.58° (v)  225° (vi)  225.60°

3. Express the following angles into degree measures.

T bus 3n
e e OO
(1) p radians (i1) E radians (ii1) ‘ r%

(iv) 3 radian (v) 3 radians (vi) ians
T
4. Convert the following angles to radian measures.
(1) 30° (i)  45° i) 60°
(iv) (22%} (v)  -225° (vi)  60° 35" 48"
a f

30.2 Sector of a circle:
Definitions:
(i) A part of the circumference of a circle is called an arc.
(ii) A part of the circle bounded by the two radii and an arc is called sector of the circle.
The following figures help to understand the above mentioned definitions.

P Q Q

Fig: 30.2 (i) Fig: 30.2 (ii)
In fig: 30.2 (i) PQ ia an arc and in fig: 30.2 (ii) POQ is a sector.
30.2.(i)Establish the rule / = r 6, where r is the radius of the circle, / the length of the
circular arc and 0 is the central angle measured in radian.

In a circle of radius r, the arc length / is directly proportional to the central angle 6
measured in radians. (as shown in figure 30.3).
ie, [ocB
= l=ch ..(1)




For complete rotation

[=2nr .
and 0=2n
By using equation (i), we have, = n
2nr = ¢(2m) v 2
= c=r

so equation (i) becomes /= r9.
Note: (i) / and r are measured in same units
(i1) O is measured in radian

¥
Fig: 30.3

Example 1: Find the length of an arc of a circle of radius Scm which subtends an angle of 2?11

radian.
Solution: Given that

r=5cm, 6= 2{ radian and [=?

Since, /=76

l=5><gz
5
= l=2n52(%)z 6.28cm.

Example 2:
How far does a boy on a bicycle travel in 10 revolutions if the diameters of the wheels
of his bicycle each equal to 56cm?
Solution:
We know that
one revolution =27 radian
B 10 revolutions =20m radians
ie. 0 = 20r radian
also, diameter of the wheel, d = 56cm

d 56 56
—cm
2 2

= m (" Im=100cm)
2x100

I=r0
/= 26 x 207
2x100

0 a0k - n=22

= /

~2x100 7 7
= I~17.6m.
Thus, the boy travels 17.6m in 10 revolutions.




Example 3:

Find , when/ = 4cm and 6 = i radians

Solution: Given that:
[ =4cm

0= l radians
4

and r="?
I=r0
/
r=—
0

- r=(4+l)= 4x 2~ 16em,
4”70

1 1
30.2.(ii) Prove that the area of the sector of a circle is Erz(-) or Elr.

Proof: Ay
Consider a circle of radius » with centre O, AB is an arc

which subtends an angle 6 radians at the centre as shown in the . &

figure 30.4. "

We know that

Area of circle = nr
Angle of one revolution = 27 radian
Angle of the sector =0 radian
Then by elementary geometry, using law of proportion, we have
area of sector AOB “angle of sector

area of a circle. angle of a circle
Area of sector AOB _ 6
mr’ 2n
nr’x0

= Area of sector AOB =
. 2n

= Area of sector AOB = 5 0

or Area of sector AOB = %rGXr

= Area of sector AOB = %rl ( 0 =/ )

Hence proved.




Example 1:
Find the area of sector of a circle of radius 5¢cm with central angle of 60°.
Solution: Given that:
r=5cm >

0=60°= 60(7T = Eradians
180 3
and area of sector=?

Area of sector = ;rze

Area of sector = ;(5)2 x 7;
= Area of sector l>< 25x% 22 R Q
2 Tx3 7
=  Area of sector =13.09cm’

Example 2:
Find the area of sector whose radius is 4cm, with central angle of 12 radians.
Solution: Given that:
r=4cm
0 =12 radian
and Area of sector = ?

1
area of sector = 5 0

area of sector = %(4)2 x12

= area of sector =16x 6= 96cm’

T EXERCISE 30.2

1. Find 641f
1) = and 7 =5cm (i) /=30.2cm and 7 =2cm
(ii1) 6cm and r=2.87cm (iv) /=4.5cm and r=2.5cm

px [, if
i r=1.0lcm and 6 =2.1radian
\ i r=>5.1cm and 0 =2 radian

(i) r=6cm and 6=30°
> (iv) r=15cm and  0=60° 30
3. Find r, if
(1) 6=60°and /=2m (i) ©=3S5radiansand /= %m

(i) 6 =% radians and /=4cm (iv) 06=180° and /=15.4cm




4. Find the arc length of a unit circle, corresponding to the central angle measuring.
(1) 30° (i)  45° (iii)  60° (iv) 90°

5. The arc of a circle subtends an angle of % radians at the centre. The radius of a circ(‘
Scm, find; O
(1) length of an arc (i) i

area of a circular sector
6. A point is moving on the circle of radius 10cm. If it makes 3.5 revol , find the

distance travelled by the point.
7. Find the area of the sector with central angle of E radian in circle o®cm.

8. If a point on the rim of a 2lcm diameter ﬂy wheel trav meters per minute
through how many radian does the wheel turn in a second?

9. A car is running on a circular path of radius equal to double th arc of the circle travelled
by the car. Find the angle subtended by the arc at th f the circular path.

10. In a circle of radius 12cm, an arc subtends a ce e of 84°. Find its arc length and
also calculate area of the sector.

30.3 Trigonometric Ratios
30.3.(i) Define and identify:
(a) General angle (Coterminal angles )
(b) Angle in standard position
30.3.1(a) Angles having the same initial and terminal sides are called coterminal angles and
they differ by multiple of 2 radians. They are also called general angles.

Q Q
L1 | - ) 2140
o Y 0 p 9 3 P
Fig: 30.5 (i) Fig: 30.5 (ii) : Fig: 30.5 (iii)

mZ/POQ =0 radian, where 0<0 < 2m.

(i) 0 radian , (Zero revolution )

(i)  (2m+0) radians , (After one revolution )

(iii)  (4n+6) radians , (After two revolution)

Hence 6,27+6 and 47+6 and coterminal angles as shown in figure 30.5.

However, if the rotation are made in the clock-wise directions as mentioned in the
below figures




Fig: 30.6 (i) Fig: 30.6 (ii) “Fig: 30.6 (i
(i) 2m—0radians (no revolution)

(i) 4n—0radians (after one clockwise revolution)

(iii) 6m—6radians (after two clock wise revolution )
m/POQ =06 radian, where 0<0 < 27.
Hence 2n-0, 471—0 and 6m—6 and coterminal angles as shown in figure 30.6.

Examples:
Which of the following angles are coterminal with 120°?

—2400,4800,1477E and —%.

Solution:
120° —(—240°) =120°+240° =360°, yes —240° is coterminal angle of 120°

480°—-120°=360°, yes480° is coterminal angle of 120°

lam 120° = L4 _2m = 12—n=4n, yes l4n is coterminal angle of 120°
3 3.3 3 3
120°— 1an Z [ + 14_75:16_75’ it is not multiple of 2,
3 33 3

S0, —147“ is not coterminal angle of 120°.

30.3. (i)(b) Anangle is said to in standard position if its vertex is at origin and its initial side on
positive x-axis as shown in figure 30.7.

¥ Ay Ay ¥
& a
% \?V\?;
s L7
:."@ %' - e
A & N, [v ] I
(% | .'r?;
o O  Initislside * O Initial side & 7|0 Initialside ¥ L0 . Initinl side %
P
@“‘”\ %}v;
A% %
¥ vy L 1 ¥ u

Fig: 30.7 (i) Fig: 30.7 (ii) Fig: 30.7 (iii) Fig: 30.7 (iv)




30.3.(ii) Recognize Quadrants and quadrantal angles:
30.3.(ii)(a) In rectangular coordinate system two axes divide the plane into equal parts, each
part is called quadrant. Hence, four quadrants are formed as shown in figure 30.8.

Angles between 0° and 90° are in Quadrant I

i, 0<6< g

Angles between 90° and 180° are in Quadrant 11
ie., 90° <0 < 180°

Angles between 180° and 270° are in Quadrant III
ie., 180° <0 < 270°

Angles between 270° and 360° are in Quadrant [V
ie., 270° < 6 < 360°

An angle in standard position is said to be in a quadrant, if its

terminal side lies in that quadrant.

30.3.(ii) (b) Quadrantal angles.
If the terminal side of the standard angle coincides with x-axis or y-axis, then it is called

a quadrantal angle, for example90°,180°,270° and 360° which are shown in the following

Second Quadrant
1l

AY

First Quadrant
I

X 0

Third Quadrant
1

Y

=Y

Fourth Quadrant
[AY

'

Fig: 30.8

figure.
Ay ¥ iy
- 90° " Iﬂﬂ: ™ " a - = & -
ol [§) X (4] X ¥ 270 (4] ¥ & 0 sl x
] v i 4 v
Fig: 30.9 (i) Fig: 30.9 (ii) Fig: 30.9 (i) Fig: 30.9 (iv)

30.3.(iii) Definé frigonometric ratios and their reciprocals with the help of a unit

circle.

We have already learnt about trigonometric ratios for any acute angle 6 of a right-

angled triangle ABC in previous classes, which are as under.

L.

length of opposite side _ a

sin@ = —
length of hypotenuse ¢

_ length of adjacent side _ b
length of hypotenuse ¢

tan 0 length of opposite side _a

length of adjacent side b
and their reciprocals are respectively

Opposite Side
=

A

Adjau:ﬂ side C

Fig: 30.10




length of hypotenuse 1 ¢

4. cosecH = ———=——=
length of opposite side sin® a

o length of hypotenuse 1

c
5. = ==
length of adjacent side cos® b
6. cot0— length of adjac§nt s1.de _ 1 _ b
length of opposite side tan® a

For each point of the circle, there always exist an angle corresponds to it.

Suppose that P(x, y) be any point on the unit circle lying in the 1% quadrant and 0 is the

corresponding angle a shown in figure 30.11. y
We define the trigonometric ratios as under

sinf = % = % =y, .‘%\ y['(-\'-.'-‘}

ny

o
@1
= A

and cos0 =1—=

Now, tanf==—= Z, provided x # 0 v
OB «x

.. Fig: 30.11
similarly,

cotf = provided y # 0

secH =

= =< | =

provided x # 0

cosecH = 1 provided y # 0
y

Reciprocal ratios, listed below:
1 1
or cosec=——
cosecH sinf

sinf =

cosO = L or secO =
secO cosO

tan6=L or <:0t6=L
cotd tan0

Note:
»  All trigonometric ratios in terms of x and y are called trigonometric function.
» The function cos6 and sin6 are also called circular functions.




Example:

Find the value of trigonometric ratios at angle 6 , if point P (6, 8) is on the terminal side

of 0
Solution:
Here  P(x,y)=1(6,8)

= x =6 and y=8 as shown in figure 30.12.

By using Pythogras theorem,
PR yz
r=(6)"+(8)°

= r? =36+64=100

= r =+/100 =10, where r = |OP |
Thus, values of all six trigonometric ratios are

8

sing=2 =5 _ 2

r 10 5
cose—ﬁzizé,

r 10 5
tan9=Z:§:i and

x 6 3

cosecH = 2
4

secO = 2

3

cotd = é

4

r

Fig: 30.12

30.3.(iv) Recall the values of trigonometric ratios-for 45°,30° and 60°

We have already learnt that values of trigonometric ratios for 30°,45° and 60° which

are given in the table below

45°

sin

Ccos

1= |-

tan

A SIENTE

B R bl

Now we can find the values of reciprocals trigonometric ratios with the help of above table.

cosec30° = — ! = 1 =2
sin30° 1
2
1 1 2
sec30° = = =—




1 1 1 1
cot30° = =—=4/3 cosec45® = =——=+2
tan30° 1 V3 sin45 ° 1 2
3 J 2 >
sec45° = L _ 1. \/5 cot45° = 1 1
cos45° 1 tan45 °1
V2
cosec6(° = — ! = L = i sec60° = ! = l =2
sin60° 3 /3 cos60 °1
2 2
1 1 1
and cot60°=——=

tan60° 3 /3
30.3.(v) Recognize signs of trigonometric rations in different quadrants.
If 0 is not a quadrantal angles, then signs of trigonometric ratios can be determined
according to point P(x, y) on its terminal side.

1. If O lies in first quadrant, then point (x, y) on-its terminal side has x and y coordinates
positive.
i.e. x>0andy> 0.

.. All trigonometric functions/ratios are positive in the first quadrant.

2. In 2" quadrant x<0andy> 0. Therefore sin0and cosecd are positive in second
quadrant and remaining ratios are negative.

3. In 3" quadrant x <0 andy < 0. Therefore tan® and cotd are positive in third quadrant
and remaining ratios are negative.

4. In 4™ quadrant x >0andy< 0. Therefore cos@ and sec are positive in fourth quadrant
and remaining ratios are negative.

Example 1: Find the signs of the following trigonometric functions/ratios

(i)cos120°  (if) sin1030° (iii) tan229° (iv) tan(—%j v) cosec(—gj
Solution:

1 cos120°
120° lies in 2™ quadrant
cos120° is negative
(1) cos120°

120° lies in Quadrant II, and cos 6 is negative in Il Quadrant
cos120 °is negative.

(i)  sin1030° =sin(720°+310°)

130° lies in Quadrant I'V and Sin 6 is negative in IV Quadrant,
Sine 1030° is negative.




(i)  tan229°

229° lies in Quadrant III and tan 6 is positive in Quadrant III,
tan 229° is positive.

. T
1v tan| ——
@ ol

% lies in Quadrant IV and tan 0 is negative in Quadrant IV,

- . .
tan T 18 negative.

T
(v) cosec (— gj

% lies in IV Quadrant and cosec 0 is negative in [V Quadrant,

[T

- . . .
cosec 3 is of negative sign.

30.3.(vi) Find the values of remaining trigonometrie-ratios if one trigonometric ratio
is given.
The method is illustrated by the following examples:

Example 1: If sinf = 3 then find values of remaining trigonometric function/ratios.

A

Solution: Given that:

Since sin0= R

r
By using figure 30.13
3.2
5 r ¥

= y=3andr=5

Since. x*+y° =7

x*+(3) =(5)

xX>+9=25 secG=£=§
x*=25-9 x g v
= ¥’ =16 cosec 0= => ;
Fig: 30.13

= x=4 Y g &
Now tane:Z:_

X x 4
cosO =— x 4

r cot9=—=§

y

cosezi

5




Example 2: If tanf=1 and 0 lies in the 3™ quadrant. Find values of remaining trigonometric

functions.
Solution: Given that: Ay >
By using figure 30.14
tan6 =1 cotﬂszlzl,
tan0 1
tanf = sinf Yo 1, - 0 ]
cos x * 4
= y=x Y,
X +y =1 Px.y)
X +xt=1 voy=x 3
= 2xt =1
1 1 Fig: 30.14
= Y=o x=t— 12

277 T2
Here we take negative value, because
0 lies in 3rd quadrant

1
x=cosh=——=and y =sinf=——
V2 2
Therefore remaining trigonometric functions are
cotb=1,

sin 0 ——L
\/5,
cosecH = L = —\/E,
sin 0
cosh==———

&

and secesz—\/E
cos6

Example 3: Find the remaining trigonometric functions/ratios, using the unit circle. If
. 2 .
(i)  cosb= 3 and 0 is in 1st quadrant.

(ii)  sinB=0.6 and tan 6 is negative.

Solution (i): Given that:
3

cosezng, c.oosec =

cosf X
0 lies in 1st quadrant .. p(x, y)e Quadrant I




and x*+ y>=1 (Given)
Here x=cosO0 and y=sin0

L a4l
YT 97
L yed
3
Here, we take +ve value, because 0 lies in 1st quadrant
y=—5=sin6 ; cosecez.in 4
3 sin® 5

and tanf= L ; o.ocoth =

tanez\/g’

Therefore required remaining trigonometric ratios are

V5 1L )2
2

1. sec@z% 2. sin@z? 3. cosecO =
4. tan9=£ and 5. cot =i
2 NS

Solution (ii): Given that:

siny=0.6=£=§, cosec@=§=1.6,
since sinf.>0 and tan6 < 0
¥+ yi=1
2
X+ (éj =1
5
= X =1- 2 = 16
25 25
= Xt = ii
5
Here, we take negative value because p() is in 2nd quadrant
x= cos9=—i=—0.8 and secB=L=—§=—1.25
cos0 4
y 3
Now, tanf=== =——=-0.75and cotb=

5
x 4 4 tan 0
5

Gl e

SELANE
3




Therefore required remaining trigonometric ratios are
1. cosecO =1.6 2. cosf=-0.8 3.sec0=-1.25

4. tan6 =—0.75 5. cot6=-1.3
30.3.(vii) Calculate the values of trigonometric ratios of 0°, 90°, 180°, 2702 and

360°.
We have already discussed quadrantal angles in section

i

by
A

When 0 =0°
In a unit circle, the point P(l,O)lies on terminal side of
an angle 6°.

Here x =1, y =0 and » = 1. Where r is the radius of
unit circle.

i
30.3.(ii)(b). Here we calculate trigonometric ratios of the
quadrantal angle E
N_ |
L

o+

ry

sin0°=1=9=0; cosecO°=—r=—1(undeﬁned) Fig: 30.15
ro1 y 0 T
c0s0°=£=l=1; sec0°=—r=—=1
ro1 X
o_y_0 o_x_1
tan0°===—=0; cot 0° = — = —(undefined)
x 1 y 0
When 0 =90°

In a unit circle, the point P(O,l)lies on terminal sides of an angle 90°and coincide

ALY

with the (+ve) y-axis.

r=1

Here x=0,y=landr=1. POLT)
sin90°=1=1=1; i
r g nf=, 90° :
cosec90°=£—1=1 . 0 ' g
y
c0s90° = o 9= 0;
r o1
ro1
sec90° = —= 0 (undefined) v
. );, 1 Fig: 30.16
tan 90° = = = — (undefined)
x 0
X
and cot90°=—=0
y

When 0=180°

Pl

>




In a unit circle, the point P(—l,O) lies on terminal sides of an angle 180°and coincide

with the —ve x-axis. In this case
P(-1,0)=>x=-Ly=0andr=1.
0

sin180° = £ == =0;
ro1

cosecl80° = = (undefined)

003180°=£=—1=—l;
ro1

soclg0e ==L _
x -1

tan180°=2 = L =,
x —_—

and  cot180° =2 = a(undeﬁned)

y

When 0=270°

vy

Fig: 30.17

In a unit circle, the point P(O,—l)lies on terminal sides of an angle 180° and coincide

with the —ve y-axis. In this case
P(0,-1)=>x=0,y=-landr=1.

sin270° =2 ==L s
ro1

c0sec270° = - = = |

y N

cos270° oA 9= 0;
ro1
ro1

sec270° = — = — (undefined)
x 0

tan270° = 2 = L= undifined
x 0

0
and cot270°= I =0

When 0 =360°

k)
g [r=1/ \
" 0

P-1)

L 2

14

Fig: 30.18

In a unit circle, the point P(I,O)lies on terminal sides of an angle 360°and coincide

with the +ve x-axis. In this case,
P(L,0)=x=1y=0andr=1.




and

>

sin360°=2 =2, i
ro1
cosec360° = — ! = l(undeﬁned) >
sin360° 0 .
1 4 [ 1o &
c0s360° = ; = I =1; - | r=1]rD =
360"
sec360° = ! = ! =
cos360° 1
tan360°=2 = 2 = ; w
x 1
1 1 Rig: 3019
cot360° = = —(undefined)
tan360° 0
Summarizing all the results, we have a table
0 0°| 30° | 45° | 60° [ 90°| 180°| 270°| 360°
. 1| 1|38
O = | = — 1 0 -1 0
sin > | & 5
NI
1| X2 —| = -1 1
cos > [ &) 2 0 0
tan 0 % 1 \/g o 0 —o0 0
cosec | oo 2 \/5 % 1 o -1 ©
sec 1 % \/5 2 0 -1 o) 1
cot 0 J? 1 % 0 o) 0 S'e)
Q EXERCISE 30.3
@Find coterminal angles of the following angles.
(1) 55° i) (iil) —45° (iv)_3—n
6 4
2. Identify the quadrants of the following angles.
(1) S?E (i) 75° (iii) —818° (iv) 1090°  (v) 7?“ (vi) —%t




3. Find the signs of the following.
(1) cos120° (i)  sin340° (ii))  sec200°
-

(iv)  cosec198° ) tan (? J (vi) cot( —i n ) Oé

4. In which quadrant does 0 lie if:
(1) cosf< 0 and sin6 >0 (i)  tan®>0 and cosB<0 Q
(i) sinB<0and secH<0 (iv)  cotf>0and secf<0 6

(v)  cosb<0and tanf<0 (vi)  O<cotf<1 &
3
5. If cosO = 5 and g< 0 <, then find the remaining trigonom?b 10s.

6. Find remaining trigonometric functions/ratios, if:

(1) sinf = ? and 0 lies in second quadrant &

(ii) cosf = % and 0 lies in fourth quadrant @
(iii) tan 6 = —% and 0 lies in second quadr:
(iv) secO= cosecl = V2 and 0 lies i adrant
(v) cos6 =% and tan @ is positiv
7. Find the values of:
() tan30°tan60° + tan4 - tan 60° = tan 30°

(ii)
1+ tan 60° tan 30°
(iv)  cos T cosE4sinl cos™
6 3 6 3

tan 45° + cot 45°
sin 60° cos 30° — cos 60° sin 30°

(vi)

30.4 %, Trigonometric Identities:

An identity is an equation which is true for all values of the variable (except where
value is not defined).
30.4.1 Prove the trigonometric identities and apply them to show different trigonometric
relations.

For any real number 0 related to the right triangle in a unit circle, we have the
following fundamental trigonometric identities

6) sin“0+cos’0 =1 (i) sec’®=1+tan’0

(ili)  cosec’®=1+cot’0




)

Proof:

In a unit circle, consider a right AOAP, in which ZAOP =0 radians is in standard

position. Let P(x, y) be on the terminal side of the angle.

By Pythagoras theorem, we have

x4+ =1
=  cos’O+sin’0=1 [ x=cosB and y=sin6]
Hence proved. X
(ii) Proof:
By Pythagoras theorem
l=x"+ y2
dividing both sides by x>, we have,
1 ¥ 1 y ’
= —=1l+=—or —=1+| =
x’ XX (x j
= —=1+tan’0, (Provided x = cos0 # 0)
cos
= |secZG:1+tan29
Hence proved.
(iii)  Proof:
By Pythagoras theorem
l1=x"+y’
Dividing both sides by ), we have,
2 2 2
%:x—2+l, or (—lj =(3J +1
y oy Y y
1 2
= (—} =(cot0) +1, (Provided sin® # 0)
sin®
= |0056026 =1+ cot’ 9| ( C?se =cot9j
sin®
Hence proved.
Example 1:
Prove that: (sin6+ cose)2 =1+2sin0 cosO
Proof:-

L.H.S =(sinf+ cosG)2

=sin*0+cos’0+2sinO cosd

=1+2sin0cosO [ sin29+cos26=l]
=R.H.S

AY

L A

Fig: 30.20



L.H.S=R.H.S
(sin®+ 0056)2 =1+2sinOcosO

Hence proved.

Example 2:
Prove that: sin® =+/1—cos’*0
Proof:
L.H.S=sin0
=/(sin 9)2
=4/sin’ 0,
=+/l—cos’0, [ sin26+00529=1]
=R.H.S
LHS=RHS
sin® = +1—cos’ 0
Hence proved.
Example 3:
Prove that I+sect = s%ne Jand s (Provided cos6 # 0)
1-secO sin®-—tanO
Proof:
LIS = 1+secO ,
1—-secO
1+ !
_.._cosB
L 1
cos0
_ cosO+1
cosO—1
B sinB(cosO +1)

= £ Provided sin® # 0
sinB(cos6—1) ( )

sin® cosO +sin0O

sinO cosO —sin0
sinO cosO . sin©

—__cos0 cos0 , Dividing numerator and denominator by cos0

sinOcos® sinO

cos0 cos©




_ sin0+tan0

~ §inO—tan0

=RHS >
LHS=RH.S
l+secO sinO+tan0

1-secO sinO—tan0
Hence proved.
Example4: Prove that sin© = tan0- cos©
Proof:
L.H.S=5sin0,

= sind -co0s0, (Provided cos6 = 0)
cos6

=tan0-cosO,
=R.H.S

LHS=RHS
sin0 = tan0- cosO

Hence proved.

\Q-DRCISE 30.4
1. Prove the following Hi&ic identities:
2
0s

(i) sin’0= % 0, (cosB=0)
.. 1+sin

(ii) 0+sec, (cosB0)
co
@Q‘@ sinO/1+tan’ 0, (cos0#0)
(iv) s*0—sin* 0 =cos? 0 —sin’ O
Q sin® 0 = sin® —sin O cos’ 0

b(vi) ’1+cos0 _ sin (cosG;tl)
\ 1-cos® 1-cosf’
[ 3

i) ’secG+1 _ secO +1, (tanG ¢O)
secH—1 tan0

sin’ 0

(viii)

+cosH =sech, (tan6 = 0)

cos6




(ix)  secB—cosB=(cotd+cos0)(tanB—sinB), (sinB0 and cosd = 0)

(x) % = cosecOcot 0, (sin 0 7&0)
sin 0 + tan
2
(xi) sin?0= % (cosO #0)
2
(xii) cos’0= %, (sine 7&0)

(xiii) sinBcosBtan®+sinBcosBcot®=1, (sin6 0 and cos6#0)
2. Transform the first expression into second one:
(i)  (secO+1)(secO-1) into tan*O

cos® cosecO .

(i1) —— into —tan 0
sin@  cos6
.. . . l+cosH
(iii))  cosecO+cot into —
sinf

30.5 Angles of Elevation and Depression:
30.5.(i))Find angles of elevation and depressions

P
:‘f Eye level O Horizontal line P

» Angle of depression

£ Angle of elevation
e o

4 Eye level O Horicontal line A
Fig:30.21 (i) Fig: 30.21 (ii)

When an object is above the eye level of an observer, then the counter clockwise angle
from the horizontal line to the line of sight is the angle of elevation as shown in Fig 30.21 (i).
When the object is-below the eye level, then the clockwise angle from the horizontal line to the
line of sight is the angle of depression as shown in Fig 30.21 (ii)

In our daily life, it is used to find distance and angle relationships for object sighted a
long distance from observer either above or below the observer’s position. This involve uses of
angles of elevation or angle of depression.

30.5:(ii) Solve real life problems involving angles of elevation and depression.

Example 1: The angle of elevation of the top of the electric pole from a point on the ground 18
meter away from its base is 30°. Find the height of the electric pole.

Solution:

Angle of elevation from a point P (above the eye level) to the top of the tower B is 30°
and let “h” be the height of the pole. Pole is 18m away from the the top of the tower point P. In

APAB, we have @ = 30° and \ﬁ\ =18m

J




tan 30° = L h

|pA| 18
1w )
\/_
= : R
ff
= h= & = 6\/3_) meter.

3
Thus, height of the electric pole is 63 meter.
Example 2: Find the height of an object if the angle of elevation of the sun is 19° and the

Fig: 30.22

length of the shadow of the object is 1.7 meters.

Solution: Given that angle of elevation of sun i.e. 6 =19° and the length of shadow a=1.7m
as shown in the figure. B

Then,
tan19° = h = b
a 1.7 h
= h=(1.7)- tan19°
' = 19" o[
= h = (1 7) (03443) A k'l;l!lll of shadow = o *'}I‘,I'l‘t'lll c

= h =0.585m approx is the required height of the object.  Fig: 30.23
Example 3: From the top of a tower, the angle of depression to the nearest port of a ship at its
waterline is40°. If the height of tower is 35m, find the distance between the ship and the foot
of the tower.

Solution:

Let ‘x’ be the distance of the ship from point B to the foot of the tower at point A as
shown in the figure'and“h” be the height of the tower. c
Here,

h =35m, height of the tower,
0 =40° , angle of depression,

-
and x="7? 1
In AABC tan40°= E = 3—5
X X N
35 35 x 407
= X=———=——=41.71m (approx), B Water lovel "

tan40° 0.8391 Fig: 30.24

Thus, the distance of ship to the foot of tower is 41.71 meters, (approx).




EXERCISE 30.5

1. From the top of a light house 102 meters high, measure of the angle of depression of a
ship is 18°3(/. How far is the ship from the light house.

the length of the ladder. Q
Find the angle of elevation when a 6m high bamboo makes a shadow of I% 3m.

A ladder makes angle 60° with the ground and reaches a height of 6m on the wa

he point

towards the cliff, the angle of elevation is45°. Find the height of cliff.

An angle of elevation of the top of cliff is30°. Walking 210 m@
An observation balloon is 4280m above the ground and 6% ay from a farm
house. Find angle of depression of the farm house as observe t

he balloon.

REVIEW EXERCISEp 30

1. Multiple Choice Question M.C.Qs.

L.

ii.

iii.

1v.

VI.

Vil.

Spot the correct option.
The system of measurement in which angle is measured in radian is called:

(a) CGS System (b) Sexagesimal
(c) MKS system (d) circular system
The union of two non-collinear rays at common vertex is called
(a) anangle (b) a degree
(c) aminute (d) radian
10°= 4
(a) 600" (b) 3600 (c) 600 (d) 600
52 radians =
4
(a) 115° (b)  225° (c) 135 (d) 45°
lsec 45° =
2

@ 2 (b)

Si-

© % @

cosecB - sin 6=
(a) 1 (b) 0 (c) -1 d 05

sec’0—tan’ 0 =

@ o0 b 1 () -1 (d cos’H

(




viii. In unit circle for point (x, y), sin 6=

1X.

e

8.
9.

(@ «x (b)) -x (0 vy (d - vy
If sin 6= —% and 0 lies in the 3™ quadrant, then tan0=?
@ - b 1 © B @ %

If an object is above the level of an observer then angle formed between the
horizontal line and observer’s line of sight is called:

(a) an angle of depression (b) an angle of elevation

(c) an obtuse angle (d)  None of these

Define an angle and angle in standard position.
Convert the 70°30'90" into radians.

How many degrees are there in (7200)' .

2 .
Covert ?radlans to degree measure.

Covert 3radians to D°M'S' form.
T

Find », when / = 7cm and 6 = % radian

Find 6, when arc length equal to radius of a circle.
Prove that (1 —cos’ 9)(1 +cot B) =1

10. Calculate area of the circular sector when » =2cm and 0 =3 radians.

SUMMARY
Division of circumference of a circle into 360equal parts and angle subtended at centre by
each part is called one degree and it denoted by 1°.
The angle subtended at the centre of the circle such that arc length and radius of the circle
are equal then angle measured is of one radiation.
Sub-division of radian/degree measures,

° 1°= % radian ~ 0.01745 radians and

° 1°=(180 jz 57.3°
b1

» Formula for finding arc length of circle i.e./ =70.

1 1
» Formula for area of sector = Erze or = Elr.




Angles having the same initial and terminal sides are called coterminal angles and they
differ by multiple of 2n radians. They are also called general angles. <
An angle is said to in standard position if its vertex is at origin and its initial side{

positive x-axis.
In rectangular coordinate system two axes divide the plane into equal parts, ea @s
called quadrant. Hence, four quadrants are formed.

Angles between 0° and 90° are in Quadrant I %
Angles between 90° and 180° are in Quadrant II

Angles between 180° and 270° are in Quadrant III

Angles between 270° and 360° are in Quadrant [V

a quadrantal angle.

If the terminal side of the standard angle coincides with x-a% is, then it is called
There are six basic trigonometric ratios for angle 6. l@ar sin 0, cos0, tan0, cosecHd

secH and cot O
Reciprocal ratios, listed below: &
sinf = or cosecl ;
cosecH ’ &
1
cosf=——- or .
secO cose
tan = L ot = !
cotO tan®
An identity is an equati is true for all values of the variable (except where

value is not defined).
Three fundament: metric identities are:
@i  sin’0 % (i) sec’@=1+tan’0

+
(iii) cosecﬂ%ﬂ cot’0
When @i above the eye level of an observer, then the counter clockwise angle
r& ho

fro ntal line to the line of sight is the angle of elevation.

When the object is below the eye level, then the clockwise angle from the horizontal
ine to the line of sight is the angle of depression.
Vs
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