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Preface

This Textbook for Mathematics Grade 12 has been developed by NBF according to
the National Curriculum of Pakistan 2022-2023. The aim of this textbook is to
enhance learning abilities through inculcation of logical thinking in learners, and
to develop higher order thinking processes by systematically building the
foundation of learning from the previous grades. A key emphasis of the present
textbook is creating real life linkage of the concepts and methods introduced.
This approach was devised with the intent of enabling students to solve daily life

problems as they grow up in the leaming curve ad o@@ p the

conceptual basis that will be built in @@Xm
After amalgamation experienced authors, this book

was reviewed and fin tenswe reviews by professional educationists.
Effort
conce nteresting ways.

ake the contents student friendly and to develop the

The National Book Foundation is always striving for improvement in the quality of
its textbooks. The present textbook features an improved design, better
illustration and interesting activities relating to real life to make it attractive for
young learners. However, there is always room for improvement, the suggestions
and feedback of students, teachers and the community are most welcome for
further enriching the subsequent editions of this textbook.

May Allah guide and help us {(Ameen).

{/ K@af@angir
of /\f ( Q/VQ Managlng Director
oo st i




Application of Mathematics

Functions and Graphs: Functions represent relationships between variables and
their graphs provide a visual representation of these relationships. They are used
to study trends like profit versus cost in businesses, population growth over time
or changes in speed in physics. Functions help in predicting outcomes and
analyzing real-world data effectively.

Limit, Continuity and Derivative: Limits describe how functions behave near
specific points, continuity ensures smooth graphs without b atwes
measure rates of change like speed org wth g@@zssentml in
physics to calculate mstantan or cost optimization
and in biology for po

Integration; s calculate areas under curves, volumes, or
accu nt1t1es It is widely used to determine total distance from
velocity, analyze energy consumption and compute areas in construction
projects. Integration also has applications in physics, such as finding work done by
avariable force.

Differential Equations: Differential equations describe changes in dynamic
systems, modeling real-world processes like population growth, chemical
reactions and motion. They are used in engineering to design systems, in physics
to describe heat flow or wave motion and in biology to model disease spread.

Kinematics of Motion in a Straight Line: This studies the motion of objects along
a straight path using concepts like displacement, velocity and acceleration.
Applications include calculating stopping distances of vehicles, anal:%zlrﬁ.| free-

sport

fall under gravity and predicting the motion of Ob] %/k

systems. ; /\&“ & Qﬁ@
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Analytical Geometry: Analytical geometry combines algebra and geometry to
study the properties of shapes on the coordinate plane. It is used in designing
structures, solving distance and slope problems and planning urban layouts. It
plays a significant role in architecture and engineering.

Conic Section: Conic sections include circles, ellipses, parabolas, and
hyperbolas, which have various applications. Ellipses describe satellite orbits,

parabolas are used in designing headlights and bridges and rb @a&@:plied
incommunication systems and radar %esi g W%O@

Inverse Trigonometric Fun lmm ! Inverse trigonometric
functions calculate %&ﬁ@ ometric values, essential in navigation,
surveying, a it . Their graphs help solve problems involving slopes,
eleva s and real-world measurements requiring precision.

Solution of Trigonometric Equations: Trigonometric equations model periodic
phenomena such as sound and light waves. Solving these equations is crucial in
designing musical instruments, analyzing alternating electrical currents and
studying wave patterns in physics and engineering.

Numerical Methods: Numerical methods approximate solutions for complex
problems using algorithms. They are widely used in weather forecasting,
structural analysis of buildings and financial risk modeling. These methods make
it possible to solve equations that are difficult to handle analytically.
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FUNCTIONS AND GRAPHS

|
{

Functions have many applications in real life. One is the use of -
function in signal processing applications in engifieering, | Jﬁc]udiﬂg (¢
noise reduction, modulation, and ﬁltcrmg, For eXa.mplc functlbns in
audio processing are used to' analyz&atid sou;ud waves, which
makes it possnble to desxgn devices like- equalizers and noise-
canceling headph osnfem Similar to-this, functions are essential to the
encoding,® mhsrhj mg, and decoding of signals for wireless
communmatlon systems in the telecommunications industry.

After studying this nmit, students will be able to:

Recall definition of function, find its domain, codomain, range and its types.
Find inverse of a function and demonstrate its domain and range with examples.
Know linear, quadratic and square root functions.

Sketch graphs of linear and non-linear functions.

Plot graph of function of the type y =x" when (i) n is a + ve or — ve integer and x # 0,
(i) 7 is a rational number for x > 0.

Plot graph of quadratic function of the form y = ax? + bx + ¢, where-a, b /ammte g\qs
and . # 0. ) y\"\/ \II% m\\ﬁv
megraphusmgfactomandpred;etfmfcﬁo,ns&mq’qhw —

Find the mterscctmg grap]ma.ﬂy hen miel;ﬁectton occurs between (i) a linear
ﬁmctlon and co \axgsf(‘u) gr functions (iii) a linear function and a quadratic

M\nodulus functions.
Solwi Jgﬁf%

hically appropriate problems from daily life.
Classify algebraic and transcendental functions and describe trigonometric, inverse
trigonometric, logarithmic and exponential functions.
Define logarithm, and derive and apply laws of logarithm.
Graph and analyse exponential and logarithmic functions.
Apply the concept of exponential functions to find compound interest.
Solve problems involving exponential and logarithmic equations.
Identify the domain and range of transcendental functions through graphs.
Interpret the relation between a one-one function and its inverse through a graph.
Demonstrate the transformation of a graph through horizontal shift, vertical shift and scaling.

GRADE 12 & - " National Book Foundation



'UNIT-01: FUNCTIONS AND GRAFMS

\QIEI=
1.1 Function “xm
Afunctwnw set B assigns to each element of A exactly one element of B. The set A is
called the d of'the function and the set B is called the co-domain of the function.
Mathematically, it is written as f : A = B and is read as f is a function from A to B.

For example, if we are given two sets A={—1,1,2} and B= {1, 4, 9}, f

then f = {(—1, 1), (1, 1), (2, 4)} is a function because each clement of the r—\
set A is assigned to exactly one element of the set B. i.e. there is no A 5

repetition in the first element of ordered pairs in f. The first element of

each ordered pair in f is called pre-image while its corresponding second T——
element is called image of the first element. For example, in (2,4), 2 is the —
pre-image of4 and 4 is the image of 2.

If x is independent variable and y is dependent variable, then in general, a function f from A to B
is written as f(x) = y.

For example, in the above example,
F-D)=1Ff(1) =1 and f(2) = 4 ! %% @Eﬁ%@w@o

Explanation: As discusse
For example, if a tree n every year and the height 7
of the tree age as follows:

h(age) = age x 15
then the height of the tree after 10 year is A(10) =10 x 15=150 cm
“*h(10) = 150 is like saying 10 is related to 150 or 10 — 150
Here, 10 is the input and 150 is the output of the function.
1.1.1 Domain of a Function

The set of all possible values of independent variable
which qualify as inputs to a function is known as the
domain of the function. In the above example,

| Key Facts
A function in which real numbers
3? are used is called a real valued

Domain of function f =Dom f ={-1,1,2} function.

How to Find the Domain of a Function

To find the domain, we ensure that there is no zero in the denommator ofa fr 0 negative

sign inside a square root. In general, the set of all real num 0 n - main of a

function subject to some restrictions. For xa::@le

(i) When the given function is of th xy= x3 + 2x — 5, the domain
will be “the set of all :%ﬁ@

(ii) When the glven m f(x) = — the domain will be the set of all real numbers
except

GRADE 12 _ National Book Foundation



'UNIT-01: FUNCTIONS AND GRAFMS

(iii) In some cases, the interval be\specified z
0<x<10 3 ake the values between 0 and 10 in the domain.
(iv) Dom ons refer to the values for which the given function cannot be defined.

1.1.2 Range of a Function

The set of all the outputs of a function is known as the range of the function or after substituting the
domain, the entire set of all possible values as outcomes of the dependent variable.

In a function y = f(x),the spread of all the values y from minimum to maximum is the range of the
function. In the above example,

Range of function f = Rang f = {1, 4}
How to Find the Range of a Function

« Substitute all the values of x in the function to check whether it is positive, negative or equal to
other values. Eliminate the values of x for which the function is not defined.

* Find the minimum and maximum values for y.
1.1.3 Codomain of a Function

Ingeneral,therangeisthe f the codomain. But sometimes the codomain is also equal to the

range of the functi % 2 exan
Codomain ={1,4,9}

In short: —

Domain Co Domain

» Whatcan go into a function is called the domain. o~

/1| Range
! i
A2

» What may possibly come out of a function is called the codomain.
» Whatactually comes out of a function is called the range.

In the adjoining figure,

* Theset {a,b,c} is the domain.

e Theset{1,2,3,4,5}isthe codomain.

o Theset{l,2,3}istherange.

Example 1: Find the domain and range of a function f(x) = 2x? — 4.

Solution: f(x) =2x? —4 Key Facts
The given function has no undefined values of x. I o is Om" that
Thus, the domain is the set of all real numbe@. Yo fakes aw input and produces a
Domain = (—o0,0) = R

|

[}
/

If 0 e hctiohemd & example, the distance a car has

E Wzlllmt; a? m thfe g “ il traveled (the output) is dependent
orterre vaiues ot XrQirer franiha on how long that car has been

B _ driving (the input).

Hence, the e of f(x) is [4, o). i

"\ National Book Foundation




'UNIT-01: FUNCTIONS AND GRAFMS

Example 2: OW
Find the domai ction g(x) = vx — 3.

The given function is defined for all real numbers x greater than or equal to 3.
Thus, the domain of g(x) is [3, o).

If we put x = 3 in the given function, we get g(3) = 0.

For all real values of x, greater than 3, we get an output greater than 0.
Hence, the range of g(x) is [0, o).

1.2 Types of Functions f
121 Into Function S

A function f: A — B is said to be into function if there exists at least one
element or more than one element in B, which does not have any pre-
images in A, which simply means that every element of the codomain is

not mapped with elements of the domain. i.e., range (f) ﬂ o
In the adjoining diagram, f = {(a, 1), (b} 3) ction.

Some examples of into

e f(x)=sinx 1 is into function because it doesn’t cover all values in
the inf

e g(x) = x* where g: R — R is into function because it doesn’t map to any negative real
numbers.

s h(x) = e* where h: R = [0, o) is into function because it doesn’t map to zero.

1.2.2 Onto (Surjective) Function f

For any two non-empty sets A and B, a function f : A - B will be onto if TN
every element of set B is an image of some element of set A. i.e., forevery A B

y € B there exists an clement x in A such that f(x) =y which implies

rang(f) =B. i

In the adjoining diagram, f = {(a, 2), (b, 1), (¢, 3)} is an onto function.
Some examples of onto functions are:

e f(x)=2x  (Identity function)
e g(x)=e* wheng:R >R’ %@MW@O
TAAN
Al

GRADE 12 National Book Foundation




1.2.3 One to One (Injectiv \ ‘Funclt\mn :
For any two n étin-eqiptw ﬁéts A and B a function f: A — B will be one-to-one A/—\ B

if distinct elements of set A have distinct i images in set B. In the adjoining N
diagram, f = {(a, 2}, (b, 1), (c, 3)} is a one-to-one function. b i
A function f: A — B is one-to-one if f(x1) = f(x2) implies x1 = x. c

i.e., an image of a distinct element of A under f mapping (function) is distinct.
Some examples of one-one functions are:

f(x)==x (Identity function)

g(x) = 2x + 3 (Linear function)

h(x) =e* {Exponential function)

m(x) = vx (Square root finction, defined for x > 0)

1.2.4 Injective Function
A function which is both into and one-one is called an injective function. .
1.2.5 Bijective Function ~ P " \\ (.f\_:,
A function which is both onto and ong-one is cz(a/]led abgecuveﬁmcﬁtm \/o/ Ye A\ D
Bijective function shows one-qnc corresp(‘md/apcé hetWéep thc\ ele a‘.nts of two sets.
—— Key Facts
Various types of functmnﬂ are inenttoned in the below table:
m] ) ne function, Many-one function, Onto function, Bijective Function, Into
ion, constant Function
Based on the Fwdentity function, Linear function, Quadratic function, Cubic function,
equation olynomial functions
Based on the [Modulus function, Rational fuimction, Even and odd functions, Periodic
range ctions, Greatest and smallest integer function, Inverse function, Composite
ctions
Based on the [Algebraic functions, Trigonometric functions, Logarithmic functions,
domain xponential functions

Example 3: Check whether the function f(x) = 2x + 3, is one-to-one or not if
domain = {0.5, 1,2} and codomain = {4, 5, 7}

Solution: Putting 1,2and 0.5in f(x) = 2x+ 3, weget f(0.5) =4, f(1)=5and f(2) =7
As, for every value of x, we get a unique f(x) thus, the function f (x) is one to- ené?
Example 4: Check whether the function is one-to-one or not: f(x) —/ Zx -kyl\ -

Solution: To check whether the function)is or(e mone o; not let ) | '
o) '\.,(xﬂ/_ f (1’«23\
N '~..,2(x1)2 +1= z(xz)2 +1
RN 02 = (a2
Since (x,)?'=" (Jrz)2 is not always true, therefore the function is not one to one function.

GRADE 12 4 "\ National Book Foundation



UNIT01: mt'fi*w!.\is;am GRAFHS

Example 5: Check the typﬁ Actior — x* —1ifDom f(x)={1,—-1,2,—2} and
Codom f(w
Solution: (x) = x? — 1 with Dom f(x) = {1,—1, 2, —2} and Codom f(x) = {0, 3, —3}

Substituting the elements of the domain in the function, we get:
f=12-1=0
fED = (-1 -1=0
fQ=22-1=3
fED = (-2 -1=3
Therefore, Rang f(x) = {0, 3}. As, Rang f(x) = {0, 3} # {0,3,—3} = Codom f(x).
So, the given function is an into function.
Example 6: Find the type of the function f(x) = 3x + 2 defined on f: R — R.
Solution: Let, f(x)=y = y=3x+2 = y-—-2=3x = x=y—
Substituting the value of x in the given function f(x), we get:

@ =f(&)=3(33)

Since, we get back y after putl:mg the
onto function.
1.3 Inverse Functi

The invers ctlon f (x) is a function denoted by f~1(x) which reverses the effect of
f(x) and it undoes what f(x) does. In mathematics, the inverse function is also denoted by f~.
If f: X > Y, then f~1: Y - X. i.e., If the application of a function f to x as input gives an output
of y, then the application of inverse function f~* to y should give back the value of x.

It can be illustrated in the following diagram as:

)
Key Facts
X (Domainoff) Y (Range off) | o Ify = f(x) is bijective function
then x = f1(y).
- If fog(x) = gof(x) =x,
. theng=f"" and f = g~*
X (Range of f 1) Y (Domain of f~1) ‘ 131 —

v N [(o \o~
o O @@ -

i.e., The d (%r»‘;.\ s given ﬁmctlon becomes the range of the inverse function, and the range of
nction becomes the domain of the inverse function.




| A UNIT-01: FUNCTIONS AND GRAFMS
, 0 WO | '
Note that £~ is not the and not every function has an inverse. If a function f(x)
has an inverse es the same value twice. In simple words, the inverse function

exists onl oth one-one and onto function. Can we say that the inverse function is also
a bijective function?

Moreover, the composition of the function f and the inverse function f~! gives the domain
value of x.

fof 1(x}= flof(x) =x

1.3.1 Steps to Find an Inverse Function
Consider a function f(x) = ax + b.
¢ Replace f(x) with y, to obtain y = ax + b.

e Solve the expression for x to obtain x = ?.

e Replacex with f~1(y) to get f 1(y) =22,

. Interchangeymthxmthe function f~1(y) = —and get inye: c@m
fi) =22, @@@ ﬁ

y=f(x) -
respectto the 7
nctions are inverses of each /,
AL the fact that if (x, v) lies on the function, 7 y=F0)
then (y, x) lies on its inverse function. s
s’
Example 7: — 1~ / >
0 -
Find the inverse function of f(x) = — defined on f: R - R. /’ {/ x
rd

@ Find domain and range of function and its inverse.
(ii) Provethat fof i(x)= flof(x)=x
Solution:
@  Given functionis f(x) = =5
Dom f(x) = R — {2}
To find inverse function, let;
y=ﬁ 2 yx—-2)==x
= x(yv-1=

WW ﬂ Iy . Replacing y with x.

GRADE 12 — National Book Foundation



(i)

i r\ t/\/ﬁ

From the inverse ﬁmcﬁon, we see thé

Domf‘i(x? -;'Ri \(1) -

Hence,'|

Dom f = R—{Z}—Ra.ngf‘ and Domf !=R-—{1}=Rangf
fof () = FUF ) = £ (2 =FL=tm=5-% O

x
2x 2x

Frof() =) =f1(E) = —%2 =2 =Z=x @@
From (i) and (ii}, we get:
fof () = flof () =x

Find the domain of following functions.
O f@=x-6 @ s@=7 (1 hGD) S

A\ 1'?"// ;. \'. \ / o \¥

W i®=5; O Ji®F ’m DY o0 kG = VA T

Find the domain ancifauge of the ﬁm&uons e

@ fG ) 3(“'}'\ "\ f(x) =2x%+1 (i) f(x)=2vx-5

(iv) \?taé) —3 ) f(x)=1+sinx V) f(x)=3+Vr—2
(vii) f(x)=7 (viii) f(x) = (ix) f(xX)=(@x-1)2+1
® f@) == i) f(x) =22 (i) ) =258
Giventhat A= {0, 1,2,3},B={p,q,1,5} and f = {(0, p), (1, 9), (2, 1), (3, 5}}. Check whether

the function is one to one, onto and/or into.

A=1{2,3,4,5},B={b,c,d, e}. The function is defined as f = {(2, b), (3, ¢), (4, €), (5, €)}.
Check whether the function is one to one, into or onto.

Check whether the functions are one-to-one or not.
0 f=4x-7 @) f@=62+2 (i) fx)= 2

Check the type of function g(x) = 2x2 + 3x + 1 if Dom g(x) {0 1 23} and
Rang g(x) = {1, 6,15, 28, 35} O\ _ ANV /(o)

Find the type of the functlon h(x) = 2x'+ 1}d§:ﬁﬁad on h R - R
Iff:A—Bis deﬁnedb \'-f'(x) ———\for allx € Awhere A=R- {3} and B=R - {1}.
Then, shpwl;ﬂat ﬁ]e ﬁJnctlon f is bijective.

GRADE 12 1. "\ National Book Foundation



'UNIT01: FUNCTIONS AND GRAFMS

9. Find W% verse functions when;
@ )=4x -3 i fx)=_% (i) fx)= E

@) f@=VZ+Z @) f@W=x2+6 @) f&)="—r
Also prove that f(f ~*(x)) = f ' (f (x)).
1.4 Linear, Quadratic and Square Root Functions
1.4.1 Linear Function
The function of the form,
y=ax+b;a,beRAa+0
is called linear. It is a polynomial function s
of degree one.
For example, f(x) =x+2, g(x}=2x—-1 (\ﬂ@/ @
are linear functions. Q @@\N ] o 5 10
The graph of a linear functionis K@
line and the slope of any tw IS\ 3 by £
line is the sam i range of
the linear onisR. a()
1.4.2 Non-linear Function -1

A function that is not linear is called a non-linear function. A nonlinear function is a function whose
plotted graph form a curved line. For example, quadratic function, cubic function, square root
function and exponential function etc. The slope of every two points on the graph of non-linear is not
the same. Let us recall the shapes of the graphs of quadratic and square root functions here.

(a) Quadratic Function

The function is of the form,
y=ax®+bx+c;a,b,ceRAa+#0
is called quadratic.

It is a polynomial function of degree two.
For example, f(x) =x% +3x — 2 and
g(x) = 5 — 2x? are quadratic functions.

The domain and range of the quadratii O

function is R. The graph of a quadrat;
equation is U-shaped and 1 abo




For example,

f()=vx+2and g(x) =vxZ -3

are square root functions.

‘UNIT-01: FUNC TIONS &ND GRAFMS

(b) Square Root Functmg
The function o , Where g(x) g(x)

x20is a root function.

-10 & 5 10

The domain of square root function depends upon its formation.
1.5 Plotting Graph of Function of the Type y = x"

1.5.1 Graph of the Functiony=x";neZAx+ 0

For plotting the graph of the function

¥y =x";,neZ Ax + 0, we take different integral values
of n. For example, the table for the function y = +x3 is:

f@x g(x)

x 0

0.5

1

flx) =x3 0

0.125

g(x) = -

-0.125

1—1#

X
We observe that graphs o w\f&g
the same shape but 4

PN

The mhwm- -2,-1, 0, 1, 2 is shown below.

-\
wds
N
-

» the gra

¥ : c: ght ]me bisecting first and thu'd quadrant
> the graph'of y = x 1 is a hyperbola passing through first and third quadrant.

GRADE 12 — National Book Foundation



» the graph of y. Fx, ?has‘exponenual behavior with two branches.
» The graph dofy x™ pass through (1, 1).

Example 8: Draw the graph of y = x*.
Solution:
Table for some values of x and y for the function is:

x|—15]—-1] 0 | 1 | 15
y|506| 1 | 0| 1 [506

From the figure, we can see that the graph of

y = x* is U-shaped which opens upward starting
from origin. The value of y increases slowly for
real numbers —0.5 < x < 0.5.

After that it increases abruptly.

1.5.2 Graph of the Functiony=x™";ne¢ Q(A x20 \4 . /// (O

For plotting the graph of the function || LA\
y=x"neQAx>0,wé fake tﬁﬁ'erent NN\ s
integral values of n. For fxample., ‘the table

for the ﬁmgtrqﬂ §(] =lix V

x 05| 1 | 4| 6
fx)=x32 [035| 1 | 8 | 147

We observe that graphs of y = x3/2 has exponential behavior. -1

The graph of y = x™ forn = —g, —E, 0,2 2 is shown below.

’3’

GRADE 12

" National Book Foundation



From the above graphs, we observe that. W\
the graph of y =¥ 213 jg\¢loser to y-axis.

the graph ny =L ¥-9/2 maves away from y-axis as compared with the graph of y = x~2/3,
the graph of y = x1/2 is closer to x-axis.

the graph of y = x?/* moves away from x-axis as compared with the graph of y = x1/2,
The graphs of y = x™ pass through (1, 1).

1.5.3 Graph of Quadratic Function
We know that the polynomial function of degree two is called a quadratic function. This function is
ofthe form:
f(x)=ax*+bx+c;abceRanda+0
The graph of the quadratic equation is a parabola.
For example, y = x% + 2x + 1 and y = 2 — 3x? are quadratic functions.
Understanding the Graph
e ga: The coefficient g, affects the direction and width of the parabol& fa> Q{the jjarabola opens
upwards. If a < 0, the parabola opens downwards. The ’1argeb the absﬁhlte value of a, the
narrower the parabola. \
o b: This coefficient affects ‘itheposmon qf\Qle vertex honzontally (left or right) and slope of the
parabola at the vertex , \
Y, ’} e \ So, ‘the pomt (0, ¢) is on the parabola.
* x=—— 14 equation of axis of symmetry and is also the x-coordinate of the vertex.

VVYVVYyY

Example 9: Draw the graph of y = 2x? + 3x — 2.

Solution:
y=2x%+3x-2 )]
Comparing (i) withy = ax? + bx + ¢, wehavea =2,b =3 andc = -2
Step 1: Determine whether parabola opens upwards or downwards.
As g > (), therefore parabola opens upwards.
Step 2: Find and draw the axis of symmetry.

Equation of axis of symmetry is:
IS .
T 28 22) 4

Step 3: Find and plot the vertex.
The x-coordinate of vertex isx = — % : '

2 .
X-ax1s

of (0.-2)

So, th:| & N
Step 4: Fmd some more points if needed and plot the graph.

(-0.75,-3.125)

GRADE 12 1 "\ National Book Foundation



Table for some values of x and y fo: thc ﬁm&on is:

A [ o] 1
y|"0|-3]-2] 3
Form the figure, it is clear that the graph of function y = 2x% + 3x —2 is parabola.
Example 10: Draw the graph of y = 4 — 2x?
Solution: y = —2x% + Ox + 4 ')
Comparing (i) with y = ax® + bx + ¢, wehavea =—2,b =0and ¢ = 4
Step 1: Determine whether parabola opens upwards or downwards.

As a < 0, therefore parabola opens downwards.
Step 2: Find and draw the axis of symmetry. Equation of axis of symmetry is:

- b __ 0o _
YT T T 2y
Step 3: Find and plot the vertex. A0

The x-coordinate of vertex is x = 0. To find the y—ogordm#té substgtutevalue of xin
equation (i). We get y = —2(0)2 + MU)-}- 4

\ W ' ,"‘ y'“is © 4
So, the vertex is (p @ ~\\V \ DA
Step 4: Find some more points"'lf needc | and plot
thegrap\h“\“\”\ll \J 2
Tablg: Eor some values of x and y for the x-axis
function is: 2 0 2
x|—2]-1] 0 1] 2 \
y|—4| 2| 4] 2|-4
The sketch of the graph is shown in the figure. 4

1.6 Drawing Graph Using Factors
Letus draw the graph of quadratic function using factors.

Weknow thaty =ax” + bx + cis a quadratic function where @ # 0 and the graph of such a function is
a parabola. These graphs can be tricky to sketch manually, but factoring the quadratic gives us all of
the information we need to do so successfully.

Procedure: A
The points where any parabola intersects the x-axis w111 be the solutlons to thc equatmn:‘

Now if we can factor equatlpn(l) inthe f ] | W
{ x_f";(x‘-—xil)’(x—xz) =0
thenby the 2810 pmqpe'qﬂfoperty we get:

x=x and x=2x,
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This means that x, and x, arethex-intercepts In other words, graph will intersect x-axis at (x,, 0) and
(%, 0). The constantc. ftells;us what the y-intercept will be. More specifically, the constant term ¢
places the y-mtj.erciépt af (0, ¢), giving us a third specific point on y-axis. Likewise, the value of a tells
us whether our parabola will open up or down. If a is positive, the parabola opens upward. If it is
negative, the parabola opens downward.

‘We can also figure out the vertex of the parabola by factoring the quadratic equation.

The x-coordinate of the vertex of a parabola is the arithmetic mean of two x-intercepts = "12&

Once we have the x-coordinate, we can determine the y-coordinate by plugging the x value into the

given function and solving for y. With these four specific points including both x-intercepts,

y-intercept and the vertex of the parabola, we can create an accurate sketch of the graph quickly and

casily.

Example 10: Draw the graph of y = x? — 8x + 12 using factors.

Solution:

Given function is: y = x% — 8x + 12

To get x-intercepts, put x2 —8x+12=0

After factorization, we get:
X, =2, X3 =6 V.

= The graph intersects x-axis at (2, 0) and (5,0).

To find y-intercept, Jgu]m;FOmthe given function

which glveQ\gf\j? 2.

Therefore y-intercept is (0, 12).
Xq+%o — ﬁ =4

Vertex: x-coordinate of vertex = — =

Substituting, x =4 in given function, we get:
y-coordinate of vertex = 4% — 8(4) + 12 = —4
=~ Vertex = (4, —4)
As a = 1 > 0, therefore parabola opens upward.

The graph is symmetric about x = 4. The sketch of the graph is shown in the figure.

Example 11: Draw the graph of y = —x? + 4x — 4 using factors.

Solution: 2,0

Given functionis: y = —x? + 4x — 4 g 1 *
To get x-intercepts, put: - S
~x?+4x—4=0 =2 -(x®—4x+4) =0 3 x* —dx+4=0
After factorization, we get repeated roots: WA T QAN &

X =2, J,:z,.-'-'tz

This shows that the graph intcmects x—axls a}(z, 0), 420, -4) 4, -4y
which is the vertex of the parabola.
To find y-infercept, put x = 0 in the given function

which gives y = —4.
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Therefore y-intercept is (0 - ; >
a=-1<0, showa, : I Check Point NN
downwards, A&i the' graph is symmetric about Draw thze graph of

x = 4, therefore parabola also passes through y= 2: +6x +4

(4, —4). The sketch of the graph is shown in the figure. using ’

1.7 Predicting Functions from Their Graphs

The method is explained with the help of following examples.

Example 12: Predict function from the graph. y-axis

Solution: 4

The graph shows a line passing through points
(2,0) and (0, —2).

Slope of the line is:
otz _ 4

2=-0
Equation of the line is:
y—0=1(x —2)
y=x-—2
Which is the reqmred

Example 131 d’ﬁaﬂi& functmn from the graph.
Solution:

The graph shows a parabola passing through points
(2,0) and (—1, 0) and (0, —4). We know that the
equation of the parabola is quadratic.

Now, the equation of the parabola passing through
{p, 0) and (g, 0) is of the form:

y=a(x —p)(x—q) wherep = 2,9 = —1 and

a > 0 as the parabola opens upwards.

Substituting the valucs of p and g in the above
equation, we get:

=a(x —2)(x+1) @)

Smce the parabola passes through (0, —4), therefore N

from (i), we have:

—4=q(0-2)(0+1) = _4_ = a(—Z) »=’-.‘

Therefore from (i): PN

y=2x-2)(x+1) =\ y=2
NINAVAS

GRADE 12

(Pomt slope form of J:he( lme) » ) )

y-axis

20

5 5
X-8xX15

Key Facts
Equatlon of parabohc function
passing through (p, r) and
(g.r)is:

y—r = a(x - p)(x— q) where
I p, q and r are positive.
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1.8 Graph of Modulus Functlons

A modulus ful:rctlpli (abgolute valued function) determines a number's magnitude regardless of its
sign. Ifxis atkal number, then the modulus function is denoted by:
=|x|] or f(x)=|x| wherex€R.

The modulus function takes the actual value of x if it is more than or equal to 0 and the function takes
the minus ofthe actual value x if it is less than 0.
1.8.1 Domain and Range of Modulus Function
The domain of modulus function is R while its range is the set of non-negative real numbers, denoted
as [0, o). Any real number can be modulated using the modulus function.
Example: Consider the modulus function f(x) = |x|. Then:

o Ifx=-5theny= f(x) = —(—5) = 5, since x is less than zero.

« Ifx =6,theny = f(x) =6, since x is greater than zero.

o Ifx=0,theny= f(x) =0, since x is equal to zero.
1.8.2 Graph of Moedulus Function A\ (¢
Consider the modulus function f(x) = x| . [\ R AL
Table shows the values of f (x) below \ (T )\

x -3|-2|-1 0—‘»] 1 ( 2 \ B

f(x}| 3 | 2 1.\\ ] '\]1 N | 0 12 | 3 1
It can be mfe’nl't'ad that for all possible values of x, — —
the function f(x) remains positive. 3 2 1 0 1 2 3

1.9 Finding the Intersecting Points Graphically
1.9.1 Imtersection Pointbetween a Linear Function and Coordinate Axes

As we know that the graph of a linear equation is a straight line and the points of intersection of the
line with axes are called intercepts. v

Example 14: 1
Find x-intercept and y-intercept of the function: f(x) = 122 2+3y=12"]0, 4

3
Solution:

x | 6 |03
fol 0o |42

The graph of line f(x) = =2 is shown in the adjommgf NN ICE
figure. From the graph it is clear that: \\/7' )\

e The line crosses the x-axis \at

Check Point SNENEG

So, its x-interceptig 6. | |\ x and y-intercepts of a line are —3
« The line: q;qsseg {he y-axis it (0 4) and —5 respectively. Find points of
So, its y-intercept is 4. intersections of line with axes.
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1.9.2 Intersection Point between tWoLmsr Functlons

While solving simulas &us linear functions graphically, keep in mind the following points.
1. Draw eachjlmear functlon on the same set of axes.

2. Find the coordinates where the lines intersect.

Example 15: Find the graphical solution of f(x) = — and g(x) = x — 3.
Solution: 4
. 6—x . \ 7
Table of values of function f(x) = - s (&)
2
X 6 | 0|4 0(4,1)
fx)| 0|31 _ __/ \
Table of values of function g{x) = x — 3 is: N
x [3]0]5 2§
gix)| 0 |=-3| 2 /4
The graph of functions f(x) = — and g(x) = x — 3 is shown in ;he ad;ommgﬁgm

From the graph it is clear that the both linear fqnctlons mterseqteaohathe:r/at pomt 0(4 1).

Therefore, point O(4, 1) isthe graphlcal solutmn, of the gwcn linéar functions.

1.9.3 Intersection Point betWeen aLineBFE‘uhcﬁon and a Quadratic Function

As we know that the\\g_faﬂh of a quadratlc equation is a curve. The point of intersection of a linear
function aqdl guad: fic furictionis a point where both the graphs intersect each other.

Example 16 \Solve f(x)=3x+4and g(x) = 5 + 3x — 2x2 graphically.

Solution:
Table of values for f(x)=3x+4 is:

x | 0 |—-1]1
fo| 4 | 17

Comparing the graph of
g(x) =5+ 3x — 2x2, with
y= ax? + bx + ¢, we have:
a=—-2,b=3andc=5
Here, a = —2 < 0, so the curve will open
downward.

Table of values for g(x) =5 + 3x — 2x?

x |—2[-1]0]1] 2 :
gx)| -9 0 [ 5] 6[\3 [ =4[V \
Both the graphs intersect each other at )\

A(=0.7,19) and BO.7,6.1): -
Hence, soluﬁbn se'tis {(—=0.7,1.9), (0.7, 6.1)}
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1.9.4 Solving Problems Graphleally frm}Dally Lnfe
See the followmg cilamﬁlic to'understand the method.

Example 1757
g(x) = 2x — 4 respectively. Draw the graph of
paths of both planes and find the point, where
both planes pass.

Solution:
In the figure, red line represents the path of

first plane while blue line represents the path

alrplanes are moving along the paths representing f(x) = x + 2 and

of second plane. 3 o7& s 5
The graph shows that both planes pass through / / ®
the point (6, 8). ﬂ

b

o

Exercise 1.2

Plot the graph of the functions: ~ N\ / o) \ oo~

O r@=3-2_ @ \fes 00 L) rw=1-2
@) g0 =x*+4\\T @\ \ g(x) = ‘-6 o) gx) =vIxF1
Plot the gra h ef oﬂOWm_g fltmhons

@) N fjﬁ:t\); +1 () fx)=2x° (i) fE)=1+=x72
@v) f () =32 ™ fx)=2-x"7 i) f(x)==x2

Find possible x-intercept, y-intercept and vertex of the following functions and then plot.
0 fX=x*+2x+1 i) f(x)=-2x?+2x-1

(i) fx)=x%*+2x (iv) f(x)=9— x?

Draw the graph of following function using factors.

@ fx)=x*-2x+1 ) f(x)=x*-7x+12

(i) f(x)=x%-2x (iv) f(x)=—-2x*+x+3

™ f(x)= 4x? —4x iv) f(x)=6—x2—x

Predict algebraic functions from the following graphs.

@ (i) ) (iif) . (iv)

Plot the gra]])h pﬂ fo]lowmg and ﬁnd pomt of intersection of function with axes.
(i) )7'—'+-lx‘+l- (ii) y=6—-3x (iii) y = x* — 5x
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7. Find graphlcal sol tlon ofy V-
O SRS g =—2x+1 @) fG)=2Q2+x), g0) =x* +1
(i) F(¥) =5+3x, glx) = -2 +5 (iv) f(x) =1, g(x) = —2%% + 2x +5
) f(x)=2+3x+x% g(x) =5+ 3x — 22

8. Draw the graph of following modulus functions.
() f(x)=-15|x] (i) f(x) =1+2|x]| (ii)) f(x) = 3lx| +x

9. The equations for supply and demand are given by two linear equations:

Supply equation: S(x)} = 2x + 10; where x is quantity and S(x) is the price.

Demand equation: D(x)} = —3x + 40; where x is quantity and D(x) is the price.

Find the equilibrium point where the price of supply equals the price of demand by drawing
the graphs of both equations.

10. Suppose a ball is thrown into the air and its height h(t) after t seconds is given by the parabolic
trajectory: h(t) = —6¢2 + 10t + 5. If this ball hits a wall 10 m high representing the
equation: h(t) = 9t. By drawing the graphs, find out when and where theball reaches the wall.

11. Two asteroids are following the parabolic paths mprcscﬁtcdb}* f (x) =x%=7x +12 and

g(x) = x(x — 3). By drawing the ‘graphs of both tmgeotones, find out the place from
where, both asteroids. wﬂlpass )

1.10 Algelg agdﬁﬁltihanscendental Functions
1.10.1 Algeisralc Function
An algebraic function is a function that involves only algebraic operations. These operations include
addition, subtraction, multiplication, division, and exponentiation.
Types of Algebraic Functions
Main types of algebraic functions are:
(i) Polynomial Functions
A function of the from p(x) = apx™ + a1 x* 1+ -+ a,x + a;, where ay,ay, ..., a, are
constants and n is integer, is called a polynomial function. Some examples are:
e f(x) = 3x + 7 (linear function)
¢ f(x) =x?—2x + 5 (quadratic function)
¢ f(x) =x*—T7x+ 7 (cubic function)
¢ f(x) =x*—5x%+ 2x — 8 (biquadratic function) _
e f(x)=x%—7x+ 3 (quintic ﬁ.mct:lon) [N
(if) Rational Functions WAL S
A function that is composed of two flmctlons and expressed in the form of a fraction is a rational
function. If f(x) is a rauonal ﬁmctmn, then F(x) = p(x)/q(x), where p(x) and q(x) are
polynomlals and qﬁx) # 0 is called a ratlona.l function. Some examples are:

|
U\

WA f@) =

—4
2x+3 1) = T er v 1
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(iii) Power Functions | W\
The power funct cm; anq: Jthhe form f (x) k x® where 'k' and '@’ are any real numbers. Since 'a'isa
real number ‘the exponent can be either an integer or a rational number.

Some examples are: )
f(x) = %%, f(x) = x~*(reciprocal function) and f(x) = vx — 2 = (x — 2)z
Properties

» Algebraic functions are closed under addition, subtraction, multiplication, division and
composition.

» Algebraic functions are easy to solve, differentiate and integrate.

Application

« Physics and Engineering: Simple mechanical system, the motion of objects under constant
acceleration.

» Geometry: Many curves such as circles and ellipses.

1.10.2 Transcendental Fupetions -~

The functions which are not algebraic are called transcendentall 'These funcﬁons can only be

expressed in terms of infinite series. Some exaanples are:

e Exponential functions: f (x) =%, g(x7' = aﬁ 5\

o Logarithmic functions: f(x) "'. ';gax, g ‘x) lnx where base g is a positive constant,

 Trigonometric qxp?upns \f(x) = sinx, g(x) = cosx, h(x) = tanx

o Inverse %bﬂ(b etrlc functions: f(x) = sin"*x, g(x) = cos™'x

o Hyperbollc functions: f(x) = sinhx, g(x) = coshx, h(x) = tanhx

« Inverse hyperbolic functions: f(x) = sinh™'x, g(x) = cosh™1x

e Special functions: Bessel functions, Gamma functions, error functions etc.

Properties

« These functions are not expressible in terms of a finite combination of algebraic operation of
addition, subtraction, division, multiplication, raising to a power and extracting aroot.

» These functions often exhibit more complex behavior like periodicity (in the case of
trigonometric functions) and rapid growth (in the case of exponential function).

Application

» Science and Engineering: Exponential and logarithmic functions are critical in modelling
growth, decay and oscillation in natural systems.

« Signal processing: Trigonometric functions are fundamental in ana.lysmg waves sounds and
signals. sl

» Mathematical analysis: Many problems umalculus dJﬂ'erentlal equafions and complex analysis
involve transcendental functlons \ SR\

1.103 Loga.l‘ithmicFuncﬁn‘ 8,

Logarithmic functions férm a ﬁmdamental class of transcendental functions. These functions are
inverse of ¢ exp eﬁtial functions. They play a crucial role in mathematics, science, engineering and
many applied fields.

GRADE 12 e "\ National Book Foundation



@m
'Lf\}wqﬁﬁ“\\(fT\

Definition: If you have an exponentlal ﬁmct%n of the form y = a* where a > 0 and a # 1, then
the loganthmJJc ftm?qu fis defined as:

NN x =log,(¥)

Replacing y w1th x, we have:
y = loga(x)
Here, log,(x) is read as logarithmic of x to the base a.

Base of the Logarithms
The base of logarithm determines its specific type. Some types are:
o Natural logarithm: It is written as log,(x) = Inx where e =2.71828... is called
Euler’s number.
o Common logarithm: It is written as log,,(x) where a = 10.
o Binary logarithm: It is written as log, (x) where a =2.
Properties
o The logarithm is the inverse of exponential. If y = a*, then x = loga(y).
This means log,(a*) = x and @'°820) =y, XN\
¢ The domain of log,(x}isx >0 because we cannottakc\the lqgauthm of 2ero or a
negative real number. il

Laws of Logarithms O\ ~—~\\ AN~
« Product Rule: lo (xy) \loga(x) + log,(y)
: gegwﬂb llogs (2) = loga(x) — loga )
. Power Rule: log,(x™) = n log, (x)
o Change of Base Rule: For any positive bases @ # 1 and b # 1:

logb (%)
0Ba(®) = {3

Note: As a* = 1, therefore log,(1) = 0.

Graph of Exponential Function

» If the base, g is greater than 1, then the function increases
exponentially at a growth rate of g. This is known as
exponential growth.

» Ifthe base, ais less than 1 (but greater than 0) the function
decreases exponentially at a rate of a. This is known as
exponential decay. ] L A0

* If the base, a is equal to 1, then the function trivially — [ \ (GRYVVE
becomes y = 1. This means exponennal functlon 'always | S
passesthrough(0,1). .\ BR\ e

» Thepoints (0, 1)and (1, a)arc alWay“,“ nihegraphoftheﬁmctlony a*,

* Exponential function: takes Only positive values and its graph never touches x-axis.

» The domap.ﬁ‘of rtZe exponentlal function is the set of all real numbers, whereas the range of this
function is the set of positive real numbers.

=)
Xy
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Graph of Logarithmic Functlon

Solution:

Example 18: Draw the graph of f(x) = e~%5%, \
Table of values for f(x) = e~%5% 10

When graphed, the. lpﬁanthnnc functlon is similar in shape y=a’
tothe squaré root function.

The logarithmic function always passes through the point
(1,0)because 1og, (1) = 0.

The curve approaches to y-axis but never touches it.

The domain of the logarithmic function is the set of all _/o : -
positive real numbers, whereas the range of this function is (

the set of all real numbers.

For a > 1, the value of function increases as x increases.

For 0 < g < 1, the value of function decreases as x increases.

in

x |=-5|-2|-1|0]|1

gG) | 12 |27 16| 1 |06 04 02| |¢
Graph is shown in the adjomm g ﬁgure \\ o~

Example 19: Draw the, phof Lo [—

() fG) =g ) gy = Inx +3)
Solution: \J“ In{x +3)
Table of values for f(x) and g(x) is: 2 %
x [0 ]o01]o5 |1 ]4]10 Pl
-4 o 2 4 B 8 10
f(x| - |-23|-07| 0 |14 2.3
g(x)| 109|113 | 1.3 |14 19| 26 2
Graph of both functions is shown in the
adjoining figure. +
Applications

Growth and Decay Model: Logarithm functions are used to model phenomenon that grow rapidly
at first and then slow down such as population growth or the spread of deceases.

pH Measurement in Chemistry: The pH of a solution is the loganthnuc measure of the hydrogen

in cm concentration. AN\ A((
pH = —logyo[H* 1. AR E

Sound Intensity (Dec1bels) The dec1be1 scale thch meaSures mtensxty, isa lo ganthch scale:

hereIis the in 1ty df the sound and L is the reference i mtensny
Informahoﬂ 'Thbory Logarithms are used in information theory to measure information content

and entropy.
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'UNIT-01: FUNCTIONS AND GRAEHS

« Compul

Conclusions

Logarithmic functions are powerful tools for dealing with exponential growth and decay as well as
for measuring and comparing quantities on vastly different scales. Their unique properties and

applications make them essential in both theoretical and applied fields. Most of the applications, we
find, are in the fields of engineering and computer technology.

Example 20: Suppose that Rs. 30,000 is invested at 8% interest compounded annually. In ¢ years,
it will grow to the amount A(t) given by the function: A(t) = 30,000 (1.08)*

() How long will it take until then is Rs. 150,000 in the account?

(ii) Let T be the amount of time it takes for the Rs.30,000 to double itself. Find T.

Solution:

(i) We set A(t) = 150,000 and solve for t.
150,000 _

t -
150,000 = 30,000 (1.08)° = (1. 08) 5000 @ @
Taking natural log on both sides, we get:-) S \ @ w

n(1.08)* =in5 = tln(l[l

In5

> t= In(1.08) m

HMW 20.9 years for Rs. 30,000 to grow to Rs. 150,000.

(ii) To fin ubling time T, we set A(t) = Rs. 60,000, t =T and solve for T.
60,000 = 30,000 (1.08)" = (1.08)T= 2X0_9

30,000
Taking natural log on both sides, we get:

in(1.08)T =2 = T in(1.08) = In2
In2 0.6931

= T'= In(1.08)  0.07696 2

Therefore, doubling time is about 9 years.
Example 21: In 2020, the population of the country was 249 million and the exponential growth
rate was 0.9% per year. If P(t) = Pe" is exponential growth function, then:
(i) Find the exponential growth function for the given data.
(i) What would you expect the population to be in the year 2028?
Solution: Key Facts
(i) Here B, = 249, r =9% = 0.009 | : = Pe™

The population growth function, gives: Is @ in the

a P(t) = P,e”" models the

P(t) = 249 x ¢000% (a)
ii) In 2028, we have t =

@) we have @) decay or decline in the

quantity where r > 0.

To find the population i

P(B)=2 ks
0747 = 267.6

Therefore, population of the city in 2028, will be about 267.6 million.
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'UNIT-01: FUNCTIONS AND GRAFHS
T l -

Example 22: The rﬁoaﬂu&)ﬁ}? rbon-14 has a half-life of 5750 years. The percentage of
Carbon-14 present i dead animals can be used to determine the time of death of that
animal. Hdﬁ{ animal bone that has lost 40% of its Carbon-14?
Solution:
First of all, we find constant r using the concept of half-life. When t = 5750 (half-life), P(t) will
be half of B,. Thatis P(t) = 0.5P,
Therefore, the decay function P(t) = P,e~™ implies:

0.5B, = Poe—r X5750 = (0.5 = e 7 X5750
Taking natural log on both sides, we get:

In(0.5) = Ine""*57%% = In(0.5) = —r X 5750
_ _ In(os)
> r=-222~000012

We have the formula: P(t) = B,e~%00012¢
If an animal bone has lost 40% of its Carbon-14 from an initial amount F,, then 60% of P, is the
amount present. To find the age ¢ of the bone, we solve the decay ﬁmctlon for
0:6P, = P,e~000mat [P(t) =60% of B, = P(t) = @
0.6 = e~900012¢ = |n(0.6) = @0 08 = —0 00012t
_ 05108

= ~ 0.00012 =424 &
Therefore, out 4257 years old.

1. Draw the graphs of functions.

(@) f(x)=e* (i) g(x)=e%* (i) h(x) =2—¢*

(iv) R(x) =1+e7%* ) f(x) =In(2x) (i) g(x) =log(x + 1)

(vii) R(x) = 3 +1og(x)  (viii) f(x) = €%6* and g(x) = In(0.6x)
2. The number of compact discs N (in million) purchased each year increasing exponentially is
given by:

N(t) = 7.5(6)%5¢
Whete t = 0 corresponds to 2024, t = 1 corresponds to 2025 and so on, ¢ being the number
of years after 2024.
a. After what amount of time will one billion compact discs be sold in @m

b. What is the doublmg talme on the sale of ompact di ({,’ :ﬁo ; @
ually. After ¢ years, it

grows to the amounté
= 50,000(1.06)"
a. After &/\ e will Rs. 50,000 grows to Rs. 450,000?
ubling time.
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g}'pwth rate of thepopulatlon of the city is 1% per year, After how many

4, The exponentiz
years, the popU ation will be doubled?

5. The populat:lon of the world was 5.2 billion in 1990. The exponential growth rate was 1.6%
per year at that time.

a. Find the exponential growth function.
b. Find the population of the world in 2000.
¢. In which year the world population was 8 billion?
6. Students in a mathematics class took a final exam in monthly intervals thereafter. The
average score S(t), after t months was given by:
S(t)=68—201log(t+1); t=0
What was the average score when they initially took the test (t = 0)?
What was the average score (i) after 4 months (ii) after 24 months?
Graph the function.
After what time was the average score 507 W\
7. If P(t) = P,e™ denotes the growth function of oil andthe exponen’tlal gmwth rate«of the
demand for oil is 10% per year, when wrlll the demand be doubled‘?
8. Approximately two thu‘d of all- Al um cans \distributed are recycled each year. A
beverage company dJstnbutes 250 000 cans. The number still in use after ¢ years i3 given by
the ﬁmctmn ] J N \ | o AL 2
N N(t) = 250,000 (5)

a. After how many years will 60,000 cans be in use?
b. After what amount of time will only 1,000 cans be in use?

pogs

t

1.11 Domain and Range of Transcendental Functions through Graphs

If a weight is attached to a spring andthe I 2 3 4 5 )
weight is pushed up or pulled down and N

released, it tends to rise and fall alternately. 5 ;‘? } ‘ E: LY
. . . 11 e .= e 2 s =/
The weight is said to be oscillating in 3T = 2 Z 3/
harmonic motion. If the position of the & =< z €
weight y is graphed over time the resultisthe }, < Q /
graph of a sine or cosine curve. Nl & "/

1.11.1 Graph of y =8in8® and y = cos8 1S\ (P
To graph the sine or cosine function, we use the horizontal’ axm for the values of 8 expressed in
cither degrees or radians and vertical axm forﬂle vaIues Jof §ing’ 'of cos. Ordered pairs for these
points are of the form (8 sm9) or (9 cosﬂy

[ 0° | 15° | 300| 45“?‘2 ”‘-.60"" 75" 90° | 105° |[120° | 135°| 150° | 165° | 180°

sing 0-:;,'.“07,'.'3'1{‘ '{,‘0;5” 0.7 1087 (097 1 097 1087 | 0.7 | 0.5 0.3 0
cos@ | 1 [097]087]| 07 | 05 |03 0 |03 (05 |07 |[-087 [-097 | -1
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S '\)\/ﬂ \\\\\\
g 195 [ 2100 [ 2250\ 2407 [ 25%° [ 270° 285 | 300° [315° | 330° | 345° | 36%°
sing | - 0.3 -Oq —07 <087 | -0.97 -1 097 | 087 | 0.7 -0.5 -0.3 0
cos0 -0;1-9_171 087 (07 | 05 | 03 | 0 03 |05 | 07 | 087 | 097 | 1

-360° 2 -1 ° 9§° 1 o°
V-3

)
%

-1

From the behavior of graphs of sine and cosine functions, we can easily predict the domain and
range of both functions which are:

Function Domain Range .

y=sinf | R=0¢e(—,0)=—00<f < yelrk, 1]““-153!31
y=cosf | R=0¢c(—00,x) = r—oo <,6<ca (}rg\{\ﬁ'ly,i;}— -1<y<1

1112 Graph ofy = tan@and'y —tmto-\\.,_«_.,\f‘_—;! 3
Similarly, by drawmg ﬂ} graph ny “tand , g
— \
and y = C% N ﬁﬁ\éhﬁ E\asﬂy predict the domain ;
and range o fboth functions as follows. ; , /f
Function y = tand _;;i /
1r / f
Domain 8#(2n+1)5;nez / }é P
Range R ,

Function
Domain
Range

o
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UNIT-01: FUNCTIONS AND GRAI‘F[ﬁ

1.11.3 Graph of y = sec *

Domain anw ::y cosec8 is obvious form the graphs of both functions shown
below.

S
|
i

2T : 4 0 T 2 21 T 0 i 2n
-1 -1
. m
3
o mﬁm
Ay A"

Function y = set;f o g\n\tgtl\ﬁ\\)sju @é\%&é
Domain 0 *(2n b\ﬂ%\\é&“ (w 0 #nmneZ

Range M‘W\A Range y£-1Ly21
Q‘: _°°:_1] U [1: m) or ye€ (—00, _1] U [1, m)

1.12 Relation Between a 1-1 Function and its Inverse through Graphs
1.12.1 One-One Function and its Graph
One to one function is a special function that maps every element of the range to exactly one element
ofits domain i.e., the outputs never repeat.
Examples: (i) The function f(x) = x — 3 is a one-to-one function since it produces a different
answer for every input.
(i) The function g(x) = x% — 1 is not a one-to-one function since it produces one output 0
for the two inputs 1 and —1.

2

-2

o

One-One Function Not a One-One Function
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1.12.2 Horizontal Line Test '

The horizontal line tﬁstqshhsedtodetermme whether a function is one-one when its graph is given. To

test Whethé‘,i‘jH;Ifl_L‘_,‘l Function is one-one from its graph just take a horizontal line (consider a horizontal

stick) and make it pass through the graph.

» Ifthe horizontal line does not pass through more than one point of the graph, then the function is
one-one.

» Ifthe horizontal line passes through more than one point of the graph, then the function is not one-one.
Examples: If we draw horizontal lines on the above graphs, we observe that:

(i) The graph of f{(x) = x — 3 passes horizontal line test, so it is ono-one function.

(ii) The graph of g(x) = x* — 1 fails horizontal line test, so it is not ono-one function.

A N |

l}i.\S\ di:e one functon. a{x) 18 not a one-one function.

W o |
Check Point /5
By using horizontal line test, check whether the function y = »° is 1-1 function or not.

1.12.3 Inverse of One-One Function

Suppose f: X — Y is a one-one function. Since every element y of Y corresponds with precisely

one element x of X, the function f must determines a “reverse function” g: Y = X

whose domain is Y and range is X. Then f and g imply that:
fxy=y and g@)==x

or  fg») =y md gUf(x)=x

The function g is given the formal name as “inverse of f™.

From the above discussion it is clear that:

Dom f =Rang g and Rang f =Dom g

Definition: 0\ (CIOUBE

Let f be a one-to-one function with domain X and range Y. The'i verse-of f is a function g with

domain Y and range X for which: 7\( O

fg) = y foreveryy in’¥ \(“and \\ g(f(#)) = x foreveryxinX.

Symbolically the inverse Jc,affg function f is denoted by £ ~*. Thus, g(x) = £~ (). Itis to be noted

that f ‘1(x)\:.\j’ls‘;ﬁdﬁ_ _ he same as [f(x)]~L. In terms of this new notation, we have:

FF@) =) ==

\
)

|

/
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1.12.4 Properties of the Inv rse bf_ "()"‘I‘iéﬁtt}f)ilé'l?-l'lnctlon

Here are the propcrfneq df thcmvcrsc of one to one function:

e The ﬂmq’tionf has an inverse function if and only if f is a one to one function.

« Ifthe functions f and g are inverses of each other then, both these functions are one to one.

» f and g are inverses of each other if and only if f(g(x)) = x, x in the domain of g and
g (f(x)) = x, x in the domain of f.

s If f and g are inverses of each other then the domain of f is equal to the range of g and the
range of g is equal to the domain of f.

o If f and g are inverses of each other then their graphs will make reflections of each other on
the line y = x.

o Ifthe point (a, b) is on the graph of f then point (b, @) is on the graph of 1.

Example 23: Find the inverse of f(x) = +3 (X FE g, then represent f and f~* graphically.

Solution: Given that f(x) = ——;x # >

Since f is a one to one ﬁJnctlon, therefore:

fE()) = m [Replacmgx withy f_ 1(JC)
O Y \ g

Solving for f~1(x), we et' \

PN NS

= x=

= 2f" 1(x) “+3 > flE="2

Graph of function f(x) and f~1(x) are shown in the adjoining figure. From the graph it is clear

that if any point (a, b) is on the graph of f(x) then point (b, @) is on the graph of f ~*(x).

Challenge: Can you find inverse of f(x) given in example 23, by any other method?

Example 24: Given that f(x) = 3 — 4x is one to one. Find its inverse and represent f and f~!

graphically.

Solution: Given that f(x) =3 —4x or y=3—4x

Solving for x, we get: "

= 4x=3-y > x=-3;—y f@x)
- 3

= fo)= Ty

= fl(x) =3% [Replacing y withx.]

Graph of ﬁ.mctlon f(x) and f71(x) are| shown‘
in the adjoining figure. From the gl'aph itis. DI
clear that the point FB 0) is! on the graph of f(x)

and the poinf, (0,3)is on the graph of £~1(x).

Therefore, both the graphs are reflections of each other.
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1.

A )
Exercise 1.4
N

Find the domain and range of the functions graphically.
@ f@®=sn(%) (i) g(x) = 3cos (%)
(iv) y = cot G) (v) y = 2sec(2x) (vi) y = sin(2x)

Determine whether the given function is one to one by examining its graph. If the function is
one to one, find its inverse. Also draw the graphs of inverse function.

N fx)= ix +3 (i) gx)=x(x-05) (iii) h(x) = (x +1)?

(iii) h(x) = 2tanx

@) f@x)=x°- V) g =4+x i) h(x) =

(vi) F(x) = 2% +2 (viii) g(x) =5 (ix) h(x) = |x|
1.13 Transformation of a Graph through Vertical Shift, Horizon hift

and Scaling @ @@
1.13.1 Vertical and Horizontal Shift
Asshiftis arigid translation as.it does k‘-‘“ e graph of the function. A shift
only changes the location o

%MM a positive constant to/from every y-coordinate while

Vertical Shift: A vertical shi
leaving thy unchanged.

Horizontal Shift: A horizontal shift adds/subtracts a positive constant to/from every x-coordinate
while leaving the y-coordinate unchanged.

Key Facts

Vertical and horizontal shifts can be combined into one expression.
Shifts are added/subtracted to the x or f(x) components. If the positive constant is grouped
with the x, then it is a horizontal shift, otherwise it is a vertical shift.

In this section, we will discuss the geometric effects on the graph of y = f(x) by adding or
subtracting a positive constant ¢ to f or to its independent variable x.
The summary of vertical and horizontal shift is elaborated in the table 1.1 below.

Original Add a positive Subtract a Add a positive Subtract a positive

function constant ¢ to positive constant ¢ to x. tc

y = f(x) f(x). constant ¢ = xf// N O@@ @om x.

somf(n. (1101

y=f® |y=f@tc | y=fc|y=fax+c) | y=flx—c)
Geometric Shifts the \\\L\\ﬁ/ hifts the Shifis the graph ¢ | Shifts the graph ¢
effects NN its ~ | graph c units | units left. units right.

W p. down.
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y=x%-3

Table 1.1

Example 25: Sketch the graphof @)y =vx (b) y=vx—2 (c) y=vx+2
Which kind of shift did you observe after sketching the graphs.

Solution:
@y=vx b)) y=vx—2 © y=vx+2
/
2 / 2
K * ‘ * AT\ |3~

Above graphs show a hc rlzontalshlﬂ The graph of the function ¥ = ¥x — 2 can be obtained by
n'ansforming!:p]é@gi%%ﬁﬂ.’bil given function 2 units right to the origin while the graph of y = vx + 2

\ %

can be obtained by transforming the graph of given function 2 units left to the origin.
Example 26: Draw the graph of y = |x| and then sketch the graphs of:

@y=Ix-1 ®My=Ix|+1 () y=I|x—-1]
®y=lx+1-1

@ y=Ix-1-1

@ y=Ix+1]

Which kind of shift did you observe after sketching the graphs.
Solution: Table of the values of the function y = |x| is given as:

x |0 | X1 |+2)| 3 [ +4 | 15| 16

fxy|o [ 1 |2 | 3 4 15| 6 . »
y=Ix

The graph is shown in the adjoining figure.

Sketch of other graphs is shown in the table below. = 4+ =2 o z 4 =@

@y=IxI—-1 b) y=IxI+1

4

4 -+ -2 0 2

Jl|“?l (N\J M

© y=Ix—1|

2

Vertical shift 1 unit down

Vertical shift 1 unit up

Horizontal shift 1 unit right
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UNIT-01: FUNCTIONS AND GRAFHS

\V\//\ \ | 8
R A TANCASS
© y=Tx—1]-1

- i

@y= @ y=Ix+1|-1

4 4

2 2

a 2 [ 4 a - 4 2 a

Horizontal shift 1 unit left
Vertical shift 1 unit down

Horizontal shift 1 unit left Horizontal shift 1 unit right

Vertical shift 1 unit down

1.13.2 Scaling (Stretching/Compressing)
Scaling is a non-rigid translation in which the shape and size of the graph of the function is altered. A
scale will multiply/divide coordinates and this will change the appearance as well as the location.
Vertical Scaling: A vertical scaling multiplies/divides every y-coordinate by a constant while
leaving the x-coordinate unchanged. m
Horizontal Scaling: A horizontal scaling multiplies/divi @@@e@aconsmt while
leaving the y-coordinate unchanged. O

Note: The vertical and horizontal scali into one expression.

In this section, we will discuss the geometric effects on the graph of y = £(x) by multiplying or

dividing wi stant ¢ to f or to its independent variable x.

The summ f vertical and horizontal scaling is claborated in the tables 1.2 and 1.3 below.
Original Multiply Multiply f{x) by | Divide f(x) bya | Divide f(x) by a
function f(x)bya a negative positive constant | negative constant

= f(®) positive constant c. [ B
y constant c.
- y = cf (x); y = cf(x); f(x) f(x)
= f(x =—;c>0 =—;c<0
y=i@ c>0 c<0 y c ¢ y c ¢
Figure is Figure is Figure is stretched | Figure is stretched
. compressed by | compressed by by changing y- by changing y-
Geometric changing y- changing y-values | values by 2 in the | values by 2 in the
effects values by 2 in by 2 in the same direction. opposite direction.
the same opposite
direction. direction.
8 B 3
4 4
2 :E~ iFa
2z 0 z LT .@1 \j', gl
— ; —




UNIT-01: F'UNC TIONS ANU GRAI‘E[‘;

Original Multlpl bx\ \Mﬂh}ﬂy xby Divide x by a Divide x by a
function ’\j\ Q§ ﬁvé a negative positive constant | negative constant
y = f(x)| I\J tant c. constant c. C. c.
y=F@) | y=flx) |y=flxk |y=[fx/c) y = f(x/c);
c>0 c<0 c>0 c<0
Geometric Figure is Figure is Figure is stretched | Figure is stretched
effects compressed by | compressed by | by changing x- by changing x-
changing x- changing x- values by 2 in the | values by 2 in the
valuesby 2in | valuesby2in | same direction. opposite direction.
the same the opposite
direction. direction,
4 4 4 4
2 2 2 2
2 [ 2 2 2 -2 Q 2
2 2 2 @
-4 -4 O @ -4
y=x y = (2x)° Y= (20% K x y = (—%/2)°
\Lm "Table13
Example 27: Dra x| and then sketch the graphs of:
(@y=11 =- 1le ®) y=Ix[+15 () y=Ix|+(-15)
Which kind of scaling did you observe after sketching the graphs.
Solution: 8
Table of the values of the function y = |x]| is given as:
4
x |0 (41 (42| +3 [+4 | 15| 16
fx)(o | 1 ]2 ] 3 4 | 5| 6 i .
= |x
The graph is shown in the adjoining figure.
Sketch of other graphs is shown in the table below. o P z o z 3 5
(a) y = |1.5x] = |—1.5%| () y=|x|]+15 and () y=|x|+ (-1.5)

4

-2

| F1gure is stretched by changing y-values by 1.5 in both
cases but with opposite behavior.

GRADE 12 — Nationa! Book Foundation

S

hoth cases.

Figure is
x-values b




'UNIT-01: FUNCTIONS AND GRAFHS

Draw the g1 p of the given functions and then sketch the graphs of other functions using
translation. Verify the results using graphical calculator.

=lx| @y=Ix+2] ®y=Ix-2] ©@y=Ix+2 @) y=Ix-
y=x* (@y=x*+4 ®y=x*—-4 (@©y=(x—-4)P ) y=(x+4)?
y=vx @y=vx+3 () y=vx-3 @©y=vx+3 (@) y=vx-3
y=x (@y=x+5 (@®)y=x-5 (c)y=5x (@ y=-5x
y=x @y=2*+1 (@O y=x*-1 ©y=x-1P® @ y=x+1)?
y=x%+4

@ y=0x*+4)-3 ® y=x2+4)+3

) y=x—-372+4 @ y=x+3)2+4

7. y=x* (a) y=3x° (b) y=—3x @y=5  @y=-3

y=x* (a) y=(3x)*

2 Sl

(3] Wluch of the following is an example of exponentlal growth function?

@ f)=3x+4 () f()=3*%x5 (0) f(x)=x° @ f(x)=x*
(i) The exponential decay function is expressed by:

(a) f(x)=a.b*;0<b<1 b) f(x)=a.b*;b>1

©© fx)=ab*0<ax<1 d) f(x)=ab*a>1
(iii) The logarithmic function f(x) = log,x is defined for:

(a) allreal numbers (b) x <0 © x>0 d x=0
(iv) What is the value of log5125?

(a) 25 () 5 © 4 d 3

(v) A function f: A — B is said to be onto if:
(a) Every element of the set A has a unique image in the set B.
(b) Every element in the set B has a preimage in the set A. @m

(d) f is both one to one and onto.)

(vi) The function f(x) = x ‘ 2,7 “ is:
(a) one to one t (b) onto but not one to one
WO to (d) neither one to one nor onto
GRADE 12 — National Book Foundation
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) dofined by £(x) = %2 + 1, is

(vii) The func W \f, R [0

(a) i\\&)ﬁtﬁ tnot on to one (b) one to one but not onto
(c) neither one to one nor onto (d) both one to one and onto
(viii) A function f: A — B has an inverse if and only if:
(a) f is one to one (b) f is onto
(c) f is both one to one and onto (d) f is neither one to one and onto

(ix) The inverse function of f(x) = x3, is:
@ FE@=x3 ® fl®= F © Fr@=¥¥ @f W=V

() The function f(x) = sinx, where f:[- %, ¥| — [-1,1],is
(a) one to one but not onto (b) onto but not one to one
(c) both one to one and onto (d) neither one to one nor onto

(xi) The inverse function of f(x) = —~;x # 0, is:

- - - iRy 1
@@W=1  ® = "r @71 1\ £ @i =]
(xii) Scaling refers to: 0 \J \\\\

(a) increasing t@gﬁz }m\qm \\ \\ } _\ DI

(b) decreasing the Sk\e (of an object

(c ) mqi%iégﬁepmperhes Whlle resizing an object.

@)\éha&\:gmg the shape of an object.
(xiii) Which of the following statements is true for the uniform scaling?

(a) both width and height change proportionally.

(b) only the width changes.

(c) only the height changes.

(d) width and height remain unchanged.
(xiv) What is the effect on the graph of f(x) when it is replaced by f(x + 2)?

(a) It shifts 2 units to the right. (b) It shifts 2 units to the left.
(c) It shifts 2 units up (d) It shifts 2 unit down.
(xv) The domain of y = sin™(x), is:
(a) [0,) (b) (—0,) (© [-1,1] (@ [0,1]
2. Find the domain of the given functions. B
@ F0) =4 +VE 2 ® fG)=x/2x=3 -\
© f@ =% @ f(f}-r\\*"' Brtd

..v
,,,,

3. Find the domam and tange of the givfen funcuo
(@ fD =1+ xi \CAL QL LS 18y f(x) = (Zx +1)?
©f (:rc)\J N g U= @) f(x)=3+va—x2

\,Jm&
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4. Draw the gra 0&)&% en sketch the graphs of the following functions.
( -2 ® fE=vx+4 () fx)=—Vx
@ f@=14+Vx=2 (o) fl)=4/x ® f@)=—3Vx
5. Graph the given functions.
(@) y =2+ 2sinx (b) y=—§tanx
() ¥y =3 — cosecx (d) y=cos(x+n)
6. Find the domain and range of the inverse function of f(x) = log(x% + 1).
7. Show that f(g(x)) = g(f(x)) = x, when:
f) = e* and g(x) =
8. The population of a town grows exponentially according to the formula P(t) = 1000 %05¢
where £ is the time in years. After how many years, will the population reach 50007

9. A company has the fo]lowing cost and revenue functions:
C(x) = 5x +10; where x is the number of units produced.

D(x) = 15x; where x is the number of units sold. @o@@ S 3
Find the equﬂlbnum point Whﬂ%\@ﬁ@
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