INTEGRATION

After studying this unit, students will be able to:

o Find the general antiderivative of a given function.

e Recognize and use the terms and notations for antiderivatives.

o State the power rule of integrals.

e State and apply the properties of indefinite integrals.

o Integrate functions involving the exponential and logarithmic functions.
o Identify when to use integration by parts to solve integration probls.

» Apply the integration-by-part formula for definite integrals, — @
¢ Solve integration problems mvolvmg t.ngonbmetnc substgthhdn;
o Integrate a rational function using, the method of pal’t‘lﬂ.l ﬁ'actlon
o State the definition of! deﬁmté mtegml\

o Explain the tern mtegrand \limits of i mtegratlon and value of integration.

+ State qphl)ﬂ the properties of definite integrals.

. Statc énd apply fundamental theorem of calculus to evaluate the definite integrals.
e Describe the relation between the definite integral and net area.

« Find the area of a region bounded by a curve and lines parallel to axes, or between a
curve and a line or between two curves.

¢ Find volume of the revolution about one of the axes.

e Demonstrate trapezium rule to estimate the value of a definite integral.

e Apply concept of integration to real world problems such as volume of a container,
consumer and producer surplus, growth rate of a population, investment return time
period, drug dosage required by integrating the concentration.

There is a lot of applications of integration in various fields. For ‘
example, we use definite mtegrals to calculate the force exerted on_ |
the dam when the reservoir is full and we examine how changmg
water levels affect that force, Hydrostatic forca is/ only one of the |
many applications of deﬁmte mtegral From geometric
applications such as surface|area\ and volume, to physical P
applications such mashland work, to growth and decay models,
definite integral ﬁe a powerful tool to help us understand and
model the world around us. A view of Tarbela dam is shown below.
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UNIT-03; INTEGRATION

3.1 Integration %\K\&m

This unit , cess by which we determine functions from their derivatives. We are
already familiar with inverse operations. For example, addition and subtraction are inverse of each
other. Similarly, multiplication and division are inverse of cach other. In the same way, the inverse
operation of differentiation is anti-differentiation or integration.

This unit provides two processes and their relationship to one another. One step is to find function
from their derivatives. In the second step, we can determine things like area and volume through
successive approximations. This process is called integration. This is very important area in
mathematics and was discovered independently by Leibnitz and Newton.

The process of finding a function from one of its known values and its derivative f(x) has two steps:

The first is to find a formula that gives us all the functions that could possibly have f(x) as a
derivative. If f'(x) is defined as derivative, then f(x) is called anti-derivative and the formula that

gives them all is called the indefinite integral of £ (x). The reverse process of ive or anti-

differentiation is the main topic of this unit. @ @@

Definition 3.1:

A function F'(x) is called an, anti- %{ﬁ Eg) is on a given interval if:
ﬁm %) = /)

For exmp%@ﬁ@@m

%x"‘, %x“ +3, fix"‘ -z, %x" + ¢ (cis any constant.)
are ani-derivatives of x’ on the interval (o, o) since the derivative of each is x°.

Above example shows that a function can have many anti-derivatives. In fact, if F(x) is any anti-
derivative of f(x) and ¢ is any constant, then F(x)+ ¢ is also an anti-derivative of f(x) since:

=FO) +c =L F@I+ L[ =f@) +0=f(x)

Therefore, if F(x) is any anti-derivative of /(x) on a given interval, then for any value of ¢, the
function F(x) + ¢ is also an anti-derivative of f(x) on thatinterval.

Symbolically we write:
[f(x)dx=F(x)+c

Where the symbol, “f>is called ‘integral sign’ and f(x)is called in Z@ ﬁoi\dx indicates
that the integration is performed with respe @ constant ¢ is called
‘constant of integration’. ( : \l ;

ForExample (ﬁw X\Tﬁ/\\ é“

Therefore, dx . x% +
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As mentioned above, the co %
V2, x* + 7 etc. all are anti-derivatives of 4x3.

Key Facts
Let us derive some basic and common I « Thevariable other than x, can also be used in
integral formulae with the help of 3& indefinite integrals.
differentiation. o Anumber of indefinite integral formulae are
| found by reversing derivative formulas.

Formula3.1: [x n#*—1
Derivation: We have,

d [xntl _ d [x*1? d _ (n+1)x™ _ .

Zzlna ' ¢ T &= n+1]+E["']_ n+1 +0=x" ®

Integrating both sides of (i) with respect to x, we have:

..............................................

Formula 3.2: f%dx =hx+c

Derivation: We have, d 1
E[lnx +c]= o (i)

Integrating both sides of (ii) with respect to x, we have:

fd—[lnx+c]dx fdx

:lnx+ ¢ -f Zdx W@ @@m
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Formula 3.3: fe”dxo%m

Derivation: o
% [e* + c] =e* (ii)

Integrating both sides of (iii) with respect to x, we have:
d
J. [ [e* + c]ldx f e*dx

e* + ¢ = [e*dx

In general,

e oo s assmasme PP
Formula34: [a*dx= —a” +c a @@@W‘O@Q

Derivation: “
%@@ c|=a* (iv)
IntegraﬁnWYMW) with respect to x, we have:
]

i[—1—(1"+ c]dx=_faxdx

..........................................................

In general,

Theorem 3.1:
(i) A constant factor can be moved through an integral sign. That is:

f cf m@

(i) An anti-derivative of a sum is the
® (x)dx + [ g(x)dx

(iii) An anti-derivativ e difference of anti-derivatives. That is:
W 77 JIf @) - g dx = [ f(x)dx - [ g(x)dx
iv) In general, [[af(x) £ bg(x)] dx =a [ f(x)dx 1 b [ g(x)dx
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VAN
Example 1: Evaluate 34 9x+3)dx (i) j”a;—z” dy
Solution: = 3x3 + 9x + 3)dx
—4_fx7dx 2fx%dx+9[xdx+3[dx

Integrating term by term, we get:

—4(2)-2(X)+9(%) +3x+c =TT+ 1 3x4c

G) [ dy=[(5-2)dy = [(5-2)dy
= Jo?-2y)dy=[y?dy—-2[y dy

_ y—2+1

B —z+1_2(y?2)-|-c - —i—y2+c

1

ax + b
Example 2: Evaluate (i) [——2— dx (i) [e3%dx

axZ+bx+c m
| o 20
Solution: (i) ax=+ bx+
@ “
i' = —fes"(S)dx = —es" +c
esm x

Example 3: Evaluate f

41_

Solution: Here, f(x)=sin"1x = f®= \/11x2
So, by using formula:
[ef@f ()dx=e® 1 ¢

We have:
estn'1 x

—— dx=e5" % 4 ¢
1-x2

|
l! /  Exercise 3.1

Evaluate the following integrals.

1. JO?-3x+9dx 2. [(y? @ 8y @@W@ﬁ% F) dy

4. [(4+x%)%dx Qx J(Va+ ) dx
7. f(e*—e” . (e;" - ;)dx 9. [xeXdx

10. | W 11. f7™dy 12, [ +5-—2)dx
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13.

14. -r1+z2 dz 15. f(x;+e3"+x°)dx

e N

16. [(3x2% + 2x)(x3 + x?% + 9)%dx 17.  [(5e5* —x~3 + 3%*)dx

-1
18. [(z% +V3z+3-)dz

3.2 Integration of Trigonometric Functions
While evaluating the integration of trigonometric functions, keep in mind the following formulae.

As, %(sinx + ¢) = cosx therefore, [ cosx dx = sinx + ¢
Similarly, % {(cosx + ¢) = —sinx implies, [ sinx dx = —cosx +¢
In the same way, 2 (sinkx + ¢) = kcoskx implies, [ cos sm

coskx

And, — (coskx + ¢) = —ksinkx)

Using above pattern, followi i easﬂy

fmo and f cosec?x dx = —cotx + ¢
=secx +¢ and J cosecx cotx dx = —cosecx + ¢
Example 4: Evaluate:

@) [sin2xdx @) [fcos 3?’: dx (i) [sec?mxdx

Gv) [5 cosecz%x dx (v) [9sec3xtan3x dx

Solution:
(@  [sin2xdx = flsian 2)dx = %f sin2x (2) dx
1 —C0SZXx —COS2X
=-(-cos2x+¢) = . +— = ——+¢C

G Jf coss?x dx

=§(sin3?x+c) = Zsi 5
(i) [ sec?mxdx O= 1 % :
= (tanmx T@U %mHﬁ = —(tanmx)+C
o
(iv) [5cosec? = dx = 5x§f cosecz-'?xG) dx = %(—cot%x+c)
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v f9 dx = [3x3sec3xtan3xdx = 3 sec3xtan3x (3)dx
= 3(sec3x+c¢) = 3sec3x+3c = 3sec3x+C

Example 5: Prove that:

(@  [secxdx = In|secx + tanx| + ¢

(ii) [ cosecx dx = In|cosecx — cotx| + ¢

(i) [ tanx dx = —In(cosx) + ¢ = In(secx) + ¢

Solution:

() [secxdxy= [EEEEEED gy Inptiplying and dividing by (secx + tanx)]

secx + tanx

= sec?x + secx tanx dx = [ secx tanx+ sec’x
secx + tanx secx + tanx

dx Ef'?x% dx :

A lm‘*@@@w@o@ ebchhid
(i) fcosecxdx= [ ‘ ‘V ”

W@w cosecx—cotx dx = I 'c"si::::”__'_:o::eczx dx

£(::t:tse::.:r— cotx)
cosecx — cotx

d
vee sinx —sinx ==(cosx)
(i) [tanxdx = [—dxr = —[—dx = —[&—dx
= —In(cosx)+c = In(cosx)™ 1 +¢ | ' Ch seck Point [
= l;n,L +c = In(secx) +c Prove that
cosx

f cotx dx = In(sinx) + ¢
3.2.1 Integration of Sin?x and Cos’x
Sometimes it is difficult to evaluate integrals directly. Using trigonometric identities, we can easily
evaluate integrals, For example, the integrals of sin’x and cos’x cannot be solved directly and can be
handled using following relations.

ginZy=1"S"2%  .nd  cosip=1tCU8Z ‘heck Poin
z i 2 @@@ Evaluate [ cos®x dx
Example 6: Evaluate [s KX
oo W 2 =3/ dx ;[ cos2x dx
5( 2

2x 1 1,
)+c=5x—;sm2x+c
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A

cos27x

Solution: _ ».,_J'|‘-‘\j.J}}J7;{"::;!.""~. JoL

6 ) fég'éc‘ax - tan3x)dx = [ 8sec9x dx — [ tan3x dx
= 2 sec9x (9)dx — 3 [ tan3x (3)dx

= glnlseC‘Bx + tan9x| — In(sec3x) + ¢

(ii) Jcos?7x dx = [1E1% gy = if dx +%fcosl4xdx

2

1 1 fsinl4x 1 1 .,
;x+5( o )+c—5x+§sm14x+c

]

Evaluate the integrals and recheck your answer by differentiating.

1.  [(sinmx — 3sin3x)dx 2. f —seg/z(iy)d;f \ ( _

3.  f[1—8cosec?(2x)]dx a Q4 _fi/(CQSBczx-r cosecx cotx)dx
2 ~T\ o\ VWL

5. [=2dz QTR 6\ f+ tan?e)ds 7. R

8. [ secz(SxJ—'\Jr?Hx IR f(tan5x + cos7x)dx  10. [(cot9y —3)dy

Evaluaté the integral.

1. f(tan?28 + cot?26)d6 12. [sin? (% y) dy

13. [ cosecllxtanllx dx 14. [ cosf(tand + sec8)dd
- 1

15. [ cosec? (le) dx 16. [(cosx)s sinxdx

17. [e?sine”’dy 18. [9tan(x + 7)dx

3.3 Integration by Substitution

There are many functions that cannot be integrated by simple techniques and can be integrated easily
by using method of substitution. It is an integration technique which involves making a substitution
to simplify the integral. In this method any given integral is transformed into a simple form of
integral by substituting the independent variable by others. The exact sub shmﬁﬁndepends on the
form of the given integral, as some substitutions are more appropriate’for certain problems than
others. The choice of substitution is not always immediately obvious. The ability to recognise an
appropriate substitution cofes ﬁompmchsaﬁgmany different examples.

Mostly, we sub_srﬁtgte_ﬂri;gpﬁgiﬁéﬁib functions in place of variables to integrate algebraic functions.
However, thq:iré mHJhafd and fast rule for selection of trigonometric functions to replace variables as
some other substitutions are also used.
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Key Facts
I Usually, &}\éﬂﬁmm by substitution is extremely useful when we make a
58 fﬁ function whose derivative is also present in the integrand. Doing so, the
Hon simplifies and then the basic formulas of integration can be used to integrate the
| function,

Example 8: Evaluate [ 3x2 cos(x?) dx

Solution:
In the equation given above the independent variable can be transformed into another variable
say t by substituting: Key Facts
. xs. - _t . @ | The method of substitution to
Differentiation of (i) gives: ﬁnd an integral is used when
Sab ﬁdti_vﬁ £ and (D (“211 gral 1t1ssetupmthespec1a1form.
ubstituting the values of (1) and (ii) in the given inte
t).dt
J3x% cos(x3) dx= [costdt =sint +¢ If(g(x)) gl(x) dmﬂ )
Again, substituting back the value of t, we get
f 3x2 cos(x?) dx = sin(x?) + ‘
SGan Chenk“ ck Point NN
Example 9: Intcgrate: f ) Tnfegrate:
o . :
Solution: x then du = +1x2 dx x sin(x* — 3) with respect to x.

tan
Therefore,fe “dx=[etdu —et+c= e i

Formula35: [ w dx = sin™? (%) + ¢

Derivation: Substituting x = a sin8, we have dx = a cos@ d8

1 _ 1 _ 1
fwdx—f‘[_m acosb df = [ =—=—x a cos6 db

1
= f = a cos@ df = 1) — cosf db

[ B

= [df = 9+c—sm‘1()+c
Note: We can apply the formula directly too. --
Formula3.6: [VaZ—xZ dx= Lz Y E Cfﬁ@}w o
Derivation: Substituting (5ind) we have O
— (asinf)? a cosf df = [ Va? — a? sin?8 a cosf dé

IJ@W - - "
= [aVv1 — sin28 acosf df = [acosf acosf d8 = a? [ cos?6 do
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AL

zj-1+coszs do = Y- do __(9+sln29)+

_ a? _ Lz 2 sinf cosf
_?9%@@1@; =L L (Lelnfeost) 4

_ag @ 2 e —afxy ez [, _#
—29+2(sm6 1—sin?6) +c = —sin (a)+2(a 1 +c

2 la a? 2

z 2 2 o 2 2 x\’ 2 - y2
%sir1‘1(§)+i(E T +c=%sin'1(f)+L+c

Example 10: Evaluate: ,[%
—4x—x

. 1 _ 1 =L
Solution: [ e = | g = ¥~ I e &

1 . _q1f2+x . .
= J‘m dx = sin 1(T) +c (Using direct formula)

Note: We can also solve by substituting x + 2 = 3sinf W@ @@
Formula 3.7: ln(x g \ S d
Derivation: Substltutmg dx = a sec tané d@

" _f 1 T @ secd tand dé

x (cumu::a)2

= j'm a secé tand df = f‘/m a secf tanf dé

= [—— asectanf df = [secO dB = In[sech + tanB] +c

= In[secl + Vsec?8 — 1] + ¢ =ln[£+ I%—l|+c=lnl£+
a @ a

In[§+ —= |+c=ln[x+% +c=m(x+VxZ—aZ)—lna+c
=In(x+\/x2—a2j+(c—lna)=In(x+~/x2—a2)+(.‘

Note: Expression ‘,— can also be integrated by making the substitution x —ﬁhﬂ

1
Formula38: [o—— dx=In(x+ a” + W@ @
Derivation: Substituting X ané %@
S . L\

asec’0df = [ -——— asec’0df

x2-g2
| +¢

\"aztan29+ a? hise

= _fa;ca asec?0dg = [sec8 db
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= In[secf + tan8] + ¢ %@ + ¢ = Inftan@ + V1 + tan?8| + ¢
=Inl;Wc—lnl Ja +x\+c—ln + Gl T +c
= [EEEI S = Z 1 22) —
= In|— +c=mn(x+VaZ+x%)—Ina+c

= In(x + VaZ + x%) + (c — Ina) = In(x + VaZ +x%) + C

Formula39: [—— dx=2wn™(3)+ ¢

This formula can easily be proved by substituting x = a tanf.

Example 11: Evaluate: fﬁ dx

1 1
x=+4\x+5dx_ -rx2+4x+4+1 'r(:n:+2)2+(1)2

=% (x+z)+c—tan 1(x+@+|®@
Note: We can also solve b@m
Example W — a2)z dx

Solution: Putting x2 — a? =u

Solution: [

du

= 2xdx=du = =x ==

frad-aax = [@i% = 1f@idu

3 5
I U L DR S I S -
= ZF = ZXE— = 5(x a®)z +¢
. /  Exercise 3.3

Use suitable substitution, to evaluate the integrals.

dx dx
L &% 2 Jp==
x2 dy
4, fx3+1dx 5. fy2+8
O
O 1) i

tl
1o. I;@Wﬁ [z 2. [oardx
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3.4 Integration by Parts - W\ VAN U ACE
Integration by parts is a spec1 ,I method of mtegratlon that is very helpful technique to evaluate a
wide variety of tegrals ihatsbme’mnes do not fit any of the basic integration formula. This method
isused to ﬁmf the' ‘integrals by reducing them into standard forms.
[ Fg@)dx = £(x) [ g(x)dx — [[f'(x) [ g(x)dx] dx (M

Formula (1) is called the formula for integration by parts. Using this formula, we integrate the
product of two functions. The important thing to use this formula is the selection of given functions
given in the product as a first or second function. The function whose integration can easily be found
is considered as the second function while the first function is chosen whose derivative could be
easily found. In formula (1), f (x) is treated as first function while g{(x) as a second function.

Key Facty

« Integration by partsis not applicable for functions suchas [/ sinx dx.
» Wedonotadd any constant while finding the integral of the second function.

+ Usually, if any function is a power of x or a polynomial in x, then we take it as the first
.5& function. However, if the other function is an inverse trigonometric ﬁmctlon or
logarithmic function, then we take them as first function. \\

‘ +» Ifthe product of functions contains cxponcntlal and tngqnomcmé functlons,. then we

can select any one of the twoas a ﬁrSt ﬁmctlon )

Example 13: Evaluate the mtegral f el
Solution: II‘u théfintegre 1-f xe* dx, we take x’ as a first function as its derivative will reduce
it and ‘e*"ds. second function.

[xe*dx=x[e*dx— | [%(x)fe"dx] dx

=xe*— [le*dx=xe*—e*+c¢

Example 14: Evaluate: (i) [x*?Inxdx (i) [xtan 'xdx

Solution:

(i) Inthe integral [ x? Inx dx, we take ‘Inx’ as first function and ‘x?’ as second function.
. [ *? nxdx = [(Inx) (x))dx = Inx  x%dx — [ [ (inx) [ x?dx]| dx
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x?tan~lx 1 ( 1 x2tan~lx 1 -1
=— 2] =) 4% = —; S (x—tan™'x) +¢

Example 15: Apply integration by parts to evaluate:
() [VaZ—xZdx (i) [VaZ+zxZdx
Solution:
@) [VaZ—2% dx = [VaZ—x% (1) dx,
Here, we take ‘VaZ — x2 * as first function and 1’ as second function.
. [VaZ =22 dx = [VaZ —xZ (1)dx

=VaZ —xZ [ 1dx — [ [ £ (VaT=27) [ 1dx] dx
=Va? =% (x) — [ s (1)dx = 2 - xz@—f 2

[va? —x% dx+ [Va? — x? dx = xVa? — x2 + a’sin™! (Z)+c
2 [Va2 —x2 dx = xVa? — x2 +azsin‘1(£)+c
fva?z—x2 dx = az_x sm‘i(a)+ az_x sm (“)+C

() [vaZ+x2dx= f\/a2+x2 (1) dx,
Here, we take ‘va? + x2 ” as first function and 1’ as second function.
~ fVaZ +x% dx = [VaZ + xZ (1)dx

=VaZ + 22 [ 1dx — [ [~ (VaZ+2?) [ 1dx| dx
=va%+x%(x) - Izm(x)dx xva® +x% — IW

=xva?+x? — [ a::z’:_—z;zazdx @ @@
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A

a?+ x?2 +atan™? (ﬂ)+c
2 = ¥va? + x? +atan‘1(;)+c
[VaZ + 22 dx =“T+’+§tan-1 (3 +§=—"“‘+"+§tan-1 §)+c

2
| Check Point A
Using integration by parts, prove that:

[VZ—aZ dx =22 % —a;cosh‘1 (E) +c

2

Example 16: Apply integration by parts to evaluate:
[ e**sinbx dx
Solution: Let, I = [ e%sinbx dx = [(sinbx)(e®™) dx
= sinbx [ e®dx — | [i (sinbx) | e"“dx] dx

= sinbx ( ) —f [(b coshx) ( m

= sinbx ( ) f[( 60831 @ @

= s1nb6 e _b —(C x) f 3axdx
ST

I=si —)- (- bsmbx)
ax

inbx ﬁ) — —coshx (— -= _[ e%sinbx dx +c
a a a

I =sinbx (?) — Ecosbx (eT) - a_zl +c
z
I+b—I =1e%% ginkx — ie“"cosl:ur +c
) aznz a a?
a*+b _ gax [1_: _ b
( = )] =e [ sinbx cosbx] +c

Z

+bz

l—e"“‘[ X

[=eg®™

2,5z Sinbx — a— X7 bz cosbx] +eX 55—

2+ 5z Sinbx —— 2 5 cosbx] +C

l' Exercise 3.4

Evaluate the integrals using integration by parts.

1. [Inxdx 2. [(nx)%dx 3. f sin(Inx) dx

4. [x}mxdx 5. [ysin2ydy fe*c m
7. [xseclxdx 8. [In(2x+3)dx @©

10. [ x cosx dx 11. fcostix dx

13. [xsec’xdx O‘% ®5 fln [x+\/1+ 2] dx
16. [xe*’dx d 18.
[x%e UQKE x dx fﬁ
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3.5 Integration by “‘
When mww@

3 4

x+4 | x+2
are combined by means of a common denominator, we obtain a single rational expression:

7x + 22 5
{(x+4)(x+2) (11)
Suppose that we are faced with the problem of evaluating the integral:
J- 7x + 22
{(x+D(x+2)

From (i) and (ii), we have:

7% + 22 3 3 4
I (x+4)(x+2) x = -r [(x+4) + (x+2)] dx = -r (x+4) + f @+2) dx

de+4[——dx=3In(x+4)+4In(x+2) +c

1
=3 I (x+4)

(=+2)

degree of P(x) is less than the degree

of decomposing such rati
integral term by term.

K j‘o —2x
x2+3x+2

Exampl

Solution: We observe that degree of numerator is greater than that of denominator.

xS_Zx B5x+6 . i
[dmmtr=f[r-3+25 e @ | " Cheekpoint mumm
5x+6 5x+6 A B
Now, aearez (1) (x+2)  x+1 t ez Evaluate | (z_2;::+a)

By equating numerator, we get:
S5 +6=Ax+2)+B{x+1) (iD)
Ifwesetx = —2and x = —1, we get B = 4 and A = 1, repectively.
x3-2x 1 4 1 1
f—dx=j'[x—3+m+m]dx= fxdx—dex+fmdx+4fmdx

x243x+2

=’;—z—3x+ln(x+1)+4ln(x+2)+c

izere O
ExamplelS' Evaluatf: prE A' @ @@W@O@

Solution: Given fraction ca

2242244 A

iy
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Byequatmgnumeratorw m
x4 2x+ x+1+C

x? @+(2A+B)x+(A+B+C)
Comparing coefficients of like powers of x from both sides, we gat:
A=12A+B=2andA+B+C=4
Solving the equations, we have:
A=1,B=0andC =3

x2+2x+4
I (x+1)3 I[z+1 T e (x+1)= (x+1)3

= fmdx+3_f(x+ 1D73dx =In(x+1) —S(x +1) 2+

1
—|dx=] o +3 [ —dx

=h(x+1) - +c

2(:|c+1)2

3x%+5x+3
(x+2)(x2+1)

Solution: Given fraction can be written as: m
3x%+5x+3 _ A BxiC @ @
(x+2)(x2+1) x+2 x2+1 @W
3x% +5x + 3 = A(x? + @
32 4 5x+3 = @ x+ (A +2C)
Equating coeffici
W A+B, 2B+C=5 A+20=3
Solving the equations, we have:

A=1,B=2C=1
3x’+5x+3 2x+1
J. (x+2)(x2+1) -r (z+2 + x3+1)
I z+1

= ln(x +1) + In(x +1) +tan"x +¢

Example 19: Evaluate: [

. Exercise 3.5
Bvaluate the integrals using partial fractions.

3x+7 4x+9
1. f (x+2)(x+3) dx 2. -r x2+x—1z
3x+7 5x2_5x42
4. f (x+2)2 d 3 f (x+1)(x-1)2
Tx2+7x+4
7. -r Cx+1)(x2+x+1) K
&

x3+sz+x : @ ”
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3.6 The Definite Integral :

In this section, we w1}1 introduce the concept of a definite integral. Which will link the concept of
arca to oth¢r. limbm'tant concepts such as length, volume, density, probability work.

3.6.1 Partition of the Interval

A partition of the interval [a, 5] is a collection 4y =f(x)

of points >/

a=xu<x1<x2<x3<"-<xn_1<xn=b

that divides [, 4] into » subintervals of lengths: f(x)

Axy = x1 — x5, Axz; =23 — %y, fex) fx)

Axy = x3 — Xz, ..., A%y = Xy — X

The partition is said to be regular provided all ﬁ / Axn

subintervals have the same length: fx) ¥ .
Ax = Ax, = b-a xu—a xy xz Xp-1 Xp=b

n
In the figure, each partition looks like a rectangle. Ax1 sz Ax, N
For a regular partition, widths of the rectangles o~

~ [ I\

approach to zero as » is made large. N\ NN (o o
Area of first (left most) rectangle = length x w1dthf f(x1) Xy [
Area under the curve = sum of areas of tectangles T

= f(x,)Ax, + f(xz)ﬂxz + f

l :3)43"3 S 'T'y‘f v(xn)ﬁxn
U\ l V)
- Zf(xmx N

Expressmn (i) represents approximation of sum of areas of n rectangles.
Based on our inductive concept, the area under the curve and between the interval [a, 5] is:
n

A= lim kz FGOALy o .. (iD)

=1
Expression (ii) provides the fundamental concept of integral calculus and form the basis of the
following definition.

Definition 3.2: A function f is said to be integrable on a finite closed interval [a, &] if the limit:
n

N
J
] |
|

Jm, ) fG)Ax,

k=1
exists and does not depend upon the choice of partitions or on the cho1ce of the pomts x,, in the
subintervals. In the such case, we denote the ]nmt by the symbol (CALUM\

f f (x)dx *— llm Z f(?k)Axk \.

(m)
.

Expression (iii) is called the deﬁmte mtégral of f from a to b. The numbers a and b are called
lower lnmt a?d uppen ilh:ut of infegration respectively and f(x) is called the integrand.

GRADE 12 y D . National Book Foundation



Theorem 3.2: If a functio:

UNIT-‘03 INTEGRATION

o s.on-an interval [, &] then f is integrable on [a, 5] and
the net mgned area een the interval [a, b] is:

fﬂ@a

In the simplest cases, definite integrals of continuous functions can be calcunlated using formulas
from plane geometry to compute the shaded area.

Example 20:

Sketch the region where area is represented by the definite integral and evaluate the integral
using an appropriate formula from geometry.

®

f: 3dx (ii) J'_zz(x + 3)dx (i) ful VI —x2dx

Solution:

)

(ii)

(iif)

Graph of the integral is the horizontal line y = 3.
So, the region is a rectangle of height 3 drawn over
the interval froml to 5.
From figure (1), we have:

fdex=areaofrectangle=4x

Fig. (1)

@Wmm :

Graph of the integra.lO

When x = = “
Wh = 2 +3= 5
So, the region is trapezoid where base ranges

fromx = —-2tox = 2.
From figure (2), we have:
f_zz (x + 3)dx = area of trapezoid

" 0 . -2-1 01 2 3
_2(1 + 5)(4) = 12 sq. units Fig. (2)

Graph of the function y = v'1 — x2 is the upper
semi-circle of radius 1 centred at the origin.

So, the region is upper right quarter-circle of radius 1
centred at origin.

From figure (3), we have:

f\/l — x2dx = area of quarter circle

—-xn'(l)z =—sq units @ @@@
Example 21: Evaluate the following @@W

)

INCEE I

NI
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Solution: Q

Wh =0-1=-1

When x=1, y=1-1=0

The region is a triangle fromx = 0tox = 1.
From figure (4), we get:

J3 (e — 1)dx = area of triangle = > (1)(1) = sq. units

(ii) The graph of the integral is the line y = x — 1.

Whenx =0, y=0—-1=-1

When x=1, y=1-1=0

When x=2, y=2-1=1

The regions are two triangles fromx = —-1tox =0

and x = 1 to x = 2. From figure (5), we get:

i — Ddx = [ (x — Ddx + [[(x — Ddx

—areaoftxiangleA1+AreaofttiangleAz W

=2 (1)) + 5 (D)D) = 15@ a @:s ®

Note: In the figure (5), tl@ the x-axis and the area of triangle A; is
above x-axis, therefore:

But area cannot be negative, therefore in such cases, we take net area as:

A+Ao=3+ % =1
3.7 Properties of The Definite Integral

In the finite closed interval [a, 5], when upper limit of integration in the definite integral is greater
than the lower limit of integration (& < b), the following facts are true.
(i) If lower and upper limits of integration are equal, then area is zero. i.c.,

L “feodx =0

2
jxdx 0

(ii) If the lower limit of integration is greater than the upper limit of integration, %

Which states that in i
For example, KX

For example,

sign of integral.

@)
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UNIT-03: INTEGRATION

(iii) If ¢ is the point betw i% nd. 5 .K‘u
W [ Feoyd + [
ple, in figure (5), we have:

f (= Ddx = f,(x— dx + [[(x - Dax
Theorem 3.3:

If f and g are integrable on [a, 5] and c is a constant, then ¢f, f + g and f — g are integrable on
[a, b] and the following statements are true.

@ [ efde=c fedx (The constant has no effects of limits on it.)

.n b b b
() [,[fG)Lg@]dx= ], f(x)dxx [, g(x)dx
Showing that the limit of a sum or difference is the sum or difference of the limits.

@il [lc fx)+d g()ldx=c [, fG)dx +d [; g(x)dx

Example 22: Find: @ @@m
@ [H[2f() +5g(dx if [* f()dx = W
@ [ 4f(ax if I% Wﬁ\)@

Solution:
@ ffﬂg}@ﬁmﬂﬁu = [*,2f ()dx + [, 5gGdx = 2 7, f(x)dx +5 [, go)ax

=2(2) +5(4) =24
@ J5,4f dx =47 fx)dx = 4|7, fG)dx + [ fx)dx]
=4(3+1)=4x4=16

. | Exercise 3.6

1. Sketch the region where area is represented by the definite integral and evaluate the
integral using an appropriate formula from geometry.
. 4 .. 0 2
() Jy xdx (i) J_jxdx i) [y —Ddx

(iv) _]'(x+1)dx ¥) j' 2dx (vi) v1—x2
@O@@ﬁ‘@

2. Evaluate the integrals in each part when @
® [ f@)dx i) [ fde (v [7,f(x)dx

WW
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@ [ fexax G) [ flx)dx Gi) [ Feodx
@) Jfflodx ™ [ feodx o) [T Fdx
4, Find:
_[1 [3f(x) — 2g(x)]dx if _]'1 f(x)dx =4 and f1 g(x)dx =5
5. Find:

ot
f‘f(x)dx if f2f(x)dx=1 and W@
6. g
J' f(x)dxi @&m and [ f(x)dx =

¢ formula from geometry to evaluate integrals.
0 [@-ndx @) fR+VI-2ldx i) [PV —ddx

3.8 Fundamental Theorem of Calculus

In this section, we will establish two basic relationships between definite and indefinite integrals that
together constitute a result called the 'Fundamental Theorem of Calculus’. We will provide a
powerful method for evaluating definite integrals using anti-derivatives.

We consider a non-negative and continuous function f on 4
an interval [a, b]. The area A under the graph f over the
interval [a, b] isrepresented by the definite integral:

b
A=f fx)dx ... ...... ()

From (i), we have: b
A(a) =0 [Thearea under &%m ¢ single pomt a and

hence is zero \
Similarly, A(b) = \g the curve from a to b is A.]

WW
GRADE 12 - |iii_ ‘National Book Foundation
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UNIT-03: INTEGRATION

‘We check what happens when we subtract F(a@) from F(b). From (ii):

Fla)=A(a)+c...... (ifify and F(B)=AMb)+c...... (iv)
Subtracting (iii) from (iv):

F(b)—F(@)=[A(b) +c]-[A(@)+c] =A(b)—A(a)=A—-0=A4A
Therefore, from (i), we have:

b
A=ff&Mx=Hw—Fm) ......... )

Statement: The Fundamental Theorem of Calculus states that if f is continuous on [g, b] ad F is
antiderivative of f on [a, b], then

R v

IF( %), = F(b) - F(a)

‘We can sise that  and b are values for the variable x.

Thus, the definite integral can be evaluated by finding any anti-derivative of the integral and then
subtracting the value of this anti-derivative at the lower limit of integration from its value at the
upper limit of integration. :

Selation: .f % dx = |x= _ _2 oz First, we apply upper limit
2 and then lower limit.
9 1_8
=;72-z~4

Example 24: Evaluate: j'zz(sz -x+ 1)dx

@ conl
Solution: f_22(3x —x+1)dx =[x ==
O % )3 +( 2))

W{W“ S(@-2+2)—(-8—-2- 2) 8+12=20
GRADE 12 -ili_ National Book Foundation
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Example 25: Evaluate: I " Check Point y

S"‘“‘““W " Evaluate: fr cosx dx
Method-1: By substitution but without changing the limits. s

Let u = 2x% + 1 which implies du = 4x dx
Thus, f:\/sz + 1 xdx = %_f:Vsz +1 X 4xdx

2
12 12,2
= - == -1z
2o Yu xdu 4x|3u .

(Substituting for u)

2
= E (2x% + 1)%'0 (Resubstituting for x)
Applying limits, we get:

= 1[22)* + 113 - 2 [2(0)? + 115 = 2[93 - 13]

=lm7_1nN=2=-1
=3 27-1)= s = 3
Method-2: By substitution with changing the limits. @ @@m
Let u = 2x? + 1 which impli : ©

When x = 0,u = 2(0)? +; k 22 ¥1=9
Thus, f; V222 +lx@ X2 1
1.9 112 3° _—
= ;_['1 Vu xdu =X I;uz . (Substituting for u)

12 L4311 _ 26 13
_-6-[92—12]_-6(27—1)_ 6 3

Example 26: Evaluate: dx whena = E, p="=F

a 1—cosx 3
Solution: fb o b 1 1+cosx _ fb 1+cosx
* Ja 1-cosx a 1-cosx 1+cosx a 1-cos2x

_ b 1+cosx cosx]

b 1
dx = J-a [sinzx + sinZx dx

= f: [cosec?x + cotx cosecx]dx

a sin?x

= |—cotx|2 + |—cosecx|2 TI ér Point Al
Applying limits and substituting values of ¢ and b, we get: uate: m
b_1 ‘ W @
e o
a 1-cosx

GRADE 12 “ ‘National Book Foundation



UNIT-03: INTEGRATION

Al
Example 27: Evaluate: EW&
Solution: ction and integrating by parts, we get:
fx!nxdx—f (lnx)(x)dx—llnxx—l - [ = ?dx

_|Inxx | ——_['1 xdx-l!nxx—l ——xlle

= (ine x < — m1 x )—-( =(1xS-0x3)-<41

R

Exercise 3.7

Evaluate the definite integrals.

1. [ (2x+3)dx 2. [y +ady 3(2x @W

4, f:(ze —4x +5)dx 5. i@@ = cosﬂ do
3
7. _r sec?26 do %K@%; 9. f %, x —cosmx dx

_1+4cosf
10. = 1. ff sinx cosx dx 12. IE @+emay %
13. [% (secx+tanx)®dx 14. [% cos’xdx 15. _flalnxdx
4 2
ar x X = 1 -
16. f; (ez—e4)dx 17. J@ ——adx 18. [3 tan~lydy
ﬂ
19. [z g dx 20, [0

0 (2 + cosx)(5 + cosx) 2 x(x+1)

3.9 Areaand Volume
The definite integrals have applications that extend far beyond the area problems. In this section, we

by the area of certain geometrical figures. It is a number that in same

into triangles

will also apply definite integrals for finding the volume. We have an inductive idea of what is meant

region enclosed by the figure. The area of a rectangle is the & 5 leng

GRADE 12 — National Book Foundation
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However, how do we define the area of a region in a plane if the region is bounded by a curve? We
even certain that such a region has an area? In the same way volume of solids can be found by using
definite integration.

3.10 Area of Bounded Region Ay

3.10.1 Area Between a Curve and the X-axis
If f is a non-negative continuous function on [a, 5], y=f&)
then the area under the graph of f from a to b is:

b
A= f Fl0dx

a a b
Example 28: Find the area of the region bounded by the line 2y + x = 8, the x-axis and, the

lines x = 2 and x = 4. s @m

Solution: In the graph, CD is the given line, ﬁ va o@

_ _ Bi _ x O D

2y+x=8 = y= 5 = y=4<% KX@@ ) C

Required area = area of trapezium AR

= area between line ] axis fi 1 5
. o 2 0 5 10

=_f2yd de=|4x—Tz \

42 22 .

= [4(4) ‘T] - [4(2) ‘T] = (16 — 4) — (8 — 1) = 5 sq. units

3.10.2 Area Between Curves

If the function f(x) is greater than the function g(x) for all x between « and b, then the area

under the graph of f(x) minus the area under the graph of g(x) is the area between the curves.
Thus, the area between the curves f(x) and g(x) is:

b
a=[ U@ -geldx s 1@ >9)

Example 29: Find the area of the region bounded by graphs of:
f@=(x-1?andg(x)=3—x

Solution: To find the limits of integration, we find

common points of both functions by solving

f)=g(x) 2 (x-12=3-x 1
= x2—x-2=0
After solving, we get: % @@@W

3 ) 0

x=—landx =2 e
For—-1<x <2, g(x) >@ *
(Also clear 4:1]1 h curves.) glx)=3-x

GRADE 12 — ‘National Book Foundation
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j-Z : ‘

- e+, =f@r+ 2] -+ -]

=[4+2-3-[-2+3+3|=6-2+2-2-2=8-3-05 = 45 sq. units

3.11 Volume of Solids of Revolution
3.11.1 Disc Method

Consider a region bounded by the graph of y = f(x) and the x-axis between x = ¢ and x = b
that is rotated about x-axis. If a = xp < x; < %3 ... < X, = b is partition of the interval [a, 5],
the volume V of the resulting 3-D region can approximated by the sum of volumes of discs
obtained after rotation.

The radius and height of discs D; are f(x); and Ax;
Respectively. Thus:

n ] @ b
- Z Rl A% Q @@W
e A
tting Ax; — 0, we ha ‘/
i we m olume of disc = area of base x height = (nr2)(k)
onf

Example 30:

Find the volume of the solid

obtained by rotating the graph y = x?
between x = 1 and x = 2 about x-axis.

Solution:

2
Ven L [F (O12dx

2 2
V=mn| (x%)%dx = n[ xdx
1 1

2
x5
V=n|—

Note: Ifa sohd is obtained by rotatin;
we can also use the disc

31
= —(25 15) = —H cu. units

v =n[lg(]dx

GRADE 12 — National Book Foundation
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Example 31: O “‘uw o

Find the vol g ted when the ~ 2
region en y=+vx,y=0andy =2 \

is revolved about the y-axis.

Solution:

First sketch the region and the solid. The cross
section taken perpendicular to the y-axis and 2
disk suggests that we can rewrite y = vVx as x = y2,

Thus, g(y) = y? and the volume is:

V=n f ‘O)Pdy = n J; “otydy = fo yidy

5

32
V=m =n(25—05)=Tncu.units

5

0

3.12 Applications

3.12.1 Consumer and Producer Surpluses

Economists use the definite integral ne the' concept of consumer and producer surpluses.

The demand for a c o -g onsumers as well as the amount supplied to the market by the
MWM be expressed as a function of the per unit price. Let D(x) and S(x) be the
number of units demanded and the number of units supplied, respectively, when the commodity sells
ataprice x per unit.

If the demand equals the supply:

D(x) = 5(x)
The market is said to be in equilibrium and the corresponding price of the commodity is called the
equilibrium price. If p is the equilibrium price and b is the price at which the demand of the
commodity is zero (b (5) =0), the integral:
b
Cs = f D(x)dx
P

is called the consumer surplus. Similarly, the integral:
P

GRADE 12 — National Book Foundation
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Example 32: O
Suppose the 8t commodity selling for x dollars a unit and
D(x) = x and S(x) = x? + 10x, respectively. Find the consumer and producer surplus.

Solution: From the graph it is clear that D(x) = 0 when b = 50, $(x) = 0 when ¢ = 0 and
D(s) = S(x) for p = 20. Cs represents the arca under the graph of D(x) on the interval
[20, 50] and Ps is the arca under the graph of S(x) on [0, 20]. We have:
b 50 Ay
Cs = f D(x)dx = f (1000 — 20x)dx
-] 20

600
50

Cs = |1000x —§x2| = $9000 ¢
2 20

And,

P 20
Ps = f S(x)dx = f (x% + 10x)dx
c 0

Ps = Exa + szlzu

Q
3.12.2 Rectilinear Motion “

N
If f(t) is the position %@ ‘ ng in the straight line, then we have:
velocity W a cration = a(t) =7

By using on of anti-derivative, the quantities S and v can be written as indefinite integrals.
S@) =fv(t)dt and v(t)=[a(t)dt
By knowing the initial position $(0) and the initial velocity v(0), we can find specific values of
the constants of integration.
Key Facts
I (i) For upward motion:
S(0=0, v()>0, a=g=-98m/s?=-32ft/s?
3& (i) For downward motion:
I SO0 =h v0)=0  a=g=98m/s?>=32ft/s?

= $4666.67

Example 33:
The position function of an object that moves on a coordinate line is S(t) = £? — 6t. Where S is
measured in centimetres and £ in seconds. Find the distance travelled in the time interval [3, 9].

Solution: The velocity function:
F@O@@m

ds
v(t) = 7y =2t—6
impliesthatv 2 0for3 <t < 9.Hencethe6is ANce

9 9
Sty = f v(t)dt = f (2t©%mx&“‘
3 3
AP

9-18) =4cm

GRADE 12 — National Book Foundation
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AR
3.12.3 Work

In physics w] Os an object a distance d in the same direction, the work done

Definition: Let F(x) be a continuous force acting at a point in the interval [a, 4], then the work
done W by the force on moving an object from a to b is:
b

W = f F()dx
3.12.4 Motion of Spring
Hook's law states that “when a spring is stretched (or compressed)
beyond its natural length, the restoring force exerted by the spring is
directly proportional to the amount of elongation (or
compression)”. Thus, in order to stretch a spring, x units beyond its x
natural length, we need to apply the force: ’

F(x) = kx; k is spring constant.

TeuLoN
paYeng

Example 34:
A force of 130 N is required to stretch a spring 50

spring 20 cm beyond its natural (unstretched)) !
Solution: m

x =50cm = 0.5m

Thus, F =kx = F=260x
Now,x = 20 cm = 0.2m, so that the work done in stretching the spring by this amount is:

126
W = f260xdx= |130%25 =—

= =52]

m Exercise 3.8

1. Find the area of region bounded by the cutve y = x?, the x-axis, lines x = 1 and x = 3.
2. Find the area under the curve ¥ = v6x + 4 (above x-axis) from x = 0 tox = 2.
3. Find the area of region bounded by the curve y? = 4x and line x =

4 In the figure, a sketch of the function

=1 2
y= (0 2x* +x) is shown. Find: W @ @@m

(i) the area of region A.
(ii) the area of region B.
(iii) area of the regi@ A

(iv) area of the r '0 2 +

WW
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10.

11.

12.

13.

14,

15.

16.

17.

18.
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W@%@: s o

;10,371 () y=—1+sinx;[-ZF

Find the area of the region bounded by the graphs of y = x,¥y = —2x and x = 3.

Find the area of the region bounded above by y = x + 6, bounded below by y = x? and
bounded on the sides by the lines x = 0 and x = 2.

Find the area bounded by the curve y = x2 + 1, the x-axis and the line x = 1.

Find the area of the region enclosed by x = y% and y = x — 2 integrating with respect
to y.

Find the volume of the solid that is obtained when the region under the curve y = v/x over
the interval [1, 4] is revolved about the x-axis.

Find the volume of the sloid that results when the shaded region is revolved about the
indicated axis.

0 y=V3i—-x : () y=3—2x \
about x-axis about y-axis
* N co
2 ALY
W\ 70(0Q @
[~ W\ﬂw 2 ¢ 15 \z

ight line according to the position function given below. If £ is
s, find the distance travelled by the object in the indicated time

@O S@)=t*-2t; [0,5] (i) S{)=t3-3t2—-9¢t; [0,4]

(iii)) S(t) =6sinmt; [1, 3]

It takes a force of 50 N to stretch a spring of 0.5m. Find the work done in stretching the
spring 0.6m beyond its natural length.

Aforce F = %x b is needed to stretch a 10 inch spring an additional x inch. Find the work
done in stretching the spring 16 inch.

Find the consumer and producer surpluses, when:

i S(x)=24, D(x)=100-2x

(i) S(x)=x%2—-4, Dx)=—x+8

(iii) S(x) =2x% +3x, D(x) =136 —x?

Find the total revenue obtained in 4 years if the rate of increase in dollars per ﬁi&

f(®) = 200(t — 5)? @
Find the total revenue obtained in 8 ye @H@bﬂ year is:

GRess
Find the area bow —2x? + 1 and the x-axis in the first
®)
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@) If f is integrable, then it is:

(a) discontinuous (b) unbounded (c) continuous (d) linear
(i) If f'(x) = 3x% + 2x, then f(x) is:

(@ 6x+2+c ) 23+x%2+c  (c) 3x3+2x%2+c (d) 1.5x3 + 22+
(i) J = (x%)dx is equal to:

@ x*+c ) 2x+c © Z+c @ 2x+c
(iv) [sin2xdx is:

(a) co:Zx +c () 2cos2x+c (c) — L (d - co:Zx +c
V) [ dxis:

(@ 3 (b) 4 ©>5 d 6

(vi) J cosxdx is:

(vn)(ai _['_ lt3dt 1s (l:)) % @%@w@

(a) t* (©) x3 (d) x3 —16
(viii) What i s xdx and f1 tdt ?
< f tdt M) [ xdx> [ ede
© jl xdx # [ tdt @ [Pxdx=[ltdt
(ix) Areaunder the graph of f(x) = 4; [2, 5] is:
(a) 2 (b) 4 (c) 5 (d) 12
®) [Vxdx is:
3 2 3 3 3 s
(@ x2+c¢ ) sx:tec () s¥i+c (d x2+c¢
2. Evaluate:
(0 ij::il () [x(x?®+ 1)*dx (i) [ cos?3xdx
x2-29x+5 i =1 § .
(iv) f—(x_ ot (xz+3)dx &~ :m xdx (vi) [ 2xsin3xdx
(vi) [x2e*dx (vii) [#(sin2x — 5cosdx)dx (ix) f‘ “""_
3. Use the substitution u = 2x + 1 to evaluate f1 ,/é dx.
A model rocket is launched upward from ground leve iz P 8
(a) How long does it take for the

(b) How high does the rocket go?

‘%&_ has the coordma‘ne S = 4m at time £ = 0 sec, find its posltlon
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