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Preface

This Textbook for Mathematics Grade 12 has been developed by NBF according to
the National Curriculum of Pakistan 2022-2023. The aim of this textbook is to
enhance learning abilities through inculcation of logical thinking in learners, and
to develop higher order thinking processes by systematically building the
foundation of learning from the previous grades. A key emphasis of the present
textbook is creating real life linkage of the concepts and methods introduced.
This approach was devised with the intent of enabling students to solve daily life

problems as they grow up in the leaming curve ad o@@ p the

conceptual basis that will be built in @@Xm
After amalgamation experienced authors, this book

was reviewed and fin tenswe reviews by professional educationists.
Effort
conce nteresting ways.

ake the contents student friendly and to develop the

The National Book Foundation is always striving for improvement in the quality of
its textbooks. The present textbook features an improved design, better
illustration and interesting activities relating to real life to make it attractive for
young learners. However, there is always room for improvement, the suggestions
and feedback of students, teachers and the community are most welcome for
further enriching the subsequent editions of this textbook.

May Allah guide and help us {(Ameen).

{/ K@af@angir
of /\f ( Q/VQ Managlng Director
oo st i




Application of Mathematics

Functions and Graphs: Functions represent relationships between variables and
their graphs provide a visual representation of these relationships. They are used
to study trends like profit versus cost in businesses, population growth over time
or changes in speed in physics. Functions help in predicting outcomes and
analyzing real-world data effectively.

Limit, Continuity and Derivative: Limits describe how functions behave near
specific points, continuity ensures smooth graphs without b atwes
measure rates of change like speed org wth g@@zssentml in
physics to calculate mstantan or cost optimization
and in biology for po

Integration; s calculate areas under curves, volumes, or
accu nt1t1es It is widely used to determine total distance from
velocity, analyze energy consumption and compute areas in construction
projects. Integration also has applications in physics, such as finding work done by
avariable force.

Differential Equations: Differential equations describe changes in dynamic
systems, modeling real-world processes like population growth, chemical
reactions and motion. They are used in engineering to design systems, in physics
to describe heat flow or wave motion and in biology to model disease spread.

Kinematics of Motion in a Straight Line: This studies the motion of objects along
a straight path using concepts like displacement, velocity and acceleration.
Applications include calculating stopping distances of vehicles, anal:%zlrﬁ.| free-

sport

fall under gravity and predicting the motion of Ob] %/k

systems. ; /\&“ & Qﬁ@
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Analytical Geometry: Analytical geometry combines algebra and geometry to
study the properties of shapes on the coordinate plane. It is used in designing
structures, solving distance and slope problems and planning urban layouts. It
plays a significant role in architecture and engineering.

Conic Section: Conic sections include circles, ellipses, parabolas, and
hyperbolas, which have various applications. Ellipses describe satellite orbits,

parabolas are used in designing headlights and bridges and rb @a&@:plied
incommunication systems and radar %esi g W%O@

Inverse Trigonometric Fun lmm ! Inverse trigonometric
functions calculate %&ﬁ@ ometric values, essential in navigation,
surveying, a it . Their graphs help solve problems involving slopes,
eleva s and real-world measurements requiring precision.

Solution of Trigonometric Equations: Trigonometric equations model periodic
phenomena such as sound and light waves. Solving these equations is crucial in
designing musical instruments, analyzing alternating electrical currents and
studying wave patterns in physics and engineering.

Numerical Methods: Numerical methods approximate solutions for complex
problems using algorithms. They are widely used in weather forecasting,
structural analysis of buildings and financial risk modeling. These methods make
it possible to solve equations that are difficult to handle analytically.




- Ifnzefe iy zlfe ptlald

CONTENT

Unit 1 Functions and Graphs 7
Unit 2 Limit, Continuity and Derivative 43
{ &\ @)
Unit 3 Integration _ /f\(\ Y\m/ 89
\\//\\l\\\\VJ\/‘
Unit4 | | Differéntial qdations 120
R
U Kinematics of Motion in a Straight Line 140
Unit 6 Analytical Geometry 160
Unit 7 Conic Section 182
Unit 8 Inverse Trigonometric Functions and Their Graphs 230
Unit 9 Solution of Trigonometric Equations 262
Unit 10 Numerical Methods 274
™
) )
Answers, Glossary anﬂndﬂ(\w@o@@ ) 290

GO

oo




g

\J ‘\ NWT\\” ‘X\

FUNCTIONS AND GRAPHS

|
{

Functions have many applications in real life. One is the use of -
function in signal processing applications in engifieering, | Jﬁc]udiﬂg (¢
noise reduction, modulation, and ﬁltcrmg, For eXa.mplc functlbns in
audio processing are used to' analyz&atid sou;ud waves, which
makes it possnble to desxgn devices like- equalizers and noise-
canceling headph osnfem Similar to-this, functions are essential to the
encoding,® mhsrhj mg, and decoding of signals for wireless
communmatlon systems in the telecommunications industry.

After studying this nmit, students will be able to:

Recall definition of function, find its domain, codomain, range and its types.
Find inverse of a function and demonstrate its domain and range with examples.
Know linear, quadratic and square root functions.

Sketch graphs of linear and non-linear functions.

Plot graph of function of the type y =x" when (i) n is a + ve or — ve integer and x # 0,
(i) 7 is a rational number for x > 0.

Plot graph of quadratic function of the form y = ax? + bx + ¢, where-a, b /ammte g\qs
and . # 0. ) y\"\/ \II% m\\ﬁv
megraphusmgfactomandpred;etfmfcﬁo,ns&mq’qhw —

Find the mterscctmg grap]ma.ﬂy hen miel;ﬁectton occurs between (i) a linear
ﬁmctlon and co \axgsf(‘u) gr functions (iii) a linear function and a quadratic

M\nodulus functions.
Solwi Jgﬁf%

hically appropriate problems from daily life.
Classify algebraic and transcendental functions and describe trigonometric, inverse
trigonometric, logarithmic and exponential functions.
Define logarithm, and derive and apply laws of logarithm.
Graph and analyse exponential and logarithmic functions.
Apply the concept of exponential functions to find compound interest.
Solve problems involving exponential and logarithmic equations.
Identify the domain and range of transcendental functions through graphs.
Interpret the relation between a one-one function and its inverse through a graph.
Demonstrate the transformation of a graph through horizontal shift, vertical shift and scaling.

GRADE 12 & - " National Book Foundation



'UNIT-01: FUNCTIONS AND GRAFMS

\QIEI=
1.1 Function “xm
Afunctwnw set B assigns to each element of A exactly one element of B. The set A is
called the d of'the function and the set B is called the co-domain of the function.
Mathematically, it is written as f : A = B and is read as f is a function from A to B.

For example, if we are given two sets A={—1,1,2} and B= {1, 4, 9}, f

then f = {(—1, 1), (1, 1), (2, 4)} is a function because each clement of the r—\
set A is assigned to exactly one element of the set B. i.e. there is no A 5

repetition in the first element of ordered pairs in f. The first element of

each ordered pair in f is called pre-image while its corresponding second T——
element is called image of the first element. For example, in (2,4), 2 is the —
pre-image of4 and 4 is the image of 2.

If x is independent variable and y is dependent variable, then in general, a function f from A to B
is written as f(x) = y.

For example, in the above example,
F-D)=1Ff(1) =1 and f(2) = 4 ! %% @Eﬁ%@w@o

Explanation: As discusse
For example, if a tree n every year and the height 7
of the tree age as follows:

h(age) = age x 15
then the height of the tree after 10 year is A(10) =10 x 15=150 cm
“*h(10) = 150 is like saying 10 is related to 150 or 10 — 150
Here, 10 is the input and 150 is the output of the function.
1.1.1 Domain of a Function

The set of all possible values of independent variable
which qualify as inputs to a function is known as the
domain of the function. In the above example,

| Key Facts
A function in which real numbers
3? are used is called a real valued

Domain of function f =Dom f ={-1,1,2} function.

How to Find the Domain of a Function

To find the domain, we ensure that there is no zero in the denommator ofa fr 0 negative

sign inside a square root. In general, the set of all real num 0 n - main of a

function subject to some restrictions. For xa::@le

(i) When the given function is of th xy= x3 + 2x — 5, the domain
will be “the set of all :%ﬁ@

(ii) When the glven m f(x) = — the domain will be the set of all real numbers
except

GRADE 12 _ National Book Foundation



'UNIT-01: FUNCTIONS AND GRAFMS

(iii) In some cases, the interval be\specified z
0<x<10 3 ake the values between 0 and 10 in the domain.
(iv) Dom ons refer to the values for which the given function cannot be defined.

1.1.2 Range of a Function

The set of all the outputs of a function is known as the range of the function or after substituting the
domain, the entire set of all possible values as outcomes of the dependent variable.

In a function y = f(x),the spread of all the values y from minimum to maximum is the range of the
function. In the above example,

Range of function f = Rang f = {1, 4}
How to Find the Range of a Function

« Substitute all the values of x in the function to check whether it is positive, negative or equal to
other values. Eliminate the values of x for which the function is not defined.

* Find the minimum and maximum values for y.
1.1.3 Codomain of a Function

Ingeneral,therangeisthe f the codomain. But sometimes the codomain is also equal to the

range of the functi % 2 exan
Codomain ={1,4,9}

In short: —

Domain Co Domain

» Whatcan go into a function is called the domain. o~

/1| Range
! i
A2

» What may possibly come out of a function is called the codomain.
» Whatactually comes out of a function is called the range.

In the adjoining figure,

* Theset {a,b,c} is the domain.

e Theset{1,2,3,4,5}isthe codomain.

o Theset{l,2,3}istherange.

Example 1: Find the domain and range of a function f(x) = 2x? — 4.

Solution: f(x) =2x? —4 Key Facts
The given function has no undefined values of x. I o is Om" that
Thus, the domain is the set of all real numbe@. Yo fakes aw input and produces a
Domain = (—o0,0) = R

|

[}
/

If 0 e hctiohemd & example, the distance a car has

E Wzlllmt; a? m thfe g “ il traveled (the output) is dependent
orterre vaiues ot XrQirer franiha on how long that car has been

B _ driving (the input).

Hence, the e of f(x) is [4, o). i

"\ National Book Foundation




'UNIT-01: FUNCTIONS AND GRAFMS

Example 2: OW
Find the domai ction g(x) = vx — 3.

The given function is defined for all real numbers x greater than or equal to 3.
Thus, the domain of g(x) is [3, o).

If we put x = 3 in the given function, we get g(3) = 0.

For all real values of x, greater than 3, we get an output greater than 0.
Hence, the range of g(x) is [0, o).

1.2 Types of Functions f
121 Into Function S

A function f: A — B is said to be into function if there exists at least one
element or more than one element in B, which does not have any pre-
images in A, which simply means that every element of the codomain is

not mapped with elements of the domain. i.e., range (f) ﬂ o
In the adjoining diagram, f = {(a, 1), (b} 3) ction.

Some examples of into

e f(x)=sinx 1 is into function because it doesn’t cover all values in
the inf

e g(x) = x* where g: R — R is into function because it doesn’t map to any negative real
numbers.

s h(x) = e* where h: R = [0, o) is into function because it doesn’t map to zero.

1.2.2 Onto (Surjective) Function f

For any two non-empty sets A and B, a function f : A - B will be onto if TN
every element of set B is an image of some element of set A. i.e., forevery A B

y € B there exists an clement x in A such that f(x) =y which implies

rang(f) =B. i

In the adjoining diagram, f = {(a, 2), (b, 1), (¢, 3)} is an onto function.
Some examples of onto functions are:

e f(x)=2x  (Identity function)
e g(x)=e* wheng:R >R’ %@MW@O
TAAN
Al

GRADE 12 National Book Foundation




1.2.3 One to One (Injectiv \ ‘Funclt\mn :
For any two n étin-eqiptw ﬁéts A and B a function f: A — B will be one-to-one A/—\ B

if distinct elements of set A have distinct i images in set B. In the adjoining N
diagram, f = {(a, 2}, (b, 1), (c, 3)} is a one-to-one function. b i
A function f: A — B is one-to-one if f(x1) = f(x2) implies x1 = x. c

i.e., an image of a distinct element of A under f mapping (function) is distinct.
Some examples of one-one functions are:

f(x)==x (Identity function)

g(x) = 2x + 3 (Linear function)

h(x) =e* {Exponential function)

m(x) = vx (Square root finction, defined for x > 0)

1.2.4 Injective Function
A function which is both into and one-one is called an injective function. .
1.2.5 Bijective Function ~ P " \\ (.f\_:,
A function which is both onto and ong-one is cz(a/]led abgecuveﬁmcﬁtm \/o/ Ye A\ D
Bijective function shows one-qnc corresp(‘md/apcé hetWéep thc\ ele a‘.nts of two sets.
—— Key Facts
Various types of functmnﬂ are inenttoned in the below table:
m] ) ne function, Many-one function, Onto function, Bijective Function, Into
ion, constant Function
Based on the Fwdentity function, Linear function, Quadratic function, Cubic function,
equation olynomial functions
Based on the [Modulus function, Rational fuimction, Even and odd functions, Periodic
range ctions, Greatest and smallest integer function, Inverse function, Composite
ctions
Based on the [Algebraic functions, Trigonometric functions, Logarithmic functions,
domain xponential functions

Example 3: Check whether the function f(x) = 2x + 3, is one-to-one or not if
domain = {0.5, 1,2} and codomain = {4, 5, 7}

Solution: Putting 1,2and 0.5in f(x) = 2x+ 3, weget f(0.5) =4, f(1)=5and f(2) =7
As, for every value of x, we get a unique f(x) thus, the function f (x) is one to- ené?
Example 4: Check whether the function is one-to-one or not: f(x) —/ Zx -kyl\ -

Solution: To check whether the function)is or(e mone o; not let ) | '
o) '\.,(xﬂ/_ f (1’«23\
N '~..,2(x1)2 +1= z(xz)2 +1
RN 02 = (a2
Since (x,)?'=" (Jrz)2 is not always true, therefore the function is not one to one function.

GRADE 12 4 "\ National Book Foundation



UNIT01: mt'fi*w!.\is;am GRAFHS

Example 5: Check the typﬁ Actior — x* —1ifDom f(x)={1,—-1,2,—2} and
Codom f(w
Solution: (x) = x? — 1 with Dom f(x) = {1,—1, 2, —2} and Codom f(x) = {0, 3, —3}

Substituting the elements of the domain in the function, we get:
f=12-1=0
fED = (-1 -1=0
fQ=22-1=3
fED = (-2 -1=3
Therefore, Rang f(x) = {0, 3}. As, Rang f(x) = {0, 3} # {0,3,—3} = Codom f(x).
So, the given function is an into function.
Example 6: Find the type of the function f(x) = 3x + 2 defined on f: R — R.
Solution: Let, f(x)=y = y=3x+2 = y-—-2=3x = x=y—
Substituting the value of x in the given function f(x), we get:

@ =f(&)=3(33)

Since, we get back y after putl:mg the
onto function.
1.3 Inverse Functi

The invers ctlon f (x) is a function denoted by f~1(x) which reverses the effect of
f(x) and it undoes what f(x) does. In mathematics, the inverse function is also denoted by f~.
If f: X > Y, then f~1: Y - X. i.e., If the application of a function f to x as input gives an output
of y, then the application of inverse function f~* to y should give back the value of x.

It can be illustrated in the following diagram as:

)
Key Facts
X (Domainoff) Y (Range off) | o Ify = f(x) is bijective function
then x = f1(y).
- If fog(x) = gof(x) =x,
. theng=f"" and f = g~*
X (Range of f 1) Y (Domain of f~1) ‘ 131 —

v N [(o \o~
o O @@ -

i.e., The d (%r»‘;.\ s given ﬁmctlon becomes the range of the inverse function, and the range of
nction becomes the domain of the inverse function.




| A UNIT-01: FUNCTIONS AND GRAFMS
, 0 WO | '
Note that £~ is not the and not every function has an inverse. If a function f(x)
has an inverse es the same value twice. In simple words, the inverse function

exists onl oth one-one and onto function. Can we say that the inverse function is also
a bijective function?

Moreover, the composition of the function f and the inverse function f~! gives the domain
value of x.

fof 1(x}= flof(x) =x

1.3.1 Steps to Find an Inverse Function
Consider a function f(x) = ax + b.
¢ Replace f(x) with y, to obtain y = ax + b.

e Solve the expression for x to obtain x = ?.

e Replacex with f~1(y) to get f 1(y) =22,

. Interchangeymthxmthe function f~1(y) = —and get inye: c@m
fi) =22, @@@ ﬁ

y=f(x) -
respectto the 7
nctions are inverses of each /,
AL the fact that if (x, v) lies on the function, 7 y=F0)
then (y, x) lies on its inverse function. s
s’
Example 7: — 1~ / >
0 -
Find the inverse function of f(x) = — defined on f: R - R. /’ {/ x
rd

@ Find domain and range of function and its inverse.
(ii) Provethat fof i(x)= flof(x)=x
Solution:
@  Given functionis f(x) = =5
Dom f(x) = R — {2}
To find inverse function, let;
y=ﬁ 2 yx—-2)==x
= x(yv-1=

WW ﬂ Iy . Replacing y with x.

GRADE 12 — National Book Foundation



(i)

i r\ t/\/ﬁ

From the inverse ﬁmcﬁon, we see thé

Domf‘i(x? -;'Ri \(1) -

Hence,'|

Dom f = R—{Z}—Ra.ngf‘ and Domf !=R-—{1}=Rangf
fof () = FUF ) = £ (2 =FL=tm=5-% O

x
2x 2x

Frof() =) =f1(E) = —%2 =2 =Z=x @@
From (i) and (ii}, we get:
fof () = flof () =x

Find the domain of following functions.
O f@=x-6 @ s@=7 (1 hGD) S

A\ 1'?"// ;. \'. \ / o \¥

W i®=5; O Ji®F ’m DY o0 kG = VA T

Find the domain ancifauge of the ﬁm&uons e

@ fG ) 3(“'}'\ "\ f(x) =2x%+1 (i) f(x)=2vx-5

(iv) \?taé) —3 ) f(x)=1+sinx V) f(x)=3+Vr—2
(vii) f(x)=7 (viii) f(x) = (ix) f(xX)=(@x-1)2+1
® f@) == i) f(x) =22 (i) ) =258
Giventhat A= {0, 1,2,3},B={p,q,1,5} and f = {(0, p), (1, 9), (2, 1), (3, 5}}. Check whether

the function is one to one, onto and/or into.

A=1{2,3,4,5},B={b,c,d, e}. The function is defined as f = {(2, b), (3, ¢), (4, €), (5, €)}.
Check whether the function is one to one, into or onto.

Check whether the functions are one-to-one or not.
0 f=4x-7 @) f@=62+2 (i) fx)= 2

Check the type of function g(x) = 2x2 + 3x + 1 if Dom g(x) {0 1 23} and
Rang g(x) = {1, 6,15, 28, 35} O\ _ ANV /(o)

Find the type of the functlon h(x) = 2x'+ 1}d§:ﬁﬁad on h R - R
Iff:A—Bis deﬁnedb \'-f'(x) ———\for allx € Awhere A=R- {3} and B=R - {1}.
Then, shpwl;ﬂat ﬁ]e ﬁJnctlon f is bijective.

GRADE 12 1. "\ National Book Foundation



'UNIT01: FUNCTIONS AND GRAFMS

9. Find W% verse functions when;
@ )=4x -3 i fx)=_% (i) fx)= E

@) f@=VZ+Z @) f@W=x2+6 @) f&)="—r
Also prove that f(f ~*(x)) = f ' (f (x)).
1.4 Linear, Quadratic and Square Root Functions
1.4.1 Linear Function
The function of the form,
y=ax+b;a,beRAa+0
is called linear. It is a polynomial function s
of degree one.
For example, f(x) =x+2, g(x}=2x—-1 (\ﬂ@/ @
are linear functions. Q @@\N ] o 5 10
The graph of a linear functionis K@
line and the slope of any tw IS\ 3 by £
line is the sam i range of
the linear onisR. a()
1.4.2 Non-linear Function -1

A function that is not linear is called a non-linear function. A nonlinear function is a function whose
plotted graph form a curved line. For example, quadratic function, cubic function, square root
function and exponential function etc. The slope of every two points on the graph of non-linear is not
the same. Let us recall the shapes of the graphs of quadratic and square root functions here.

(a) Quadratic Function

The function is of the form,
y=ax®+bx+c;a,b,ceRAa+#0
is called quadratic.

It is a polynomial function of degree two.
For example, f(x) =x% +3x — 2 and
g(x) = 5 — 2x? are quadratic functions.

The domain and range of the quadratii O

function is R. The graph of a quadrat;
equation is U-shaped and 1 abo




For example,

f()=vx+2and g(x) =vxZ -3

are square root functions.

‘UNIT-01: FUNC TIONS &ND GRAFMS

(b) Square Root Functmg
The function o , Where g(x) g(x)

x20is a root function.

-10 & 5 10

The domain of square root function depends upon its formation.
1.5 Plotting Graph of Function of the Type y = x"

1.5.1 Graph of the Functiony=x";neZAx+ 0

For plotting the graph of the function

¥y =x";,neZ Ax + 0, we take different integral values
of n. For example, the table for the function y = +x3 is:

f@x g(x)

x 0

0.5

1

flx) =x3 0

0.125

g(x) = -

-0.125

1—1#

X
We observe that graphs o w\f&g
the same shape but 4

PN

The mhwm- -2,-1, 0, 1, 2 is shown below.

-\
wds
N
-

» the gra

¥ : c: ght ]me bisecting first and thu'd quadrant
> the graph'of y = x 1 is a hyperbola passing through first and third quadrant.

GRADE 12 — National Book Foundation



» the graph of y. Fx, ?has‘exponenual behavior with two branches.
» The graph dofy x™ pass through (1, 1).

Example 8: Draw the graph of y = x*.
Solution:
Table for some values of x and y for the function is:

x|—15]—-1] 0 | 1 | 15
y|506| 1 | 0| 1 [506

From the figure, we can see that the graph of

y = x* is U-shaped which opens upward starting
from origin. The value of y increases slowly for
real numbers —0.5 < x < 0.5.

After that it increases abruptly.

1.5.2 Graph of the Functiony=x™";ne¢ Q(A x20 \4 . /// (O

For plotting the graph of the function || LA\
y=x"neQAx>0,wé fake tﬁﬁ'erent NN\ s
integral values of n. For fxample., ‘the table

for the ﬁmgtrqﬂ §(] =lix V

x 05| 1 | 4| 6
fx)=x32 [035| 1 | 8 | 147

We observe that graphs of y = x3/2 has exponential behavior. -1

The graph of y = x™ forn = —g, —E, 0,2 2 is shown below.

’3’

GRADE 12

" National Book Foundation



From the above graphs, we observe that. W\
the graph of y =¥ 213 jg\¢loser to y-axis.

the graph ny =L ¥-9/2 maves away from y-axis as compared with the graph of y = x~2/3,
the graph of y = x1/2 is closer to x-axis.

the graph of y = x?/* moves away from x-axis as compared with the graph of y = x1/2,
The graphs of y = x™ pass through (1, 1).

1.5.3 Graph of Quadratic Function
We know that the polynomial function of degree two is called a quadratic function. This function is
ofthe form:
f(x)=ax*+bx+c;abceRanda+0
The graph of the quadratic equation is a parabola.
For example, y = x% + 2x + 1 and y = 2 — 3x? are quadratic functions.
Understanding the Graph
e ga: The coefficient g, affects the direction and width of the parabol& fa> Q{the jjarabola opens
upwards. If a < 0, the parabola opens downwards. The ’1argeb the absﬁhlte value of a, the
narrower the parabola. \
o b: This coefficient affects ‘itheposmon qf\Qle vertex honzontally (left or right) and slope of the
parabola at the vertex , \
Y, ’} e \ So, ‘the pomt (0, ¢) is on the parabola.
* x=—— 14 equation of axis of symmetry and is also the x-coordinate of the vertex.

VVYVVYyY

Example 9: Draw the graph of y = 2x? + 3x — 2.

Solution:
y=2x%+3x-2 )]
Comparing (i) withy = ax? + bx + ¢, wehavea =2,b =3 andc = -2
Step 1: Determine whether parabola opens upwards or downwards.
As g > (), therefore parabola opens upwards.
Step 2: Find and draw the axis of symmetry.

Equation of axis of symmetry is:
IS .
T 28 22) 4

Step 3: Find and plot the vertex.
The x-coordinate of vertex isx = — % : '

2 .
X-ax1s

of (0.-2)

So, th:| & N
Step 4: Fmd some more points if needed and plot the graph.

(-0.75,-3.125)

GRADE 12 1 "\ National Book Foundation



Table for some values of x and y fo: thc ﬁm&on is:

A [ o] 1
y|"0|-3]-2] 3
Form the figure, it is clear that the graph of function y = 2x% + 3x —2 is parabola.
Example 10: Draw the graph of y = 4 — 2x?
Solution: y = —2x% + Ox + 4 ')
Comparing (i) with y = ax® + bx + ¢, wehavea =—2,b =0and ¢ = 4
Step 1: Determine whether parabola opens upwards or downwards.

As a < 0, therefore parabola opens downwards.
Step 2: Find and draw the axis of symmetry. Equation of axis of symmetry is:

- b __ 0o _
YT T T 2y
Step 3: Find and plot the vertex. A0

The x-coordinate of vertex is x = 0. To find the y—ogordm#té substgtutevalue of xin
equation (i). We get y = —2(0)2 + MU)-}- 4

\ W ' ,"‘ y'“is © 4
So, the vertex is (p @ ~\\V \ DA
Step 4: Find some more points"'lf needc | and plot
thegrap\h“\“\”\ll \J 2
Tablg: Eor some values of x and y for the x-axis
function is: 2 0 2
x|—2]-1] 0 1] 2 \
y|—4| 2| 4] 2|-4
The sketch of the graph is shown in the figure. 4

1.6 Drawing Graph Using Factors
Letus draw the graph of quadratic function using factors.

Weknow thaty =ax” + bx + cis a quadratic function where @ # 0 and the graph of such a function is
a parabola. These graphs can be tricky to sketch manually, but factoring the quadratic gives us all of
the information we need to do so successfully.

Procedure: A
The points where any parabola intersects the x-axis w111 be the solutlons to thc equatmn:‘

Now if we can factor equatlpn(l) inthe f ] | W
{ x_f";(x‘-—xil)’(x—xz) =0
thenby the 2810 pmqpe'qﬂfoperty we get:

x=x and x=2x,
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This means that x, and x, arethex-intercepts In other words, graph will intersect x-axis at (x,, 0) and
(%, 0). The constantc. ftells;us what the y-intercept will be. More specifically, the constant term ¢
places the y-mtj.erciépt af (0, ¢), giving us a third specific point on y-axis. Likewise, the value of a tells
us whether our parabola will open up or down. If a is positive, the parabola opens upward. If it is
negative, the parabola opens downward.

‘We can also figure out the vertex of the parabola by factoring the quadratic equation.

The x-coordinate of the vertex of a parabola is the arithmetic mean of two x-intercepts = "12&

Once we have the x-coordinate, we can determine the y-coordinate by plugging the x value into the

given function and solving for y. With these four specific points including both x-intercepts,

y-intercept and the vertex of the parabola, we can create an accurate sketch of the graph quickly and

casily.

Example 10: Draw the graph of y = x? — 8x + 12 using factors.

Solution:

Given function is: y = x% — 8x + 12

To get x-intercepts, put x2 —8x+12=0

After factorization, we get:
X, =2, X3 =6 V.

= The graph intersects x-axis at (2, 0) and (5,0).

To find y-intercept, Jgu]m;FOmthe given function

which glveQ\gf\j? 2.

Therefore y-intercept is (0, 12).
Xq+%o — ﬁ =4

Vertex: x-coordinate of vertex = — =

Substituting, x =4 in given function, we get:
y-coordinate of vertex = 4% — 8(4) + 12 = —4
=~ Vertex = (4, —4)
As a = 1 > 0, therefore parabola opens upward.

The graph is symmetric about x = 4. The sketch of the graph is shown in the figure.

Example 11: Draw the graph of y = —x? + 4x — 4 using factors.

Solution: 2,0

Given functionis: y = —x? + 4x — 4 g 1 *
To get x-intercepts, put: - S
~x?+4x—4=0 =2 -(x®—4x+4) =0 3 x* —dx+4=0
After factorization, we get repeated roots: WA T QAN &

X =2, J,:z,.-'-'tz

This shows that the graph intcmects x—axls a}(z, 0), 420, -4) 4, -4y
which is the vertex of the parabola.
To find y-infercept, put x = 0 in the given function

which gives y = —4.
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Therefore y-intercept is (0 - ; >
a=-1<0, showa, : I Check Point NN
downwards, A&i the' graph is symmetric about Draw thze graph of

x = 4, therefore parabola also passes through y= 2: +6x +4

(4, —4). The sketch of the graph is shown in the figure. using ’

1.7 Predicting Functions from Their Graphs

The method is explained with the help of following examples.

Example 12: Predict function from the graph. y-axis

Solution: 4

The graph shows a line passing through points
(2,0) and (0, —2).

Slope of the line is:
otz _ 4

2=-0
Equation of the line is:
y—0=1(x —2)
y=x-—2
Which is the reqmred

Example 131 d’ﬁaﬂi& functmn from the graph.
Solution:

The graph shows a parabola passing through points
(2,0) and (—1, 0) and (0, —4). We know that the
equation of the parabola is quadratic.

Now, the equation of the parabola passing through
{p, 0) and (g, 0) is of the form:

y=a(x —p)(x—q) wherep = 2,9 = —1 and

a > 0 as the parabola opens upwards.

Substituting the valucs of p and g in the above
equation, we get:

=a(x —2)(x+1) @)

Smce the parabola passes through (0, —4), therefore N

from (i), we have:

—4=q(0-2)(0+1) = _4_ = a(—Z) »=’-.‘

Therefore from (i): PN

y=2x-2)(x+1) =\ y=2
NINAVAS

GRADE 12

(Pomt slope form of J:he( lme) » ) )

y-axis

20

5 5
X-8xX15

Key Facts
Equatlon of parabohc function
passing through (p, r) and
(g.r)is:

y—r = a(x - p)(x— q) where
I p, q and r are positive.
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1.8 Graph of Modulus Functlons

A modulus ful:rctlpli (abgolute valued function) determines a number's magnitude regardless of its
sign. Ifxis atkal number, then the modulus function is denoted by:
=|x|] or f(x)=|x| wherex€R.

The modulus function takes the actual value of x if it is more than or equal to 0 and the function takes
the minus ofthe actual value x if it is less than 0.
1.8.1 Domain and Range of Modulus Function
The domain of modulus function is R while its range is the set of non-negative real numbers, denoted
as [0, o). Any real number can be modulated using the modulus function.
Example: Consider the modulus function f(x) = |x|. Then:

o Ifx=-5theny= f(x) = —(—5) = 5, since x is less than zero.

« Ifx =6,theny = f(x) =6, since x is greater than zero.

o Ifx=0,theny= f(x) =0, since x is equal to zero.
1.8.2 Graph of Moedulus Function A\ (¢
Consider the modulus function f(x) = x| . [\ R AL
Table shows the values of f (x) below \ (T )\

x -3|-2|-1 0—‘»] 1 ( 2 \ B

f(x}| 3 | 2 1.\\ ] '\]1 N | 0 12 | 3 1
It can be mfe’nl't'ad that for all possible values of x, — —
the function f(x) remains positive. 3 2 1 0 1 2 3

1.9 Finding the Intersecting Points Graphically
1.9.1 Imtersection Pointbetween a Linear Function and Coordinate Axes

As we know that the graph of a linear equation is a straight line and the points of intersection of the
line with axes are called intercepts. v

Example 14: 1
Find x-intercept and y-intercept of the function: f(x) = 122 2+3y=12"]0, 4

3
Solution:

x | 6 |03
fol 0o |42

The graph of line f(x) = =2 is shown in the adjommgf NN ICE
figure. From the graph it is clear that: \\/7' )\

e The line crosses the x-axis \at

Check Point SNENEG

So, its x-interceptig 6. | |\ x and y-intercepts of a line are —3
« The line: q;qsseg {he y-axis it (0 4) and —5 respectively. Find points of
So, its y-intercept is 4. intersections of line with axes.
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1.9.2 Intersection Point between tWoLmsr Functlons

While solving simulas &us linear functions graphically, keep in mind the following points.
1. Draw eachjlmear functlon on the same set of axes.

2. Find the coordinates where the lines intersect.

Example 15: Find the graphical solution of f(x) = — and g(x) = x — 3.
Solution: 4
. 6—x . \ 7
Table of values of function f(x) = - s (&)
2
X 6 | 0|4 0(4,1)
fx)| 0|31 _ __/ \
Table of values of function g{x) = x — 3 is: N
x [3]0]5 2§
gix)| 0 |=-3| 2 /4
The graph of functions f(x) = — and g(x) = x — 3 is shown in ;he ad;ommgﬁgm

From the graph it is clear that the both linear fqnctlons mterseqteaohathe:r/at pomt 0(4 1).

Therefore, point O(4, 1) isthe graphlcal solutmn, of the gwcn linéar functions.

1.9.3 Intersection Point betWeen aLineBFE‘uhcﬁon and a Quadratic Function

As we know that the\\g_faﬂh of a quadratlc equation is a curve. The point of intersection of a linear
function aqdl guad: fic furictionis a point where both the graphs intersect each other.

Example 16 \Solve f(x)=3x+4and g(x) = 5 + 3x — 2x2 graphically.

Solution:
Table of values for f(x)=3x+4 is:

x | 0 |—-1]1
fo| 4 | 17

Comparing the graph of
g(x) =5+ 3x — 2x2, with
y= ax? + bx + ¢, we have:
a=—-2,b=3andc=5
Here, a = —2 < 0, so the curve will open
downward.

Table of values for g(x) =5 + 3x — 2x?

x |—2[-1]0]1] 2 :
gx)| -9 0 [ 5] 6[\3 [ =4[V \
Both the graphs intersect each other at )\

A(=0.7,19) and BO.7,6.1): -
Hence, soluﬁbn se'tis {(—=0.7,1.9), (0.7, 6.1)}
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1.9.4 Solving Problems Graphleally frm}Dally Lnfe
See the followmg cilamﬁlic to'understand the method.

Example 1757
g(x) = 2x — 4 respectively. Draw the graph of
paths of both planes and find the point, where
both planes pass.

Solution:
In the figure, red line represents the path of

first plane while blue line represents the path

alrplanes are moving along the paths representing f(x) = x + 2 and

of second plane. 3 o7& s 5
The graph shows that both planes pass through / / ®
the point (6, 8). ﬂ

b

o

Exercise 1.2

Plot the graph of the functions: ~ N\ / o) \ oo~

O r@=3-2_ @ \fes 00 L) rw=1-2
@) g0 =x*+4\\T @\ \ g(x) = ‘-6 o) gx) =vIxF1
Plot the gra h ef oﬂOWm_g fltmhons

@) N fjﬁ:t\); +1 () fx)=2x° (i) fE)=1+=x72
@v) f () =32 ™ fx)=2-x"7 i) f(x)==x2

Find possible x-intercept, y-intercept and vertex of the following functions and then plot.
0 fX=x*+2x+1 i) f(x)=-2x?+2x-1

(i) fx)=x%*+2x (iv) f(x)=9— x?

Draw the graph of following function using factors.

@ fx)=x*-2x+1 ) f(x)=x*-7x+12

(i) f(x)=x%-2x (iv) f(x)=—-2x*+x+3

™ f(x)= 4x? —4x iv) f(x)=6—x2—x

Predict algebraic functions from the following graphs.

@ (i) ) (iif) . (iv)

Plot the gra]])h pﬂ fo]lowmg and ﬁnd pomt of intersection of function with axes.
(i) )7'—'+-lx‘+l- (ii) y=6—-3x (iii) y = x* — 5x
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7. Find graphlcal sol tlon ofy V-
O SRS g =—2x+1 @) fG)=2Q2+x), g0) =x* +1
(i) F(¥) =5+3x, glx) = -2 +5 (iv) f(x) =1, g(x) = —2%% + 2x +5
) f(x)=2+3x+x% g(x) =5+ 3x — 22

8. Draw the graph of following modulus functions.
() f(x)=-15|x] (i) f(x) =1+2|x]| (ii)) f(x) = 3lx| +x

9. The equations for supply and demand are given by two linear equations:

Supply equation: S(x)} = 2x + 10; where x is quantity and S(x) is the price.

Demand equation: D(x)} = —3x + 40; where x is quantity and D(x) is the price.

Find the equilibrium point where the price of supply equals the price of demand by drawing
the graphs of both equations.

10. Suppose a ball is thrown into the air and its height h(t) after t seconds is given by the parabolic
trajectory: h(t) = —6¢2 + 10t + 5. If this ball hits a wall 10 m high representing the
equation: h(t) = 9t. By drawing the graphs, find out when and where theball reaches the wall.

11. Two asteroids are following the parabolic paths mprcscﬁtcdb}* f (x) =x%=7x +12 and

g(x) = x(x — 3). By drawing the ‘graphs of both tmgeotones, find out the place from
where, both asteroids. wﬂlpass )

1.10 Algelg agdﬁﬁltihanscendental Functions
1.10.1 Algeisralc Function
An algebraic function is a function that involves only algebraic operations. These operations include
addition, subtraction, multiplication, division, and exponentiation.
Types of Algebraic Functions
Main types of algebraic functions are:
(i) Polynomial Functions
A function of the from p(x) = apx™ + a1 x* 1+ -+ a,x + a;, where ay,ay, ..., a, are
constants and n is integer, is called a polynomial function. Some examples are:
e f(x) = 3x + 7 (linear function)
¢ f(x) =x?—2x + 5 (quadratic function)
¢ f(x) =x*—T7x+ 7 (cubic function)
¢ f(x) =x*—5x%+ 2x — 8 (biquadratic function) _
e f(x)=x%—7x+ 3 (quintic ﬁ.mct:lon) [N
(if) Rational Functions WAL S
A function that is composed of two flmctlons and expressed in the form of a fraction is a rational
function. If f(x) is a rauonal ﬁmctmn, then F(x) = p(x)/q(x), where p(x) and q(x) are
polynomlals and qﬁx) # 0 is called a ratlona.l function. Some examples are:

|
U\

WA f@) =

—4
2x+3 1) = T er v 1
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(iii) Power Functions | W\
The power funct cm; anq: Jthhe form f (x) k x® where 'k' and '@’ are any real numbers. Since 'a'isa
real number ‘the exponent can be either an integer or a rational number.

Some examples are: )
f(x) = %%, f(x) = x~*(reciprocal function) and f(x) = vx — 2 = (x — 2)z
Properties

» Algebraic functions are closed under addition, subtraction, multiplication, division and
composition.

» Algebraic functions are easy to solve, differentiate and integrate.

Application

« Physics and Engineering: Simple mechanical system, the motion of objects under constant
acceleration.

» Geometry: Many curves such as circles and ellipses.

1.10.2 Transcendental Fupetions -~

The functions which are not algebraic are called transcendentall 'These funcﬁons can only be

expressed in terms of infinite series. Some exaanples are:

e Exponential functions: f (x) =%, g(x7' = aﬁ 5\

o Logarithmic functions: f(x) "'. ';gax, g ‘x) lnx where base g is a positive constant,

 Trigonometric qxp?upns \f(x) = sinx, g(x) = cosx, h(x) = tanx

o Inverse %bﬂ(b etrlc functions: f(x) = sin"*x, g(x) = cos™'x

o Hyperbollc functions: f(x) = sinhx, g(x) = coshx, h(x) = tanhx

« Inverse hyperbolic functions: f(x) = sinh™'x, g(x) = cosh™1x

e Special functions: Bessel functions, Gamma functions, error functions etc.

Properties

« These functions are not expressible in terms of a finite combination of algebraic operation of
addition, subtraction, division, multiplication, raising to a power and extracting aroot.

» These functions often exhibit more complex behavior like periodicity (in the case of
trigonometric functions) and rapid growth (in the case of exponential function).

Application

» Science and Engineering: Exponential and logarithmic functions are critical in modelling
growth, decay and oscillation in natural systems.

« Signal processing: Trigonometric functions are fundamental in ana.lysmg waves sounds and
signals. sl

» Mathematical analysis: Many problems umalculus dJﬂ'erentlal equafions and complex analysis
involve transcendental functlons \ SR\

1.103 Loga.l‘ithmicFuncﬁn‘ 8,

Logarithmic functions férm a ﬁmdamental class of transcendental functions. These functions are
inverse of ¢ exp eﬁtial functions. They play a crucial role in mathematics, science, engineering and
many applied fields.
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Definition: If you have an exponentlal ﬁmct%n of the form y = a* where a > 0 and a # 1, then
the loganthmJJc ftm?qu fis defined as:

NN x =log,(¥)

Replacing y w1th x, we have:
y = loga(x)
Here, log,(x) is read as logarithmic of x to the base a.

Base of the Logarithms
The base of logarithm determines its specific type. Some types are:
o Natural logarithm: It is written as log,(x) = Inx where e =2.71828... is called
Euler’s number.
o Common logarithm: It is written as log,,(x) where a = 10.
o Binary logarithm: It is written as log, (x) where a =2.
Properties
o The logarithm is the inverse of exponential. If y = a*, then x = loga(y).
This means log,(a*) = x and @'°820) =y, XN\
¢ The domain of log,(x}isx >0 because we cannottakc\the lqgauthm of 2ero or a
negative real number. il

Laws of Logarithms O\ ~—~\\ AN~
« Product Rule: lo (xy) \loga(x) + log,(y)
: gegwﬂb llogs (2) = loga(x) — loga )
. Power Rule: log,(x™) = n log, (x)
o Change of Base Rule: For any positive bases @ # 1 and b # 1:

logb (%)
0Ba(®) = {3

Note: As a* = 1, therefore log,(1) = 0.

Graph of Exponential Function

» If the base, g is greater than 1, then the function increases
exponentially at a growth rate of g. This is known as
exponential growth.

» Ifthe base, ais less than 1 (but greater than 0) the function
decreases exponentially at a rate of a. This is known as
exponential decay. ] L A0

* If the base, a is equal to 1, then the function trivially — [ \ (GRYVVE
becomes y = 1. This means exponennal functlon 'always | S
passesthrough(0,1). .\ BR\ e

» Thepoints (0, 1)and (1, a)arc alWay“,“ nihegraphoftheﬁmctlony a*,

* Exponential function: takes Only positive values and its graph never touches x-axis.

» The domap.ﬁ‘of rtZe exponentlal function is the set of all real numbers, whereas the range of this
function is the set of positive real numbers.

=)
Xy
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Graph of Logarithmic Functlon

Solution:

Example 18: Draw the graph of f(x) = e~%5%, \
Table of values for f(x) = e~%5% 10

When graphed, the. lpﬁanthnnc functlon is similar in shape y=a’
tothe squaré root function.

The logarithmic function always passes through the point
(1,0)because 1og, (1) = 0.

The curve approaches to y-axis but never touches it.

The domain of the logarithmic function is the set of all _/o : -
positive real numbers, whereas the range of this function is (

the set of all real numbers.

For a > 1, the value of function increases as x increases.

For 0 < g < 1, the value of function decreases as x increases.

in

x |=-5|-2|-1|0]|1

gG) | 12 |27 16| 1 |06 04 02| |¢
Graph is shown in the adjomm g ﬁgure \\ o~

Example 19: Draw the, phof Lo [—

() fG) =g ) gy = Inx +3)
Solution: \J“ In{x +3)
Table of values for f(x) and g(x) is: 2 %
x [0 ]o01]o5 |1 ]4]10 Pl
-4 o 2 4 B 8 10
f(x| - |-23|-07| 0 |14 2.3
g(x)| 109|113 | 1.3 |14 19| 26 2
Graph of both functions is shown in the
adjoining figure. +
Applications

Growth and Decay Model: Logarithm functions are used to model phenomenon that grow rapidly
at first and then slow down such as population growth or the spread of deceases.

pH Measurement in Chemistry: The pH of a solution is the loganthnuc measure of the hydrogen

in cm concentration. AN\ A((
pH = —logyo[H* 1. AR E

Sound Intensity (Dec1bels) The dec1be1 scale thch meaSures mtensxty, isa lo ganthch scale:

hereIis the in 1ty df the sound and L is the reference i mtensny
Informahoﬂ 'Thbory Logarithms are used in information theory to measure information content

and entropy.
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'UNIT-01: FUNCTIONS AND GRAEHS

« Compul

Conclusions

Logarithmic functions are powerful tools for dealing with exponential growth and decay as well as
for measuring and comparing quantities on vastly different scales. Their unique properties and

applications make them essential in both theoretical and applied fields. Most of the applications, we
find, are in the fields of engineering and computer technology.

Example 20: Suppose that Rs. 30,000 is invested at 8% interest compounded annually. In ¢ years,
it will grow to the amount A(t) given by the function: A(t) = 30,000 (1.08)*

() How long will it take until then is Rs. 150,000 in the account?

(ii) Let T be the amount of time it takes for the Rs.30,000 to double itself. Find T.

Solution:

(i) We set A(t) = 150,000 and solve for t.
150,000 _

t -
150,000 = 30,000 (1.08)° = (1. 08) 5000 @ @
Taking natural log on both sides, we get:-) S \ @ w

n(1.08)* =in5 = tln(l[l

In5

> t= In(1.08) m

HMW 20.9 years for Rs. 30,000 to grow to Rs. 150,000.

(ii) To fin ubling time T, we set A(t) = Rs. 60,000, t =T and solve for T.
60,000 = 30,000 (1.08)" = (1.08)T= 2X0_9

30,000
Taking natural log on both sides, we get:

in(1.08)T =2 = T in(1.08) = In2
In2 0.6931

= T'= In(1.08)  0.07696 2

Therefore, doubling time is about 9 years.
Example 21: In 2020, the population of the country was 249 million and the exponential growth
rate was 0.9% per year. If P(t) = Pe" is exponential growth function, then:
(i) Find the exponential growth function for the given data.
(i) What would you expect the population to be in the year 2028?
Solution: Key Facts
(i) Here B, = 249, r =9% = 0.009 | : = Pe™

The population growth function, gives: Is @ in the

a P(t) = P,e”" models the

P(t) = 249 x ¢000% (a)
ii) In 2028, we have t =

@) we have @) decay or decline in the

quantity where r > 0.

To find the population i

P(B)=2 ks
0747 = 267.6

Therefore, population of the city in 2028, will be about 267.6 million.
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'UNIT-01: FUNCTIONS AND GRAFHS
T l -

Example 22: The rﬁoaﬂu&)ﬁ}? rbon-14 has a half-life of 5750 years. The percentage of
Carbon-14 present i dead animals can be used to determine the time of death of that
animal. Hdﬁ{ animal bone that has lost 40% of its Carbon-14?
Solution:
First of all, we find constant r using the concept of half-life. When t = 5750 (half-life), P(t) will
be half of B,. Thatis P(t) = 0.5P,
Therefore, the decay function P(t) = P,e~™ implies:

0.5B, = Poe—r X5750 = (0.5 = e 7 X5750
Taking natural log on both sides, we get:

In(0.5) = Ine""*57%% = In(0.5) = —r X 5750
_ _ In(os)
> r=-222~000012

We have the formula: P(t) = B,e~%00012¢
If an animal bone has lost 40% of its Carbon-14 from an initial amount F,, then 60% of P, is the
amount present. To find the age ¢ of the bone, we solve the decay ﬁmctlon for
0:6P, = P,e~000mat [P(t) =60% of B, = P(t) = @
0.6 = e~900012¢ = |n(0.6) = @0 08 = —0 00012t
_ 05108

= ~ 0.00012 =424 &
Therefore, out 4257 years old.

1. Draw the graphs of functions.

(@) f(x)=e* (i) g(x)=e%* (i) h(x) =2—¢*

(iv) R(x) =1+e7%* ) f(x) =In(2x) (i) g(x) =log(x + 1)

(vii) R(x) = 3 +1og(x)  (viii) f(x) = €%6* and g(x) = In(0.6x)
2. The number of compact discs N (in million) purchased each year increasing exponentially is
given by:

N(t) = 7.5(6)%5¢
Whete t = 0 corresponds to 2024, t = 1 corresponds to 2025 and so on, ¢ being the number
of years after 2024.
a. After what amount of time will one billion compact discs be sold in @m

b. What is the doublmg talme on the sale of ompact di ({,’ :ﬁo ; @
ually. After ¢ years, it

grows to the amounté
= 50,000(1.06)"
a. After &/\ e will Rs. 50,000 grows to Rs. 450,000?
ubling time.

GRADE 12 — National Book Foundation



g}'pwth rate of thepopulatlon of the city is 1% per year, After how many

4, The exponentiz
years, the popU ation will be doubled?

5. The populat:lon of the world was 5.2 billion in 1990. The exponential growth rate was 1.6%
per year at that time.

a. Find the exponential growth function.
b. Find the population of the world in 2000.
¢. In which year the world population was 8 billion?
6. Students in a mathematics class took a final exam in monthly intervals thereafter. The
average score S(t), after t months was given by:
S(t)=68—201log(t+1); t=0
What was the average score when they initially took the test (t = 0)?
What was the average score (i) after 4 months (ii) after 24 months?
Graph the function.
After what time was the average score 507 W\
7. If P(t) = P,e™ denotes the growth function of oil andthe exponen’tlal gmwth rate«of the
demand for oil is 10% per year, when wrlll the demand be doubled‘?
8. Approximately two thu‘d of all- Al um cans \distributed are recycled each year. A
beverage company dJstnbutes 250 000 cans. The number still in use after ¢ years i3 given by
the ﬁmctmn ] J N \ | o AL 2
N N(t) = 250,000 (5)

a. After how many years will 60,000 cans be in use?
b. After what amount of time will only 1,000 cans be in use?

pogs

t

1.11 Domain and Range of Transcendental Functions through Graphs

If a weight is attached to a spring andthe I 2 3 4 5 )
weight is pushed up or pulled down and N

released, it tends to rise and fall alternately. 5 ;‘? } ‘ E: LY
. . . 11 e .= e 2 s =/
The weight is said to be oscillating in 3T = 2 Z 3/
harmonic motion. If the position of the & =< z €
weight y is graphed over time the resultisthe }, < Q /
graph of a sine or cosine curve. Nl & "/

1.11.1 Graph of y =8in8® and y = cos8 1S\ (P
To graph the sine or cosine function, we use the horizontal’ axm for the values of 8 expressed in
cither degrees or radians and vertical axm forﬂle vaIues Jof §ing’ 'of cos. Ordered pairs for these
points are of the form (8 sm9) or (9 cosﬂy

[ 0° | 15° | 300| 45“?‘2 ”‘-.60"" 75" 90° | 105° |[120° | 135°| 150° | 165° | 180°

sing 0-:;,'.“07,'.'3'1{‘ '{,‘0;5” 0.7 1087 (097 1 097 1087 | 0.7 | 0.5 0.3 0
cos@ | 1 [097]087]| 07 | 05 |03 0 |03 (05 |07 |[-087 [-097 | -1
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S '\)\/ﬂ \\\\\\
g 195 [ 2100 [ 2250\ 2407 [ 25%° [ 270° 285 | 300° [315° | 330° | 345° | 36%°
sing | - 0.3 -Oq —07 <087 | -0.97 -1 097 | 087 | 0.7 -0.5 -0.3 0
cos0 -0;1-9_171 087 (07 | 05 | 03 | 0 03 |05 | 07 | 087 | 097 | 1

-360° 2 -1 ° 9§° 1 o°
V-3

)
%

-1

From the behavior of graphs of sine and cosine functions, we can easily predict the domain and
range of both functions which are:

Function Domain Range .

y=sinf | R=0¢e(—,0)=—00<f < yelrk, 1]““-153!31
y=cosf | R=0¢c(—00,x) = r—oo <,6<ca (}rg\{\ﬁ'ly,i;}— -1<y<1

1112 Graph ofy = tan@and'y —tmto-\\.,_«_.,\f‘_—;! 3
Similarly, by drawmg ﬂ} graph ny “tand , g
— \
and y = C% N ﬁﬁ\éhﬁ E\asﬂy predict the domain ;
and range o fboth functions as follows. ; , /f
Function y = tand _;;i /
1r / f
Domain 8#(2n+1)5;nez / }é P
Range R ,

Function
Domain
Range

o
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UNIT-01: FUNCTIONS AND GRAI‘F[ﬁ

1.11.3 Graph of y = sec *

Domain anw ::y cosec8 is obvious form the graphs of both functions shown
below.

S
|
i

2T : 4 0 T 2 21 T 0 i 2n
-1 -1
. m
3
o mﬁm
Ay A"

Function y = set;f o g\n\tgtl\ﬁ\\)sju @é\%&é
Domain 0 *(2n b\ﬂ%\\é&“ (w 0 #nmneZ

Range M‘W\A Range y£-1Ly21
Q‘: _°°:_1] U [1: m) or ye€ (—00, _1] U [1, m)

1.12 Relation Between a 1-1 Function and its Inverse through Graphs
1.12.1 One-One Function and its Graph
One to one function is a special function that maps every element of the range to exactly one element
ofits domain i.e., the outputs never repeat.
Examples: (i) The function f(x) = x — 3 is a one-to-one function since it produces a different
answer for every input.
(i) The function g(x) = x% — 1 is not a one-to-one function since it produces one output 0
for the two inputs 1 and —1.

2

-2

o

One-One Function Not a One-One Function
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1.12.2 Horizontal Line Test '

The horizontal line tﬁstqshhsedtodetermme whether a function is one-one when its graph is given. To

test Whethé‘,i‘jH;Ifl_L‘_,‘l Function is one-one from its graph just take a horizontal line (consider a horizontal

stick) and make it pass through the graph.

» Ifthe horizontal line does not pass through more than one point of the graph, then the function is
one-one.

» Ifthe horizontal line passes through more than one point of the graph, then the function is not one-one.
Examples: If we draw horizontal lines on the above graphs, we observe that:

(i) The graph of f{(x) = x — 3 passes horizontal line test, so it is ono-one function.

(ii) The graph of g(x) = x* — 1 fails horizontal line test, so it is not ono-one function.

A N |

l}i.\S\ di:e one functon. a{x) 18 not a one-one function.

W o |
Check Point /5
By using horizontal line test, check whether the function y = »° is 1-1 function or not.

1.12.3 Inverse of One-One Function

Suppose f: X — Y is a one-one function. Since every element y of Y corresponds with precisely

one element x of X, the function f must determines a “reverse function” g: Y = X

whose domain is Y and range is X. Then f and g imply that:
fxy=y and g@)==x

or  fg») =y md gUf(x)=x

The function g is given the formal name as “inverse of f™.

From the above discussion it is clear that:

Dom f =Rang g and Rang f =Dom g

Definition: 0\ (CIOUBE

Let f be a one-to-one function with domain X and range Y. The'i verse-of f is a function g with

domain Y and range X for which: 7\( O

fg) = y foreveryy in’¥ \(“and \\ g(f(#)) = x foreveryxinX.

Symbolically the inverse Jc,affg function f is denoted by £ ~*. Thus, g(x) = £~ (). Itis to be noted

that f ‘1(x)\:.\j’ls‘;ﬁdﬁ_ _ he same as [f(x)]~L. In terms of this new notation, we have:

FF@) =) ==

\
)

|

/
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1.12.4 Properties of the Inv rse bf_ "()"‘I‘iéﬁtt}f)ilé'l?-l'lnctlon

Here are the propcrfneq df thcmvcrsc of one to one function:

e The ﬂmq’tionf has an inverse function if and only if f is a one to one function.

« Ifthe functions f and g are inverses of each other then, both these functions are one to one.

» f and g are inverses of each other if and only if f(g(x)) = x, x in the domain of g and
g (f(x)) = x, x in the domain of f.

s If f and g are inverses of each other then the domain of f is equal to the range of g and the
range of g is equal to the domain of f.

o If f and g are inverses of each other then their graphs will make reflections of each other on
the line y = x.

o Ifthe point (a, b) is on the graph of f then point (b, @) is on the graph of 1.

Example 23: Find the inverse of f(x) = +3 (X FE g, then represent f and f~* graphically.

Solution: Given that f(x) = ——;x # >

Since f is a one to one ﬁJnctlon, therefore:

fE()) = m [Replacmgx withy f_ 1(JC)
O Y \ g

Solving for f~1(x), we et' \

PN NS

= x=

= 2f" 1(x) “+3 > flE="2

Graph of function f(x) and f~1(x) are shown in the adjoining figure. From the graph it is clear

that if any point (a, b) is on the graph of f(x) then point (b, @) is on the graph of f ~*(x).

Challenge: Can you find inverse of f(x) given in example 23, by any other method?

Example 24: Given that f(x) = 3 — 4x is one to one. Find its inverse and represent f and f~!

graphically.

Solution: Given that f(x) =3 —4x or y=3—4x

Solving for x, we get: "

= 4x=3-y > x=-3;—y f@x)
- 3

= fo)= Ty

= fl(x) =3% [Replacing y withx.]

Graph of ﬁ.mctlon f(x) and f71(x) are| shown‘
in the adjoining figure. From the gl'aph itis. DI
clear that the point FB 0) is! on the graph of f(x)

and the poinf, (0,3)is on the graph of £~1(x).

Therefore, both the graphs are reflections of each other.
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'UNIT-01: FUNCTIONS AND \GRAI‘FL‘»

1.

A )
Exercise 1.4
N

Find the domain and range of the functions graphically.
@ f@®=sn(%) (i) g(x) = 3cos (%)
(iv) y = cot G) (v) y = 2sec(2x) (vi) y = sin(2x)

Determine whether the given function is one to one by examining its graph. If the function is
one to one, find its inverse. Also draw the graphs of inverse function.

N fx)= ix +3 (i) gx)=x(x-05) (iii) h(x) = (x +1)?

(iii) h(x) = 2tanx

@) f@x)=x°- V) g =4+x i) h(x) =

(vi) F(x) = 2% +2 (viii) g(x) =5 (ix) h(x) = |x|
1.13 Transformation of a Graph through Vertical Shift, Horizon hift

and Scaling @ @@
1.13.1 Vertical and Horizontal Shift
Asshiftis arigid translation as.it does k‘-‘“ e graph of the function. A shift
only changes the location o

%MM a positive constant to/from every y-coordinate while

Vertical Shift: A vertical shi
leaving thy unchanged.

Horizontal Shift: A horizontal shift adds/subtracts a positive constant to/from every x-coordinate
while leaving the y-coordinate unchanged.

Key Facts

Vertical and horizontal shifts can be combined into one expression.
Shifts are added/subtracted to the x or f(x) components. If the positive constant is grouped
with the x, then it is a horizontal shift, otherwise it is a vertical shift.

In this section, we will discuss the geometric effects on the graph of y = f(x) by adding or
subtracting a positive constant ¢ to f or to its independent variable x.
The summary of vertical and horizontal shift is elaborated in the table 1.1 below.

Original Add a positive Subtract a Add a positive Subtract a positive

function constant ¢ to positive constant ¢ to x. tc

y = f(x) f(x). constant ¢ = xf// N O@@ @om x.

somf(n. (1101

y=f® |y=f@tc | y=fc|y=fax+c) | y=flx—c)
Geometric Shifts the \\\L\\ﬁ/ hifts the Shifis the graph ¢ | Shifts the graph ¢
effects NN its ~ | graph c units | units left. units right.

W p. down.
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y=x%-3

Table 1.1

Example 25: Sketch the graphof @)y =vx (b) y=vx—2 (c) y=vx+2
Which kind of shift did you observe after sketching the graphs.

Solution:
@y=vx b)) y=vx—2 © y=vx+2
/
2 / 2
K * ‘ * AT\ |3~

Above graphs show a hc rlzontalshlﬂ The graph of the function ¥ = ¥x — 2 can be obtained by
n'ansforming!:p]é@gi%%ﬁﬂ.’bil given function 2 units right to the origin while the graph of y = vx + 2

\ %

can be obtained by transforming the graph of given function 2 units left to the origin.
Example 26: Draw the graph of y = |x| and then sketch the graphs of:

@y=Ix-1 ®My=Ix|+1 () y=I|x—-1]
®y=lx+1-1

@ y=Ix-1-1

@ y=Ix+1]

Which kind of shift did you observe after sketching the graphs.
Solution: Table of the values of the function y = |x| is given as:

x |0 | X1 |+2)| 3 [ +4 | 15| 16

fxy|o [ 1 |2 | 3 4 15| 6 . »
y=Ix

The graph is shown in the adjoining figure.

Sketch of other graphs is shown in the table below. = 4+ =2 o z 4 =@

@y=IxI—-1 b) y=IxI+1

4

4 -+ -2 0 2

Jl|“?l (N\J M

© y=Ix—1|

2

Vertical shift 1 unit down

Vertical shift 1 unit up

Horizontal shift 1 unit right

GRADE 12
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UNIT-01: FUNCTIONS AND GRAFHS

\V\//\ \ | 8
R A TANCASS
© y=Tx—1]-1

- i

@y= @ y=Ix+1|-1

4 4

2 2

a 2 [ 4 a - 4 2 a

Horizontal shift 1 unit left
Vertical shift 1 unit down

Horizontal shift 1 unit left Horizontal shift 1 unit right

Vertical shift 1 unit down

1.13.2 Scaling (Stretching/Compressing)
Scaling is a non-rigid translation in which the shape and size of the graph of the function is altered. A
scale will multiply/divide coordinates and this will change the appearance as well as the location.
Vertical Scaling: A vertical scaling multiplies/divides every y-coordinate by a constant while
leaving the x-coordinate unchanged. m
Horizontal Scaling: A horizontal scaling multiplies/divi @@@e@aconsmt while
leaving the y-coordinate unchanged. O

Note: The vertical and horizontal scali into one expression.

In this section, we will discuss the geometric effects on the graph of y = £(x) by multiplying or

dividing wi stant ¢ to f or to its independent variable x.

The summ f vertical and horizontal scaling is claborated in the tables 1.2 and 1.3 below.
Original Multiply Multiply f{x) by | Divide f(x) bya | Divide f(x) by a
function f(x)bya a negative positive constant | negative constant

= f(®) positive constant c. [ B
y constant c.
- y = cf (x); y = cf(x); f(x) f(x)
= f(x =—;c>0 =—;c<0
y=i@ c>0 c<0 y c ¢ y c ¢
Figure is Figure is Figure is stretched | Figure is stretched
. compressed by | compressed by by changing y- by changing y-
Geometric changing y- changing y-values | values by 2 in the | values by 2 in the
effects values by 2 in by 2 in the same direction. opposite direction.
the same opposite
direction. direction.
8 B 3
4 4
2 :E~ iFa
2z 0 z LT .@1 \j', gl
— ; —




UNIT-01: F'UNC TIONS ANU GRAI‘E[‘;

Original Multlpl bx\ \Mﬂh}ﬂy xby Divide x by a Divide x by a
function ’\j\ Q§ ﬁvé a negative positive constant | negative constant
y = f(x)| I\J tant c. constant c. C. c.
y=F@) | y=flx) |y=flxk |y=[fx/c) y = f(x/c);
c>0 c<0 c>0 c<0
Geometric Figure is Figure is Figure is stretched | Figure is stretched
effects compressed by | compressed by | by changing x- by changing x-
changing x- changing x- values by 2 in the | values by 2 in the
valuesby 2in | valuesby2in | same direction. opposite direction.
the same the opposite
direction. direction,
4 4 4 4
2 2 2 2
2 [ 2 2 2 -2 Q 2
2 2 2 @
-4 -4 O @ -4
y=x y = (2x)° Y= (20% K x y = (—%/2)°
\Lm "Table13
Example 27: Dra x| and then sketch the graphs of:
(@y=11 =- 1le ®) y=Ix[+15 () y=Ix|+(-15)
Which kind of scaling did you observe after sketching the graphs.
Solution: 8
Table of the values of the function y = |x]| is given as:
4
x |0 (41 (42| +3 [+4 | 15| 16
fx)(o | 1 ]2 ] 3 4 | 5| 6 i .
= |x
The graph is shown in the adjoining figure.
Sketch of other graphs is shown in the table below. o P z o z 3 5
(a) y = |1.5x] = |—1.5%| () y=|x|]+15 and () y=|x|+ (-1.5)

4

-2

| F1gure is stretched by changing y-values by 1.5 in both
cases but with opposite behavior.
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'UNIT-01: FUNCTIONS AND GRAFHS

Draw the g1 p of the given functions and then sketch the graphs of other functions using
translation. Verify the results using graphical calculator.

=lx| @y=Ix+2] ®y=Ix-2] ©@y=Ix+2 @) y=Ix-
y=x* (@y=x*+4 ®y=x*—-4 (@©y=(x—-4)P ) y=(x+4)?
y=vx @y=vx+3 () y=vx-3 @©y=vx+3 (@) y=vx-3
y=x (@y=x+5 (@®)y=x-5 (c)y=5x (@ y=-5x
y=x @y=2*+1 (@O y=x*-1 ©y=x-1P® @ y=x+1)?
y=x%+4

@ y=0x*+4)-3 ® y=x2+4)+3

) y=x—-372+4 @ y=x+3)2+4

7. y=x* (a) y=3x° (b) y=—3x @y=5  @y=-3

y=x* (a) y=(3x)*

2 Sl

(3] Wluch of the following is an example of exponentlal growth function?

@ f)=3x+4 () f()=3*%x5 (0) f(x)=x° @ f(x)=x*
(i) The exponential decay function is expressed by:

(a) f(x)=a.b*;0<b<1 b) f(x)=a.b*;b>1

©© fx)=ab*0<ax<1 d) f(x)=ab*a>1
(iii) The logarithmic function f(x) = log,x is defined for:

(a) allreal numbers (b) x <0 © x>0 d x=0
(iv) What is the value of log5125?

(a) 25 () 5 © 4 d 3

(v) A function f: A — B is said to be onto if:
(a) Every element of the set A has a unique image in the set B.
(b) Every element in the set B has a preimage in the set A. @m

(d) f is both one to one and onto.)

(vi) The function f(x) = x ‘ 2,7 “ is:
(a) one to one t (b) onto but not one to one
WO to (d) neither one to one nor onto
GRADE 12 — National Book Foundation



UNIT-01: FUNCTIONS AND GRAPHS

) dofined by £(x) = %2 + 1, is

(vii) The func W \f, R [0

(a) i\\&)ﬁtﬁ tnot on to one (b) one to one but not onto
(c) neither one to one nor onto (d) both one to one and onto
(viii) A function f: A — B has an inverse if and only if:
(a) f is one to one (b) f is onto
(c) f is both one to one and onto (d) f is neither one to one and onto

(ix) The inverse function of f(x) = x3, is:
@ FE@=x3 ® fl®= F © Fr@=¥¥ @f W=V

() The function f(x) = sinx, where f:[- %, ¥| — [-1,1],is
(a) one to one but not onto (b) onto but not one to one
(c) both one to one and onto (d) neither one to one nor onto

(xi) The inverse function of f(x) = —~;x # 0, is:

- - - iRy 1
@@W=1  ® = "r @71 1\ £ @i =]
(xii) Scaling refers to: 0 \J \\\\

(a) increasing t@gﬁz }m\qm \\ \\ } _\ DI

(b) decreasing the Sk\e (of an object

(c ) mqi%iégﬁepmperhes Whlle resizing an object.

@)\éha&\:gmg the shape of an object.
(xiii) Which of the following statements is true for the uniform scaling?

(a) both width and height change proportionally.

(b) only the width changes.

(c) only the height changes.

(d) width and height remain unchanged.
(xiv) What is the effect on the graph of f(x) when it is replaced by f(x + 2)?

(a) It shifts 2 units to the right. (b) It shifts 2 units to the left.
(c) It shifts 2 units up (d) It shifts 2 unit down.
(xv) The domain of y = sin™(x), is:
(a) [0,) (b) (—0,) (© [-1,1] (@ [0,1]
2. Find the domain of the given functions. B
@ F0) =4 +VE 2 ® fG)=x/2x=3 -\
© f@ =% @ f(f}-r\\*"' Brtd

..v
,,,,

3. Find the domam and tange of the givfen funcuo
(@ fD =1+ xi \CAL QL LS 18y f(x) = (Zx +1)?
©f (:rc)\J N g U= @) f(x)=3+va—x2

\,Jm&
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4. Draw the gra 0&)&% en sketch the graphs of the following functions.
( -2 ® fE=vx+4 () fx)=—Vx
@ f@=14+Vx=2 (o) fl)=4/x ® f@)=—3Vx
5. Graph the given functions.
(@) y =2+ 2sinx (b) y=—§tanx
() ¥y =3 — cosecx (d) y=cos(x+n)
6. Find the domain and range of the inverse function of f(x) = log(x% + 1).
7. Show that f(g(x)) = g(f(x)) = x, when:
f) = e* and g(x) =
8. The population of a town grows exponentially according to the formula P(t) = 1000 %05¢
where £ is the time in years. After how many years, will the population reach 50007

9. A company has the fo]lowing cost and revenue functions:
C(x) = 5x +10; where x is the number of units produced.

D(x) = 15x; where x is the number of units sold. @o@@ S 3
Find the equﬂlbnum point Whﬂ%\@ﬁ@
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LIMIT, CONTINUITY AND DERIVATIVE

After studying this unit, students will be able to:
e Demonstrate and find the limit of a function.

e State and apply theorems on limit of sum, difference, product and quotient of functions to
algebraic, exponential and trigonometric functions.

o Demonstrate and test continuity, discontinuity of a function at a point and in an interval.
e Apply concepts of transcendental functions, limit of a function and its continuity to real world

problems.
e Calculate inflation over a period. Calculate depreciation with the help of! su'alght /hnemeﬂmd.
e Recognize the meaning of the tangentto acurveatapoint. <"\ |' | // “_ LA

e Calculate the gradient of a curve at a;poifit) Idehtify the dmvat\NQ ag tﬁel Limit of a difference
quotient. Calculate the derivatiye. of' flmutlg;m Esnméte ‘the detivative as rate of change of

velocity, temperature a,ﬁcl\pr(ﬂ:‘t'th Rec : gniz

o Statethe connectlo\l\} et et detivative andcontmu:lty

° Fm@ﬂ%g\g&iyéﬁ \fuhctlon, square root, quadratic and logarithmic functions.

® Appl}{he differentiation rules to polynomials, rational and trigonometric functions.

e Applythe differentiation to state the increasing and decreasing function.

e Apply differentiation to real world problems.

e Find higher order derivatives of algebraic, implicit, parametric, trigonometric, inverse
trigonometric functions, Describe the ability to approximate functions.

e Explain differentials to approximate the change in quantity. Calculate errors.

e Find extreme values by applying second derivative test. Explain and find critical point.
e Apply derivative and higher order derivative to real world problems.

The word calculus is a diminutive form of the Latin
word calx, which means stone, In ancient civilization,
small stones or pebbles were often used as a means for NN\ [
reckoning consequently, the word calculus can referto, | b :
any systematic method of computatlon How evm‘, dver

the last. several hundred years, \a definition o ‘calculus
means that the branch J(:a:c‘, mathematlcs concerned with
the calculatlpm ah apphcatlon of entities known as |
derivatives and mtegrals
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2.1 Limits t L)
Two of the mopt ﬁ;ﬂda&nental concepts in the study of calculus are the notions of function and the

limit of the function. In this first section, we shall be especially interested in determining whether the
values f(x) of a function f approach a fixed number L as x approaches a number 'a' using the symbol

'—>' forthe word 'approach' weask f(xX) > L as x > a.

2.1.1 Limitofa Function asx Approaches to a Number

Consider a function: fay=16=%
44 x

‘Whose domain is set of all real numbers except —4. Although f(—4) is not defined, nonetheless,
f(x) can be calculated for any value of x near —4. The table shows that, as x approaches to —4

from either the left or right, the functional values f(x) approaches to 8. That is, when x is
near —4, f(x) is near 8 We say 8 is the limit of f(x) as x approaches to —4. We can write as:

£(x)—>8 as x—>—4 or lim 16=*

>4 4+x [ & ~

X
41
401 ©
_ 'r4 me
VN NNz ;
-3.99 7.99
-3.999 7.999

I
v

16-%" _ (4+x)(4-%) _,

Forx > —4, f can be simplified by cancellation £(x)= 2
4+ x +Xx

—-X.

The graph of f is essentially the graph of y = 4 — x with the exception that the graph of f has a
hole at the point that corresponds to x =—4. As x get closer and closer to -4, represented by the
two arrowheads on the x-axis. The two arrowheads on the y-axis simultaneously get closer and
closer to the number 8.

Intuitive Definition: If f(x) can be made arbitrarily closer to a finite number by taking x sufficiently

i close to but different from a numbera, from both the left and right side of , then llm f (x) L :
x = a~ denote that x approaches a from the left andx—> a+ dmotethatxapproach&s afromthenght.
Thus, if both sides have the common value L, ‘ e '

We say that:
\ Note: The exist
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/ ~ \\\Y\ e \ ¥
Example 1: Usmg the graph heck whether\the ].1m1t of the function exists or not.
x+2 x<5
H“ f()‘{ x+10 x>5
J|clirgm_f(;vc)=;vc+2=7 . xlirghf(x)=—x+10=—5+10=5
x5 f(x) 71 x—>5% F(x)
49 6.9 51 49
299 | 699 ? O\ 5.01 4.99
4.999 6.999 / > 5.001 4.999

Since ,.,ll.%l— flx) # J}g& f(x), we concluded that chl_’né f(x) does not exist.

Example 2: Evaluate. a. lim2¥ b. limi=2= o
x50 * =3 Al
Solution: A e ;“\"\f' 175 (K&
O\ =i\ N\ = 1—
x->0 S—n:—“ﬁ\ r\\ 8 x—- 0 ﬂ
—~ TN \j- al 3 xb‘l : d
01 ANNNN o3 998341 —0.1 —0.0499583
g — —0.01 —0.0049999
—-0.01 0.9999833 —0.001 —0.0005001
—0.001 0.999998 —0.0001 —0.000510
o limS™ _ 1 i locosx o
x-0 X xl—rv% x -
. 1 — cosx
sinx
x -0t —~ x - 07 T x
- — 0.1 0.0499583
- " 0.01 0.0049999
0.01 0.9999833 0.001 0.0005001
0.001 0.999998 0.0001 0. 0005 10
Example 3: Evaluate: a. ll_]g 15 '¢ - ljm(x = 5x + 6)

Solution:

GRADE 12

3 E_I.I} Jgé;x—z

lim 10x = 10(5) = 50
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c. llm(x —5x+6)= 25 \ 25 + =6 Theorems on Limilfsz

J ll ‘7‘. l
324 NNy =1 | i, Ifcis constant, then lim ¢ = c.
x-—1 6x+2 T 6(-1)+2  —6+2 -a

. ii. If ¢is constant, then
e. lim———, limx2 +x — 2=0 },igl,cf(x) = CE—%f(x)

x-1x2 +x=2° x-1

By simplifying first we can apply theorem v, . ’lcl_l)l;ll [fx)+g(x)] = J1‘1_1.1‘1il f (x)+}‘i_r.1}‘ g(x)

N ot SN C Lok —Li+L
-1x2 +x — 2 = ot (x—D(x+2) oo _Imre g
Vv, lim=——== A =0
1 1 : x-a g{x) lllgy(x) Ly
= lim == :
x—bl (x+2) 3 : . n— |i; r — Jn
v lmlfE = [limf()] =2

£ limG3x—2)° = (3(2) ~ 2)° = (4)° = 409

xts b i 2VE A O
5 x2-25 " -8 2XH10 \4 ' // houd ==

Example 4: Evaluate: a. hm

Solution: ;
" .i N N i NN o
4x +5 \ A\ 3
lim 95, . ox—Vx _
x5 % ‘2<5\|\ i\HJE i AN 10 angXT10=-620
limx?2—-25=0 ! . x-¥x .
x5 i = xl_l’lila :x+ ::) (apply theorem iv)
3
11m42x+5 _2s i =limx_W_JLrEBx—\/}__g_(_B)lla
x-5x2 — 25 0 S 2x + 10 x]l@ 2x+10 2(-8)+10
We can’t simplify to remove zero from the i _-8- ((_2)3)1/3 _-8+2
denominator, so limit x — 5 doesn’t exist. | — —6 -6

N

1. Use a graph to find the given limit, if it exists.
a. limyx—1 b, lim*=t

x—5 x—>1 2=1

@) m=—
)" x—=0 X

c.

O\ xz x<0
e. ‘ f"«-—°llm0f (x) where f(x)= x=0
\/_ 1 x>0

GRADE 12 4 A6 "\ National Book Foundation
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7 Cf >
Evaluate the following.
3 —
3. lim 28 4. lim¥Z=2
x——2 x+2 x4 X—4
= (x+s)
8. l
. 2x+6 . tanx
1. lim, 12,
2.2 Continuity

gralijh to:ﬁndl‘cach'hmt (x - 1), if it exists.

Weoulk

N7
‘%n/’,ﬁ\\\\ \\\&) el

. x-21
lim
X7 xt2

lim(x — 4)*(x2 — 3)10
x-2

b

b

. x
3. lim -
x=0 sin3x

(S

2
. x“—6x
6. lim
x—0 X2-7x+6

10. lim {x — =
x-0

x=-2

In the case of limit, we have used the phrase “comiect the pomts W1th smooth curve”. The phrase
provides the concept of graph thatas a xﬂce eSntmuo’us curve that is, a curve with no gaps or breaks.
Indeed, a conhnumls fl.ﬂlﬁtl(m is often described as one whose graph can be drawn without lifting

pencil fronmappr NN \

Before moving towards the precise definition of continuity, we demonstrate in figures some intuitive
examples of functions that are not continuous or continuous at anumber.

L

Fig (1) 1

< | (Discontimous)
Vel

Jime ) does not exist and £(1) is not defined.

Fig (ii) 4
«

-

Disconti )

1

S e (x) does not exist and (1) is defined.

B
L

Fig (iii) 4

1 ~0 \
LRf (%) elﬂﬂt}?ﬂﬂf@)“s#:btt’leﬁned.

Fig (iv) 4

| £ () excst and £(1) s defined but || 1 (%) exist and £(1) is defined
2af () # F(D) and UG =F()

Fig(v) 4 .

GRADE 12
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2.21 Continuity ataNumber ’. , VN Deﬁmtlon Continuity

Figures (i) - (v P qtiaaée 47 suggest the ! A function is said to be continuous at a number a if
threefold cor Hﬂlons of continuity of a i £(a) is defined :

function at a number a (instead of 1 we i ll_l.’.} £(x) exits, and

T~
3

consider a).
b, limf(x) = f(a) :
Example 5: The rational function S e
x2-1
fO)=——
_x-DEP+x+ D)
- x—1

=x2+x+1,x#1
is discontinuous at 1 since f(1) is not define.
From graph, we observe that 11m f (x) =3.We can

also state that fis continuous at any other nuinb;r x"-.af:"»l \ \

N l%zl\ 'y < Z 1
fﬁd\J \{\ p
-x+6 x > 2 5 - @
Now f(2) is defined and is equal to 5. Next, we have 4

: = Ii 2 _
() = it =4

xllglj(x) = le1£1+ —-x+6=4

v

[ = S
N =
(A ==

This implies limit exists; il_rg f(x) =4

Since }Cl_r’r% f(x) # f(2) = 5, therefore f is discontinuous at 2.
Example 7: Let f(x) = = +x ¢
continuous function at 2.

, for x # 2. Show how to define f(2) in order to make f

Solution: Although f(2) is not defined, if x # 2, We_haVﬂ N\

x? +x -6 (x— 2)(x+’3,,‘,.\ :
. “(x—2)(x+2) x+2

f(x)=

v

i e
N——
At

The functiqp—,(]' (xq # ﬁ-o—'l‘s equal to f(x) for x # 2, but is also s
NN Fig (i)

GRADE 12 in " National Book Foundation
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continuous at x = 2 havi {%@ ,

continuo: tox =2and A
. x*+x—-6  x+3 5
3 x2—4&  x%x+2 4
The graph of f is shown in figure (i).
The graph of its continuous extension is shown in figure (ii). ~_5 PN
x2+x—6 4
x+3 x2—4 ' XL [T | .
fO=—5=1 % ————
Z' x=2 1 2 3
Fig (i)

We can also observe that x = 2 is removable discontinuity for

the f(x) = = “‘_6 .

o
222 (.Z'on.linu-ity onan In.terv ) @%@W@ @

if it is continuous at every number in the
osed interval [a, b] if it is continuous on (g, ] and in

Example 8: 2

a. f(x)=7=

but is not contmuous on the closed interval [—1, 1], 5 5 3
since neither f(—1) nor f(1) is defined.

= is continuous on the open interval (—1,1)

b. f(x) =v1—x? is continuous on [—1, 1] we can observe from 05
figure that lim f(x) = f(~1) = 0 and lim f(x) = f(1) =0

5
¢ ()= ~f““lsconunuouson[kqggfiyﬁfjgcgggiiiiii]?fi} Q§§:>

lim f(x) = f(1) =00

Naticnal Book Foundation
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\/\

: ] = Key Facts
Continuity of a- SHm, Prodnct and Quotlent If fand g are functions continuocus at a numbera,

th@j?ﬁﬁ‘@ byﬂﬂti!ﬁl), f+afg and , (g(a) # 0) are also continuges at a.

Removable Discontinuity; If 11m f (x) exists but fis either not defined at @ or f (a) + llm f (x),
then f is said to have a removable discontinuity at . For example the functlon le is not defined
atl butl}'_l’l}f(x) = 2. By definition (1) = 2, the new function

21

X
f(x)=[ﬁ' x#l
2, x=1

is continuous at every number,

In problems 1-8, determine the numbers (if any), at which the given function is dmconunuous.

1. f(x)=x22-5x+6 oy A2
! 2 1 (x)_ xzr\i-ﬁ\ ACAY \l ( 30\g@g x2-9x+8
2 \ 7¢ \/% \ \\\/\‘ \ J U " X x<0
4 f@ =52 /Vi\f(_ W, f(x)—[xz 0<x<2
\ \ \\ X, x=2

7 f(x)@ \'\5& 8. fC) = {12 o xe

In problems 9-14, determine whether the given function is continuous in the indicated intervals.

9. f(x)=x%2+1 a. [-1, 3] b. [3, o)

10. f(x) =7 a. (-3, 3) b. (0, 10]

11. f(x):i a. [1, 4 b. [1, 9]

12. f(x)=vVxZ -9 a. [-3, 3] b. [3, x)

13. f(x) = 3+8 a. [—4, —3] b. [-10, 10]

14. f() = sin’ a [ 5) b. [g% :

15. () = [ , x < 4\
mx, x mx—-n, x<1
17. f (x)i?A{J”\m‘?yl NN ox'= 18. f(x) =4 5, x=1
\\;{IVJ-E;‘-I-Q, x>3 2Zmx+n, x>1

GRADE 12
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B UNIT-02: LIMIT, CONTINUITY AND DERIVATIVE 4

19. Prove that the M— 0 has a solution in the interval (—3, 4).

x rational
{l x irrational

20. Prove (x) =

is discontinuous at every real number. What does the graph of f look like?

2.3 Rate of Change of Functions

2,3.1 Tangent of a Graph

Suppose y = f(x) is a continuous function. In the figure(i), the graph of f possesses a tangent line

L at a point P, and then we would like to find its equation. -

To do so we need: (i) the coordinates of P and F
(ii) the slope m¢g, of L.

The coordinates of P pose no difficulty since a point on

[N
a graph is obtained by specifying a val @@@ Tangent line L at P

P

sayx=aindomainoff ~ g

X
tangm;wo Fig ()
Asam Ximating the slope m,,,,, we find the slope of secant lines that pass through

the fixed-point P and any other point Q on the graph.
If P has coordinates (a, f(a)) and if we let Q have coordinates (a + Ax, f (a + Ax)), then from

fig (ii) the slope of the secant line through P and Q is Y4 /
change in y-coordinate g
m —
8¢~ change in x-coordinate o rertro
_ flartn)-1@ _ by P

(a+Ax)—a T Ax - i [ »

5 a a+ax )'(

Then, mg, = =

Ax

When the value of Ax is close to zero either positive

or negative, we get points Q and Q' on the graph'on

each side of P, but close to the point ] ‘\

the slopes mpg and mp ‘ se to the slope

of the m%@ﬁf?g iii) .

Fig (ii1)

GRADE 12 Naticnal Book Foundation
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i Definition: Tangent lnjt \ :
i Lety = f(gf} be Fl éoﬂtlmmus funchon At a point (a, f(a)) the tangent line to the graph is the line !
! that passes through the point with slope. '

flatdn—f@) _ b

Slope = mygy, =

: whenever the limit exists.

..............................................................................................................................

The slope of the tangent line at (a, f(a)) is also called the slope of the curve at the point. The
tangent at (&, f (a)) is unique since a point and a slope determine a single line.

Example 9: Use definition to find the slope of the tangent line to the graph of f(x) = x% at
(1, £ (). e s

: We summarize the definition
Solution:  into 4 steps P /,7{\.,7\.‘ .
i, f(1) =12 =1 forany Ax # 0 A @x(alua;;fam\md a+ Ax: f(a)
fL+ax) = (1482 = 14 20% +{5x)2 AU\ eadf @+ Ax)
. e Find A
i Ay = £+ A9 — £\ 0\ o

=142, J-ly(ﬁmw‘l ‘ZAx.\+ (M)Z—Ax(2+a ) | o Divide Ay by Ax, Ax#0

A a+t+Ax)— f(a
.. Ay _ MCZH\x) . 4y _ f( )—f(a)
ii. E v =2+Ax E Az A
Slope of the tangent is given by: . Compute lim
iv. "’ltm—Al;I_l.I%=hm2+Ax—2 mtm_Alzch—l;lo%

Example 10: Find the slope of the tangent line to the graph flx)=—x?+6x at (4 f (4))

Solution:
i f(4)=—-(4)?+6(4) =8, foranyAx #0
f(4+Ax) = —(4+ Ax)? + 6(4 + Ax) = 8 — 2Ax — (Ax)? 1

4, 8)
il. Ay = f(4+48x)—f(4)
=8 —2Ax — (Ax)? — 8 = —2Ax — (.suc)2
o By _ Ax(-2-A%)
" Ax Ax

ﬁx(_z ﬂx) <\ ‘1"-‘:\ ;, "\. I”?‘

iv. Mygn = } wﬂﬁr_—lﬁ}—%hz - Ax = -2

From graph v've observe that the slope of line is —2 at (4, 8).

GRADE 12 & = " National Book Foundation
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Key Facts
A Tangen @@éﬂ sFﬂé) gr\:ph of a function f will not have a tangent line at a point
f is discontinuous at x = @, or
ii. The graph of f has corner at (a, f (a)).
Moreover, the graph f may not have a tangent line at a point where
iii. = The graph has a sharp peak.
No tangent at o No tengent at o No tangent at o
(@ (b) ©
2.5.2 Rate of Change ﬂ@o@@m
The slope 2 of a secant throu d ed rate of change of f at a. The
slope Mgy, = 11m ﬂ 18 8ai c the'instantaneous rate of change of the functions at a, if m,,, = L

at a point (&WM not expect the values of f to change drastically for x values near a.

A
Remark: The lin¢ L is tangent at P but intersects the
graph of f at three points. but is not tangent to the graph.

2.4 Instantaneous Velocity

Almost everyone has an intuitive notion of speed or velocity as a rate at which a distance is covered
in a certain length of time. When, say, a bus travels 60 miles in one hour, the average velocity of the
bus must have been 60 mil/hr. Of course, it is difficult to maintain the rate of 60 mil/hr for the entire
trip because the bus slow down for towns and speeds up when it passes cars. In words, the
velocity changes with time. If a bus company's schedule dems th oﬂu e e 60 miles
from one town to another in one hour, the driver knows'instinctrve Re must compensate for

velocities or speeds below 60 mil/hr by travelling at speeds greate than this at other points in
journey. Knowing that the s 60.mi doesn't,however, answer the questions, what
isthe VCIMWEI : ?
o
Average velocity: Vipe = distance travelled

time of travel

GRADE 12 _ ‘National Book Foundation



Consider a runner who

Vave = m = Bkm/hr

But suppose we now wish to determine velocity at the instant the runner is one half hour into the race.
Ifthe distance run in the time interval from 0 hrto 0.5 hr is measured to be 5 km, then
5

Suppose if a runner's completes 5 km in 0.5 hr and 5.7 km in 0.6 hr, however, during the time interval

from 0.5hrt0 0.6 hr 7
Vave = g55—05_ ' km/hr

. Definition: Instantaneous Velocity
i Lets = f(t) be a function that gives the position of an object moving in a straight line.
. The instantaneous velocity at time ¢ is

o
V(ty) = Jim @* é‘&@ﬁ%ﬁg@o@@

Whenever the limit exlstb
Example %d of a ball dropped from the top of the tower is given by

s=—4 9t@g§w ere s is measured in meters and t in seconds. Find the instantaneous velocity

of the falling ball at ¢, = 3 sec.

Solution: We use the same four step procedure:

Step 1: f(3) = —4.9(3)2 + 192 = 147.9 forany At # 0

F(3+At) =—49(3 + At)2 + 192

= —4.9(At)? — 29.4At + 1479

Step2: As = f(3+AL) — f(3)
= [—4.9(At)? — 29.4At + 147.9] — 147.9 Ballat1=3
= At[—4.9At — 29.4]

As _ At(—4.9At-29.4)

Step 3: vl AL

= —4.9At — 29.4 @@W@ @
Step 4: v(3) = llmM_,n M@
=—29.4

The minu it 'Jcant because the ball is moving opposite to the positive or upward
direction, The number f{3) = 147.9 m is the height of the ball above the ground at 3 seconds.

GRADE 12 National Book Foundation
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indicated point.

f)=2x-1;(x, fG)=@4 7

f@x) ==3x+3; (a f(@))

f) =x*+4; (-1, 5)

f(x)=x%*—-5x+4; (2, —2)

f@=x%; (1, f(1))

f=%: (2 £ )

In problem 7-8, find the average rate of change of the given function in the indicated
interval.

7. f(x) =x%+2x% —4x; [-1, 2] @o@@)}m
8. f(x)=cosx; [-m, n] K‘ @@@
In problem 9- 10, find m@%@ &nty of the particle at the indicated time.

9. f(t t46;t=
10. f(t)—t2+ﬁ t=0
11. The height above ground of a ball dropped from an initial altitude of 122.5 m is given by

s(t) = 122.5 — 4.9t2, where s is measured in meters and ¢ in seconds.

O Wil N e

i. What is the instantaneous velocity at = % ?

ii. At what time does the ball hit the ground?
iii. What is the impact velocity?
12. The height of a projectile shot from ground level is given by s(t) = —16t2 + 256t ,
where s is measured in feet and ¢ in seconds.
. Determine the height of the projectileatt =2, £ =6, t =9and t = 10

2 @i

ii.

iii,
iv.
V.

Vi,

‘ Naticnal Book Foundation



: . Ii Flx+Ax)—f(x)
We have studied a slope of tangentline: ML= —

For any x, if the limit exists, then it can be interpreted either on the slope of a tangent line to the curve
y= f(x)asx = x, or as the instantancous rate of change of y with respect to x = x,. This limit is so
important that it has special notations.

' — i £ &o+ax)—f(x)
f(xo) = Jim [0+

You can think of f’(read “f prime”).

: Deﬁnition' The Derivative Functions
_ f (%o + Ax) f(x)
The function f’ defined by the formula: f'(xp) = l

1s called the derivative of f with respect to x ‘ . u H £ in the domain
of f for which the limit ems

Example 12: Find the

Key Point: Notation
= Many ways to denote the
. _ Fx+Ax)—f(x)
Solution: f (x) AI;I_I'IO B wE— derivative of a function
y=f(x)
o (A - ()2 x4+ 2xAx + AxP— xP e y'“y prime”
_Al}c[—r»ln Ax - A];cr-r:lo Ax o B _H_H® _p oy
‘T ax

lim 2xAx + Ax? = lim 2% + Ax = 2% We also read— as “the derivative
Ax—0 Ax Ax—0 of y with respect of x” and f
Example 13: Find the derivative of and (E)f (x) as “the derivative

y=f(x)=—x2+4x+1 of f with respect of x”.

) . y’ and ' (used by Newton).
Solution: Ay = f(x + Ax) — f(x) s 2 (usedby Lelbmz)
= Ax[-2x — Ax + 4]

o) = ot = &Y O Yﬁ‘@ﬂ‘ﬂx) Operator_

Therefore f'(x) =y Ax K@@@ utput
Ax _%m e Derivative ¥’ = 9r
= lim [ @(ﬁ\
O\)&\) e Process is also ca]led
differentiation.
m[-2x—Ax+4]=—-2x+4 e -

GRADE 12 _ National Book Foundation
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Example 14: Oxm

a. Find thW o“ b. Find the slope of the tangentat x = 9.
y=fG@)=vxf or x=0

Solation:

a. f(x)=vx,f(x+Ax)=+vx+Ax b. The slope of the tangent at x = 9 is

g Vx+ﬁx—"{; Ql =_1 | =—1 =1
llm dx x=9 Z-J; x=9 2.\/9_ 6

(rationalise) =

= lim

1
Ax-0+/x + Ax —x

2.6 Rules of Differentiation
2.6.1 Power and Sum Rules

|

ey _ B _ i
y,=f(x)—a—u_m Ax :
:

1
2yx

The definition of derivative has the obvious drawback of being
Here, we will develop some

efficiently. KX
o
Theorem Wﬁ%e

If n is a positive integer, then: | —x™ = nx™1

Proof:
Let f(x) = x™, n a positive integer. By binomial theorem we can write:

n(n—-1)

flx+Ax) = (x + Ax)" = x™ + nx" " 1Ax + 2 1(Ax)% + - + (Ax)"

2!
"y pxt—1Ax 20D n—1 2 n_n
. o0y gt T [x™+nx + PTI (Ax)¢ -+ (Ax)"]—x
Thus: —[x"] = f'(x) _gr_r’no

- Ax—0 Q)
i x> > KKX
o
A power rﬁ@%mti that differentiate x™: %x“ =nx"?

GRADE 12 — ‘National Book Foundation
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Example 15: Find: —hr
—[x31] = 31x30

We can apply this formula for all real
numbers like:

1

5x5

d '1] d _, 1
—  — =—x I e —
dxlx] dx x2

Example 16:
i. i [2x8 + x~°]
d d
=2 9,611 % 19
22X+ X7
=2 i[Jré] + (—9)x~%"1
“dx
= 2(6)x° —9x~10
9
=12x° ——

»10

a5 5]

d . 1
—SE[x ]——

GRADE 12 — National Book Foundation

d
=7x6, L[x5°] = 50x%7, a[xz"“] = 200x1%°,

dx

Derivative of constant function:

d

: d d
: [€] ax [ex’]=c ax [x"]=c.0x 0

dx
| Theorem: [
i If n is any real number If ¢ is any real number

P d od

[y n—-1 il _ ,

Tt I d;’c[cf(x)] cf' (%)

' words, the derivative of a sum equals to the sum
5 of the derivatives and the derivative of difference i 1s
. equal to the difference of the derivatives. :

i[4;!55—1;!«:‘ +9x3 + 7]

— 4 ] g ]+ 9 [+ [7]

= 4(5)x* =3 L e +9@3)x% +0

= 20x* — 2x3427x2

e o
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Example 17: Find the denﬁ%
3 +x?
a y= x+1)(x—2) .

3x
Solution
a. y=(x+1)i=x*+2x+1
dy_d 2 _d . d d ~ ~
E_dx[x +2x+1]_dx(x)+2dx(")+dx(1)—2x+2+0—2x+2
342 ] 2
b y=(+)x-2)=x2-x-2 ¢ y=—r=T4%
dy_d . d d’,z _xz+x
dx_dxx dxx dx y_3 3
dy 1d 1d 1 1 2 1
=2x-1-0=2zx-1 —y=——x2+——x=—(2x) -=—x+=

Note: In the different contents of science, engineeringand business functions are often expressed in

variable other thanx and y. C tive notation to new symbols,
for example: %\
N
o0
Fuiw NJ \]i:;vative Fl;nction Dt;r:ativ;
Vt=4't ! ——— =—6 4 =_=—5
® V() 4 H(2) 22 H'(z) dz > Z
— 2 ' dA — 3 r 2
. Exercise 2.4

1. Find the derivative of the functions.
a y=x° b. f(x)=4x§ c. f(x)=9 d. f(x)=6x%+3x%-10
2. Determine f'(x).

a f)=vE b f@=vEx ¢ f()= 54‘ ’0@@@

3. Determine f'(x). i /é \@
a f(x) = xz(x3 x—9) ¢ f(x)= (x*+x%)3
d f(x)=- e f(x) = ax’+bx" +ex+d, (a, b, ¢ and d are constants)
£ ﬂ@ﬂ@w 3+ 95
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y= = - b. y=(x*—-5)(2x+3) c. y=(4x%—-3)(7x%+x)
5. Find slope of tangent at x = 1.
a. f(x)= x2+3x b. f(x)= x*—x?

2.7 TheProductand Quotient Rules

We will develop techniques for differentiating products and quotients. If functions whose derivative
are known.

2.7.1 Derivative of a Product

You might be considered conjecture that the derivative of a product of two functions is the product of
their derivatives. However, simple examples will show this not posmblc - \
Consider: :

f(x) ==z and g(x) = x°
The product of their derivativeis:—
f'(x)g'(x) = (ZJqu‘ ) o= Bt ; :
But theirpr 5 cti N N o\ EE [F(x)g(x)] = f(x)g'(x) + g()f (x)
y=fx)g tx) x5 and — =y =5x*#6x> | The first function times the derivative of the :
i second function plus the second function |
 times the derivative of first function. '

Them‘emﬁ’toduct Rule
5 If f and g are differentiable functions, then '

Thus, the derivative of the product isnot
equal to the product of their derivative.

Example 18: Find 22 if y = (4x? — 1)(72° + x).

Solution: We can use two methods to find % . We can either use the product rule or we can
multiply out the factors in y and then differentiate. We provide both methods.

Method I: The Product Rule Method I1: Multiplying First

dy d
a" = —[(4x% — 1)(7x® + x)] y = (4x? - 1)(7x3 + x) = 28x?_— 3x% —x
e EEE a  ge | At
d d JuL
y Y 1404 — 927 — 1

= (4::2 1) ('hca+:c)+(7’:!c3+x)i(4:vc2 YAl a—%{zax .»-3x3 —x] =

d
Ey = (4x2 — 1)(21%2 + 1)
]\ a." No
dy 41 J 2
E 140 9x -1 Both derivatives are same.
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P Q
Example19: Find 2 ﬂ ;
@]

Solution: ly the product rule = [(1 + x3)Vx]

= +x3)%\/§+ \/E%(l +x3) =(1 +x3)%x%'1 + Vx(3x2)

_ +x®) + 343 5 _1+xd4ex® _ 7x +1
T2k 2Vx 2vx
2.7.2 Derivative of a Quotient
Just as the derivative of a product is not generally the product of derivatives, so the derivative of a
quotient is not generally the quotient of the derivatives. The correct relationship/method is given by

the following.
Theorem: Quotient Rule @@
i If f and g are differentiable functions andcg(x ﬁ@o
g’
5 9GP :
: The denom.l vative of numerator minus the numerator times the derivative :
. of deno divided by the denominator square. |
Example 20: Differentiate y = — 22—
xample 20: Differen y= o2 IER i
Solution: Apply the quotient rule:
Dexrivative of
Denominntor Humsrste Numarator Dettvativs of Detominate
dy (224527 +7) 3 [3x7 — 1] — (327 — 1) 4= [267 + 522 + 7]
dx (223 +5x2 + 7)?

_ (2x® + 5x% + 7)(6x) — (3x® — 1)(6x* + 10x)
B (2x3 + 5x2 + 7)2
—6x* + 6x% + 52x W&\\
"~ (2x3 + 5x2 + 7)2 W@O@@
Q
2.8 The Connectionlg ee tinuity
« Ifafunctionis differenti is automatically continuous at that point.

eVe \.\i\.\! always true. A function can be continuous at a point and still not be
e a sharp corner or cusp, for example | x | is continuous but not differentiable).
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Summary of Differentiation Rules:

o Lld=0.Clfl=cf L [f £l =f tg

2. y=(@2-7)(x*+4x+2) ) .
. %[f-g]=fg +gf

3. y=(7x+ 1D(x*— 23— 9%)

d _gr'-rg’
4 Lo 3x¥E 5 x-2 ¢ ;[ﬂ =T
y x241 y x4+x+1
2 1 1 2-3x 2_
6. y=2X15 4 - —+—2)(3x3+27) 8.y = B, e ADEES
3x—1 x 7-x x3—x

_ x*42x3-1 10 (x2+1)2 x+1)2
Oy Ty P YS é@@ﬁrn

Find the slope of tangent at the indicated 29 @@
4x—1 —_
14, W == X=

16. 17. ¥y = (2Vx+ 1)(x* - 6), x =0

2.9 Derivations of Trigonometric Functions

The main objective of this section is to obtain formulas for the derivatives of six basic
trigonometric functions. We will assume in this section that the variable x in the trigonometric
functions sinx, cosx, tanx, cotx, secx and cosecx is measured in radians. We also need the limits
in results and restated as follows:

sinAx .1 —cosAx

Px@»o Ax =1 and Alal:r—r»loT =10

We start the problem of differentiating f (x) = sinx. Using the definitions of derivative

f(x + Ax) (( @ m

f x)=f (x) = hm
oS @3@

2 . sinxcosAx + cosxsinAx — sinx
= lim
Ax—0 Ax

GRADE 12 _ National Book Foundation



UNIT:
l cosAx — 1 Ax

llm SIW
sinAx

= sinx llm + cosx llm

= sinx{0) + cosx(l)
sinx and cosx independent of Ax

d
Thus, we have 2 Sinx = cosx

In a similar manner it can be shown

d \
that =, C0sx = —sinx

Example 21: Find & i y = xsinx

dy _
Solution: — = — [xsmx]

= x%smx + smx x use product
= xcosx + sinx(1) = xcm
Example Tecost
Solution; & = £ [_Sn%_

dx dx 1+cosx

A UNIT-02; LIMIT, CONTINUTTY AND DERIVATIVE

_ (cosx)cosx — sinx(—sinx)
- cos?x

_cos?x + sin’x

~ cos?x

v

a _ 2
dxtanx = sec x

d

Similarly, | —cotx = —cosec’x

For y = secx

dy d d 1
dx—dxsecx

dx cosx

d
—secx = secxtanx
dx

Similarly, 2 cosecx = cosecxcotx

I
I
1
|
I
|
|
l
1 + cosxa;smx - smxai [1 + cosx] : dx
|
(1 +cosx)? | Example 23: Find Zify =
_ (1 + cosx)cosx — sinx(0 — sinx) ! dy _ @ [ cost
B (1 + cosx)? : Solution: = 2 lr—co
A |
_ Cosx + cos®x + sin’x ! (x — cotx) acosx - cosx%(x — cotx)
(1 + cosx)? = = — com)?
|
= 1+ cosx = 1 : (x cotx)(—sinx) — cosx(1— (—cosec?x))
(1 +cosx)?2 1+ cosx i ot
L) 3 a . I
The other Trigonometric Functions: E —xsinxF H%; @@@smo sec?x
Let y = tanx \B \A\)U (x — cot x)2
dy i d sinx sinx - K@kﬂ -~ —xsinx + cosx — cosx— cosxcosec’x
dx dx ~ dx cosx | (x — cotx)?
COSX =5 cosx ' _ —xsinx—cosxcosec?x
- "~ cos2x B (x — cotx)?

Naticnal Book Foundation



o
Solution: o [Sinx(2 + secx)]

A UNIT-02: LIMIT, CONTINUITY AND DERIVAYZVE

Example 24: Find & if ‘u\"

- sinx% (2 + secx) + (2 + secx) %(sinx) = sinx(0 + secxtanx)) + (2 + secx)(cosx)

1
= sinxsecxtanx + 2cosx + secxcosx = sinx @tanx + 2cosx + secxcosx

= tan®x + 2cosx + 1 = tan®x + 1 + 2cosx

= secZx + 2cosx (1 + tan?x = sec?x)

2.10 Derivatives of Inverse Trigonometric Functions

The derivative of an inverse trigonometric function can be obtained. Research reveals that the
inverse tangent and inverse cotangent are differentiable for all x. However themmmg four

inverse trigonometric functions are not differenti

able at e a
e

y = sin~? f x = siny
Differentiate w.r.t x
dx d
dx dx ax Sy
1 = cos dy
dy 1 1

dx cosy \/1—sin2y

2 gin~ly = — -
50 x—m,for 1<x<1

Similarly, %cos'lx = - 4:7 ,

for —1<x<1 Q

Inverse tangent functman k

For—a<x<cu

only if x = tany o-

GRADE 12 _ National Book Foundation

Similarly, |2 cot~1x = — 1x for x ER

dx_dta
dx  dx 2

dy
R . 4
=sec’y—~
dy 1 1

dx 1+t.'=m2y=1+x2

2 tan—1lx =1
San x=_—:, forx€R

Inverse secant function:
For |x| >1and0<y<— or ﬂ<y<—

y =sec 'x ifand only if x= Sﬁecy
D1ﬁ‘ercn11

~ 1+ tan’y = sec?y

= secytany d.x tan?y = sec?y — 1

dy _
dx

1

secytany tany = /sec?y — 1
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Example 26: Differentiate y = tan~112x

G- &

1
I
secy/sec? x2 -1 i Ly _d 4
M\ : Solution: 2 = 2l 12x
LI O T I
580X = —==, for |x| > 1 Lo 1 .ilzx
: 1+ (12x)? dx
. d 1
Similarly, |=cosec™lx = ——=—, for |x|>1| ! & _ _; _ 12
= S i T v
Example 25: i Example 27: Differentiate y = sec™! x2
I
Differentiate y = sin™15x | Solution: % = %sec‘ixz
: 1 d
3 = d_y — i in—1
Solution: 7 = 2z Sin 5x " | s _ s 12
i
I
I
1
1

1. y=x%—cosx 2. y=4x3+x+sinx
3. y = 3cosx — 5cotx 4. y = sinxcosx
5. y = (x? + sinx)secx 6. y= S—cosx
' 5+sinx
__ secx __ sinx
Ty= 1+tanx B Y= x2+sinx
9. y= cotx 10. y = (1 + cosx)(x — sinx)
x+1

Find the derivative of the given functions
11.y =sin"1(5x - 1)

sin~1lx
By=—— o%@
i\ ;
15.W& S X 16. y=
GRADE 12 _ National Book Foundation
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oNrrm
2.11 The Chain Rul “
In this scc&m@imj% a formula that expresses the derivative of a composition fog in terms of
the derivati and g. This formula will enable us to differentiate complicated functions.
Suppose we wish to differentiate:

y=x>+1)72% ... )
We can write ¥ = (x° + D)(x° + 1)

%’ = (x5 + 1)‘%(::5 + 1)+ (x° + 1)%(:;5 +1)
= (x5 + 1) (5x%) + (x5 + 1) (5x%)
=2(x% + 1)(5x")...... (ii)

2.11.1 Power Rule for Functions
From (i), y = (x°+1)2

d d
oS+ )2

dx . “
=2(x5+ A
From (ii) ssions are same.
Example 28: Differentiate Example 29: Differentiate y = (x%-1)3
* 8

a. y=(2x%+4x+1)* (5x+1)

— 1 . dy _ d (x*-1)
b. y (7x5_x4+2)10 Solution: E = Em
Solution:

(5x + 1)3%(::2 — 1) — (a2 — 1)3%(5x +1)8
= T [Gx+DFE

dxdx

= 4(2x% + 4x + 1)*1? % (2x* +4x+1) 1 (5x+1)"3(x* - 1)%(2x) — (x* — 1)°8(5x + 1)" (5)

G+ 1)
) a4 21 6x(5x + 1)(x* —1)% — 40%WS(SJ:+ 1)’
. y=(Tx*—x"+2)"

D _ 2L 75— a0 42y K@@@w 7[6x(5x + 1) — 40 = 1)
x @ (5x + 1)16

—_— 5 __ a4 — 4

10¢7x W %XXE *'+2) i _(x% — 1)2[~10x2 + 6x + 40]
==—10(7x5—x* + 2)711(35x* — 4x%) ! (5x +1)°
GRADE 12 _ National Book Foundation

= 4(2x% + 4x + 1)3(6x2% + 4)

1
1
1
1
1
I
1
1
I
1
1
a =2 (2% 4 4x +1)* :
1
I
1
1
I
1
1
I
1
]
I
1
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Q
2.11.2 Chain Rule: Apow%
u=g(x),

9
composite ﬁcﬁm_

If y = f(x) is a differentiable formula of u and u = g(x) is a differentiable

function, then % = %%‘ = f'(g(x)).g'(x)

Example 30: Differentiate
a. y=tan’x b. ¥ = (923 + 1)%sin5x
Solution:

= 3 2.4
a. y= tanzx b. y (9x + 1) sin5x

1
I
I
dy 3 2 d . Y m 2
d d ' =2 =(9x3 + 1)2—sin5x+ s n@@ﬂ 1
= 2tan?"lx —tanx i az = ) o )
I L1 )

y
dx dx ) + sin5x. 2(9x3 + 1)27x2

- 2
2tanxsec*x K@m %3 + 1)[45x%cos5x + 5cos5x + 54x%sin5x]
2.12 Im@wc& on
2.12.1 Explicit and Implicit Functions

A function in which the dependent variable is expressed solely in terms of the independent variable
x, namely y=f{(x) is said to be an explicit functions, for example,y = ixB — 1isan explicit function,
whereas an equivalent equation 3y — x3 — 4 = 0 is said to define the function implicitly or y is an
implicit ofx.

2.12.2 Explicit Differentiation

To illustrate this, let us consider the simple equation:

xy=1 ... @)
One way to find :—:— is to rewrite this equation as:
1
y=—
x @O@@m
From which it follows that: 2= -2 O i @@
Another way to obtain this 4 ler ' . “‘1\ reritiate both sides of (i) before solving for y in
terms of x ‘
o
=8
From - (xy) = = 1
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d(¥)

v
d(x) Oxm
XW y——0 OKX
dy W
xa+y=
dy y

A UNIT-02; LIMIT, CONTINUIXY AND DERIVAYEVE

Example 31: Use implicit differentiation
to find 2 if 5y + siny = x2

ion: - [5v2 + siny] = = [x2
Solution: — [5y% + siny] = dx[x]

1

1

1

]

i

1

i
—_—=-= ! d ,, & . _
dx X i dey +dxsmy—2x
If we take, y = -, we get I dy dy
dy 1 i 5(2yﬁ)+cosya— 2x
dx  x2 I dy

1 10y + cosy) —=2x
This method of obtaining derivatives : (10y y) dx
is called implicit differentiation. ! Solving for %’ we obtain: % = 10yi:usy

2.13 Derivative of Exponential Functions

The derivative of exponential is: | —e* = g*

d
dx

Solution: d—" =

Example 32: Differentiate y = x2¢5% “ @Q&@w@ @

[xzeSx]
= _GW & esx 2x =5x%e5% +2xe5% = xe%*(5x + 2)

2.14 Derivative of Logarithmic Functions
We find the derivative of common logarithmic which is continuous functions.

L mx =1 llike Zin(x? 3

- Inx = = |like dxln(x +1)= 3+1dx(x +1) = 8+1

Example 33: Differentiate in(4x® + 2x2 + 9)

Solution: y = In(4x® + 2x% + 9)

dy 1 5 3 _ " _ 4x(3x+1)
dx 4x3+2x2+9dx(4x IS = o e ) = e g

Derivative of y = a*: —a’ = a".L
We will apply the chain rule to find the derivative of parametric equations.

Example 34: Differentiate y =43%"+5

Solution: Taking In both sides @@m@
Iny = [n43x™+5 KXX
Iny= (3x%+
1dy g ) ,
—gy = (327 + 5) — =y in4 (6x) = In4(4** +5)6x = 6In4(43* +5)x

yvdx

GRADE 12 _ National Book Foundation
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Lo
Example 36: Find 2 if \m : . = —2t — 2t3 — 2t + 2¢°

(1+1t2)2
Solution: Et = —4¢
* eEToT
E (4:3 + 1) = 12¢2 dy_d ( 2t )
dt ~ dt\1+¢?

dx d
—=— (tant) = sec?t d
dt (1+1t2) E(Zt) — (2t (1 +1%)

2
- ;i'it a+ey
. . dy . 1-¢2 2t — (1 +t3)(2) — (26)(2t)
Example 37:Find 2~ if x =T—=,y =T L+ %)?
dy dy dt 2 _ 2
Solution: 2 = dr ' Ir 2 + 2t 4t
(1 + t2)2

dx df1-t*
E_E(lﬂtz) @@
(1“2)?““2) 6(‘\@%&2\[@ 21-1%)
(1+ \A\j\)\)\) ; (1+::2)2 -1
_aroxmialen ey

ML+ £2)2

2.15 Differentials
We have already discussed the derivative of finding slope of a tangent line to the graph of a functions

y=f).
_fetA)-F@) s
Mgee = Ax =0 -
F. 1 fA :
or small values of Ax , ngem:m 4',.@.11.,.,
A T
Mgep = Mygy, OF Ey = Mgy = f'(x) Ay

We have: Q = f'(x)

Ay =f" (acmxx %@@@V T
W@W
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Definition: The i
. denoted

The function f'(x)Ax is called differential of the dependent variable y and is denoted by dy:.
ie. dy = f'(x)Ax = f'(x)dx

Since the slope of a tangent to graph is Y? /
_rise . f(X)Ax Tengent e~ |
mIan—mn—f(x)— JAx £ 0 ;..
It follows that the rise of the tangent line can be interrupted in dy ax
Ay =dy
Ax
Example 38; a) Find Ay and dy for y = 5x2 + 4x + 1 * ¥HE X

b) Compare the values of Ay and dy for x = 6, Ax =@= &i@m
o

Solution: O my
Ay = Ax) — =0
a) Ay = f(x + Ax) f(xg) “ el x = 6, Ax = 0.02

= [5(x+Ax)?+4(x+A )% x+1] i Ay = 10(6)(0.02) + 4(0.02) + 5(0.02)>
= 10xAx 2 I =1282
Ay _ 10xAx + 4Ax + 5(Ax)?2 E Whereas dy = (10(6) + 4)(0.02) = 1.28
Ax Ax | The difference in answers is, of course
Ay _ (10x + 4 + 5Ax)Ax i 5(0.02)? = 0.002
Ax Ax I
Ay :
gTuH=f'(x)=10x+4 :
% =10x + 4

dy = (10x + 4)dx
Since dx = Ax. We observe that
Ay = (10x + 4)Ax + 5(Ax)? and

dy = (10x + 4)Ax differ by the o@tmm@o

2.16 Approximations’ X@ KX
When Ax = 0, di i % means of “predicting” the value of f(x + Ax) by knowing the

value of th and its derivative at x. From fig if x is changes by an amount Ax, then the
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v
corresponding change in %@@ va /

Ay=f(x+ and so Tuagentiine | @

fr+dn) =fx) +hy ay = fx+ 48— £3)
For small change in x, take Ay = dy ax

fx+8) = FG) + dy :

= (@) + f'(X)dx X

Example 39: Find an approximation to v25.4 . Calculate Error.

Solution: First, identify the function f(x) = vx

We wish to calculate the approximate value of f(x + Ax) = vx + Ax when 25 and
Ax =0.4; (25.4 = 25 + 0.4)

: = 1
Now,dy=§x=dx=ﬁ.{\x

Wehave; f(x + Ax) = f(x) + dy

=f(x)+$ﬁx =+x

Find the derivative of functions.
1)5 2_1\2 _
Ly=(x-%) 2 f@=(53) 3. y=Bx—1*(-2x+9)
4. f(68)=(20+ 1)31?31129 5. y = sin2xcos3x 6. f(x) = (secdx + taan)s
t+sindt _ x
7 b = 8. £(x) = tan (cos?)
Use implicit differentiation to find %’ .
9. 4x*+y%=8 10 x+xy—y*—20=0 11.y*—y2=10x-3
12, x3y? = 2x2 + y? 13. xy = sinx +y 4 x+y=

15. xsiny — ycosx = 16. smy SW@ @©
. 4 dy
Fmdd_x'. x % .
— 23,52 ;i;;gx_u _ e
17. y =XxX"e e (1 + lm) 19' y - e—zx_H_
20.y = 2l.y=In{x +VxZ + 1) 22.y = e **cosx
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W@l@)
1 1
23.x oy=t+1 24.x=t2+t—z,y=t—;

25.x = 92+1 ,y = m 26. x = sin28 ,y = cos46
Find Ay and dy.
27.y=x%2+1 28. y = sinx

Use the concept of the differential to find an approximation to the given expressions.

29. (1.8)" 30,37 31. sin31° 32.tan (:—'+ 0.1)

2.17 The Second Derivative

2.17 Higher Order Derivatives w@ @@m

function obtained by differentiating ¥ = f(x) twice is successive.
(&)
dx \dx

The second derivative is commonly denoted by

'’ d?
f(x)! y"; d_xJZ” Dzy

Normally, we shall use one of the first three symbols.

Example 40: Find the second derivative of y = x3 — 2x?

Solution: The first derivative is: = 3x? — w@ @@m

The second derivative foll

d = (Sx —4x)=6x—4
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c. er
Solution: J INASh
a. The first derivativeis: ¥y = E dx(sme) 3cos3x
. p_d¥y _d O
The second derivative is: y=3=c (3c053x) = —9sin3x
b. The first derivative is:
d d
) —d—z = —(x +1)* =43+ 1)3—x = 12x%(x3 + 1)3
To find the second dcnvatlvc, we will use product and power rule
dz
y" = d—:; =2 2w +1)°] = 122 G+ 1P+ (2 + 1P —xZ]

The second denvatlve JISf |

2.18 nglie{" Dénvatlve
Assuming all derivatives exist, we can differentiate a function y = f(x) as many times as we

want. The third derivative is the derivative of the second derivative. The fourth dcrivativc is the
derivative of the third derivative and so on. We denote the third and fourth derivative, by — and

% , respectively and define them by:

dy d (d’
dx3 ~ dx\dx?

dty d (d®
dx*  dx\dx3

In general, if n is a positive integer, then the nth derivative is denoted by

Other notations for the ﬁrst ndenvauves are SR\
O GLF G, f“"(x) -

: A - ynr, y@z I (n)
D.y, D%y, D3y, D4y uuu...Dhy
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Example 42: Find the first erivatives o Example 43: Find the third derivatives of y = %
f(x) = 2x* —10

Solution: We have y = —3 =x3

Solution: We have
dy

1
I
1
I
|
f'(x) = 8x3 — 18x% 4 14x +5 il
1
Fr(x) =24x* — 36x + 14 : dzy
e — _ I —== (—3)(—4‘)1_5 = 12x‘5
f@(x) 48x — 36 i dx2
f™lx) = 48 i ﬂ = (12)(-5)x% = —60x ¢ = —60
) =0 I dx? %6

]

Find the second derivative of the functions.

L y—-x3+5x+9@@m@@®wz’ F() = (=52 +9)?

4. y=2x5+5x3 6. y——
7. f X — 4)3 8. f(x)=(x%+5x—-1)* 9. f(x) =cosl0x
10. f(x) =tan; 11. £(8) = sin?58 12. f(8) = s
13. f(x)= €(x% +1) 14. f(x) = (2 +1Din(x? +1)
Find the indicated derivative.
— 47 o 6 o4, TV _z2, d
15.y=4x" +x X% o= lﬁ.y-x, Tab
17. f(x) = cosmx; f"'(x) 18. f(x) = m(ml) o)

19. Let f(x) = x* + 2x
a. Find f'(x) and f'"(x)

b. Ingeneral; f''(x) = gmo f'(x+A:i—f'(x) @©m

provided limit exists. Use f"'(x) ob deﬁmtmns to find £"'(x).

o
20. Show that < (fg) ﬁ%ﬁ\é@ g"

g) f”lg_i_sf"gl' +3f! rr +fglﬂ'
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2.19 Extrema of Funﬁm
Suppose a W on an interval I. The maximum and minimum values of f on I (if

exist) are s e extrema of the functions. We have two kinds of extrema.
Definition: Absolute Extrema
i. A number f(c) is an Absolute Maximum of a function f if f(x) < f(c) for
every x in the domain of f.
ii. A number f(c) is an Absolute Minimum of a function f if f(x) = f(c) for
| every x in the domain of f.

cy

Ao i
M Al

o
e

X

3 :

Has no |

=\ Q)

imtmm o minimum
Example 44: 1y

1 4+
i. For f(x) =sinx, f (E) = 1 is its absolute maximum /\
x

and f (S?rr) = —1 is its absolute minimum. \/
6 At

¢ ii. The function f(x) = x? has the absolute minimum
2 £(0) =0 but has no absolute maximum.

o

4 2,
ifi. f(x) = has namﬂmﬁéﬁﬁw _ :

an absolute m l% \j
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A
Example 45: mxm 4 bsolute
maximum
only on the closed interval at g

[1, 2] has the absolute maximum 2

f(2) = 4 and the absolute minimum f(1) =1 1 Absolute
minimum
ii.  Onthe other hand, if f(x) = x2 is defined on 0 ! 2

the interval (1, 2). f has no absolute extrema.

ifi. f(x) = x? is defined on the interval [-1, 2].
f has absolute maximum f({2) = 2 and

now the absolute minimum is £(0) = 0.

Result: A function f continuous @@j@ﬁ }#Jays has an absolute

maximum and absol
Uu-=-
2.19.1 Re OU +
The function pictured in fig(a) has no absolute extrema. (e
However, suppose we focus our attention on values
of x that are close to, or in a neighborhood of the )
C.
numbers ¢, and c,. \Qi
As shown in fig(b), f (c,) is the maximum value of the
function in the interval (a,, ,) and f{c,) is a minimum } } >
value in the interval (g,, 5,). These local or relative a ¢ ¢ b
extrema are defined as follows: Fig (a)
'y
Relative
y= f(x) maxima CD

erET T T e

GRADE 12 — National Book Foundation



UNIT-02: LIMIT, CON VTINUYTY AND DERIVATIVE

A is a Relative Maximum of a function Fif f(x) < f(c,) but every
x in some open interval that contains ¢;. :
ii. A number f(c,) is a Relative Minimum of a function f if f(x) = f(c,) for every
x in some open interval that contains ¢;.

Relative
Result: From fig, we suggest if ¢ is a value maxima
at which a function f has a relative extremum,
] ) Relativ\ / -/Relative
then either f(c) = 0 or f'(c) does not exist. minimum <+— — nimuam
Critical values: A critical value of a function 1s an whlch
f'(c) =0or f'(c) does not exist. 0 ﬂ
Example 46: Find the cr1 N\AM
2
a. f(x)— 3 © c. f(x)-— b. f()=(x+4)
Snlution

a. f(x)=x3—15x+6
f'(x)=3x%2-15
(@) =3(x+vV5)(x—V5)

The critical values are those number for

which f'(x) = 0, namely —v5 and v/5.
b fG) = (x+4%

c. f(x) =:—_21

flix) = gxnz ; by quotient rule

Now f'(x) =0whenx =0and x = 2,
whereas f'(x) doesn’t exist when x = 1.
However, inspection of f reveals x = 1

is not in its domain and so the any critical

f(x)——(x+4)_T1

values %\ @
=3 e

We observe that f'(x !
when x = inthe domain |
I
|
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O
2.20 Second Derivati slative Extrema

Concavity: tthe concavity:

concave up concave down

a. Holds b.
water
Spills
water
F 9

The figures (a) and (b) illustrates geometric shapes

that are concave upward and concave downward,
respectively. Often a shape that is concave upward

I

is said to “hold water” whereas a shape that is
concave downward “spills water”. — ¢ |

Concave down

@ﬁi\f]ownd

c
—

o
The graph in the fig(c) is concave upwn%:ll ““ x “ | ave downward on (a, b) and

©d). o
Concavity and The n ¢ Test
] NINES

Definition: Test for concavity
| Let f be a function for which f"exists on (a, b).

If £"(x) > 0 for all x in (@, b), then the graph of fis concave upward on (a, b).
i If f(x) < 0 for all x in (a, b),then the graph of f is concave downward on (a, b).

Example 47: Determine the interval on which the graph of f(x) = —x3 + %xz is concave upward

and the intervals for which the graph is concave downward.
15

Solution: f(x) = —x3 + ;xz
fl(x) = —3x%2 +9x

f"(x)=—6x+9=6(—x+g) 10

We observe that f"(x) < 0 when 6 (— + > W@ 9
EVA

—

o

x <2 and that f"(x) < 0 m x>3
If follows Wﬁ concave upward on
onc

3 3 5 0
(—o0o, E)an c avedownwardon(—;, oo).
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Q
2.21 Pointof Inflec o@g@
arwl/g N mgﬂ%

In the ex es concavity at the point that corresponds to x = 2 As xincreases
through g, the graph of f changes from concave upward to concave downward at the point (E' 77)

a point on the graph of a function where the concavity changes from upward or downward or
reverse is called a point of inflection.

i Definition: Point of Inflection

Let f be a continuous at ¢, a point (¢, f(c)) is point of inflection if there exists an open
interval(a, b) that contains ¢ such that the graph of fis either:

I i. Concave upward on (a, ¢)and concave downward on (c, b) or

ii. Concave downward on (a, ¢) and concave upward on (c, b).

Example 48: Find points of inflection k@) @@@w@ @

Solution:

f'(@ﬁ@% df”(x) =—6x+2 \

Since f"(x) =0 at% , the point (%, %) is the only possible point of inflection. We have

f'(x)= 6(—x+§) > 0for x <§

f'@) =6(-x+3) <0 for x>3
Implies that the graph of f is concave upward on (—oo, i) and concave downward on G, 00).
Thus, G, f (%)) or G, :—7) is a point of inflection.

Definition: Second Derivative Test for Relative Extrema @@ ;
Let f be function for which f* exists on an interval (a W@o@ numberc.

i. K f"(c) > 0, then f(c) is arcla --‘ fﬂ*u
‘\'ﬂ

(¢}
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Example 49: Find the @m%%m

Solution: f'(x) = 4x3 — 2x = 2x(2x%2 — 1) 05

For critical values take f'(x) = 0

) UNIT-02: LIMIT éomwwmmnmnmwn

also relative extrema by second derivative test

ff(x)=12x2 -2

- 45 0 05 1
zx(zxz _ 1) =0 \/ \_/

A V2 42
=057
The second derivative test is summarized as:
x Signof f'(x) | f(x) | Conclusions Fle)) <0
0 f'(x) = —ve 0 Rel. max
-1
E fn(x) = +ve T Rel. @n KW%X
2 V\Unr\ \\g
R P e s VAN :
- - c1 c2
NN
. | Exercise 2.9
1. Find the critical values of the function.
i f(x)=2x2—-6x+8 i, fx)=x3+x-2
as x i —
ii. f(x)= e iv. f(x)=cos4x
v. f(x)=(4x— 3)% vii f(x)= xz(x + 1)3
2. Find the absolute extrema of the function on the indicated interval.
i f(x)=—-x%+6x:[1,4] ii. fX)=x-1)2%:[2, 5]
i, f()=x5:[-1, 8] b @ =268 ka2
v. f(x) =1 4+ 5s5in3x : [0’ z o * W@Osx : [0JI Zﬂ]
3. Use the second den s on which the function is concave

upwardandcon
Wﬁf+h i, f)=-x*+6x2+x—-1
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iii. f(x)s= g%xm iv. f(x)=x(x—-4)3
v W}@Wn i f)=x+2

4. Use the second derivative to locate all points of inflection.

i f@)=xt*—x*+2x2+x-1 i f(x)=x§+4x
iii. f(x) =sinx iv. f(x)=cosx

v. f(x)=x-—sinx vii f(x) =tanx

5, Use second derivative test to find the relative extrema of the function.

i. f(x)=—-(-2x—5)? ii. fx)=x"+ 3x2 +3x+1
iii. f(x) = 6x° — 10x? _ xz
v. f(x) = cos3x, [0, 27] é @% 805:: + sinx, [0 2]
6. Determine wheth %M Telative extremum at the indicated points.
i. xSt ; ii. f(x)=uxsinx, x=0
iii. f(x)=tan’x, x=n iv. f(x)=(1+sinx)3, x =§

2.22 Applications of Derivatives

Many real world phenomenon involve changing quantities like the speed of the rocket, the inflation
of currency, the number in a bacteria in a culture, the stoke intensity of an earth quake, the voltage of
an ¢lectrical signal and so forth. In this section we will develop the concept of limits, continuity,
derivative and extrema of function for use in real world problems. Another important application of
the derivative is to find solution of the optimization problems. For example, if time is the main
consideration in a problem, we might be interested in finding the quickest way to perform a task and

if cost is the main consideration we might be interested in finding the to perform
a task. Mathematically, optimization problem@an educe i g the largest or smallest value
ofa functlon on some interve : ; smallest values occurs. Using
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Q
Example 50: A side of a cub

be 30cm with the possible error of £0.02cm . What
m ‘passible error in the volume of the cube?

ume of a cube is V = x3, where x the length of one side. If Ax represents the
error in the length of one side, then the corresponding error in the volume is:

AV = (x + Ax)? — x*

We use differential: dv = 3x%dx = 3x%Ax

as an approximate to AV. Thus, for x = 30 and Ax = 1+0.02, the approximate maximum error is:
dv = 3(30)%(10.02) = +54cm?

Example 51: A square is expanding with time. What is the rate at which the area increases related

to the rate at which a side increases?

Solution: At any time the area A of a square is a function of length of one side of x:

Thus, the related rates are derived from

o ietipedih W@o@@‘u@
: \ﬂ‘\@

O A

ir is being pumped into a spherical baloon at a rate of 20 ft3/min. At what rate is
the radius changing with the radius is 3£t?
Solution: As shown in fig, we denote the radius of the baloon by r and its volume by V. As per

statement, air is being pumped at the rate 20ft3 /min , means we have: ‘:—: = 20ft3/min

In addition, we require % =3

4
We know the relation between Vand ris V = §m‘3

Diff w.rt “”

But % = 20, therefore

av 4 dr
— 2 —
g — 370G

dV_4 zdr
a4t

0.18 ft/min
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Solution: and y denote the two non-negative numbers that is, x > 0 and y = 0. It is given
that: x+y=15.......»)

Let p denote the product: p = x.y? (Product = one number. square of the other)

Wecanuse y =15 —xtoexpress pintermsofx:  p(x) = x(15 — x)?

The function p(x) defined any for 0 < x < 15.

Ifx > 15, then y = 15 — x would be negative.

P’ (x) = x.2(15 — x)(—1) + (15 — x)? = (15 — x)(15 — 3x)

Thus, any critical value is x = 5.

Testing the end points of the interval reveal p (0) = p(15) = 0, is the minimum value of the
product. Hence, p(5) = 5(10)? = 500 must be the maximum

numbers are 5 and 10. O
Example 54: A rectangul t of %% will'be fenced and divided into equal
portions by any additional o sides. Find the : :

-negative

J—

J: . y

dimmsionW uire the least amount of fencing. i x .
Solution: Let us introduce variable x and y so that xy = 1500. Then the function we wish to

minimize is the sum of the lengths of the five portions of the fence.

L=2x+3y r—» Hence x = 15v10m, is required minimym
I -
Buty = 15:0 , we have ! amount of fencing.
|
L) = 25 + 200 | > 4500
XEATTY | L(15VI0) = 2(15VT0) + — = 15v10
Vs 4500 i _ 1500
L) =2-—; | xy =
For critical value, L'(x) = 0 ! _ 1500 1500
x% = 2250 E
|
1

x  15V10 ©m

x = 15V10 O 3 % é O@

o 13500

For 2™ derivative: L" (x) -_OTT ! Dirension of land:

When x = 15v10 KX ml
o I

L"(15 1 o--1 Xy = 15m X lom
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Price Growth Model: -iu P, considering inflation can be modeled as:

P()=PFe", w time t, Py = Initial price, continuous annual inflation rate,
t= Time(in years)

To find the rate of change of price with respect to time, take the derivative of P(t) with respect to

t. %P(t) =PRre”, The dl;gt) , represents the instantaneous rate of change of the price level or
how fast prices are increasing at a time t.

Example 55: The price of a product is modeled as: P(f) = 200*®™, where t is the time in years
and P (t) is the price at a time t. Find the rate at which the price is mcreasing after:

a. 0 years b. 5 years c. 10ears

Solutions: The price inflation is P(¢) = 200e*®, the derivative gives the rate of price increase:

20 _ 20000.039e* =6 W@ O@@m

a. Att= dP(O) % “\@umts/year
W 0(0.03)e

 dP(o)
Att=
. dt

0.03(5) _ o015

= 6.92 units/year
= 200(0.03)e*P" = 6¢** = 8.10units/year

Using Straight Lines: Derivatives help analyze a line relationship in real life scenarios. Straight
lines appear in situations, where variables change at a constant rate and derivatives calculate the
rate or optimize related process.

Example 56: Economics, Marginal Cost and Revenue: A company’s Revenue R(x) from selling
x units is given by: R(x)=50x The total cost C(x) for producing x units is: C(x)=30x+200

a. Find the marginal revenue and marginal cost.
b. Determine the break-even point (units sold where revenue equals cost).
c. Interpret the meaning of the straight-line equations and slopes.

Solutions: a. Marginal Revenue and Marginal Cost: w@ @ m

e Marginal Revenue (R'( m@
W m (x)= (30x+ 200) = 30, cost increase by 30/units.

revenue increases by 50/units.
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( even, revenue equal costs:

x = 30x+ 200, which gives, x =10.
The company breaks even when 10 units are sold.
¢. Interpretation of Slopes:
e The slopes of R(x) is 50, showing revenue grows faster than cost.
o The slopes of C(x) is 30, representing slower cost growth.

.‘ . Exercise 2.10

1. According to Einstein’s theory of relativity, the mass m of a body moving with velocity v is

_ ™My . i e < 5
m—Ji—Tg-,wheremomthemlnalmassandclsthespeedofhght. What happens to m as

voc?

2. flx)= [lzcx -I;cylc ; : g is continuous at 3

3. The volume v of a sp % »: i
the instantaneous e volume with respect to the radius.

4. The ove gmund of a projectile time t is given by

S@) = %gtz + Vot + sp.
Where g, v, and s, are constants. Find the instantaneous rate of change of S with respect to
tatt=4,

5. The side of a square is measured to be 10cm with a possible error of +0.3 cm. Use differentials
to find an approximation to the maximum error in the area. Find the approximate relative error
and the approximate error.

6. A woman jogging at a constant rate of 10km/hr crosses a point A heading north. Ten minutes
later a man jogging at a constant rate of 9km/hr crosses the same point heading east. How fast
is the difference between the joggers hanging 20 minutes after the man crosses A?

e

7. Aplate in tnangle is expanding with time. A side increases at
a co of Zcmfhr. At what rate is the area increasing when side in 8cm?
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8. A rectan Y&me The diagonal of the rectangle increases at a rate of lin‘hr and
leng&g es at a rate of — 2 min/hr. How fast is its width i increasing when the width is 6 in
and length is 8 in?

9. The side of a cube increases at a rate of Scm/hr. At what rate does the diagonal of the cube
increases?

10. A particle moves ona graphof y2 =x + 1 sothat% =4x+4.Whatis§whenx= 8?

11. At 8:00 am ship S, is 20km due north of §,. Ship §; sails south at a rate of 9km/hr and $,
sails west at a rate of 12 km/hr at 9:20 am. At what rate is the distance between the two ships
changing?

12. Find two non-negative numbers whose sum is 60 and whose product is a maximum?

13. If the total fence to be used is 8000 m, find the dimensions of the enclosed bd\*i@m‘e that

has the greatest arca. e U

el

14. MW is to be constructed with a square base and a volume of 32,000 cm3.
dimensions of box that require the least amount of material.

15. A company determines that for the production of x units of a commodity its remove and cost
functions are, rtespectively, R(x) = —3x% +970x and G(x) = 2x% + 500. Find the

maximum profit and minimum average cost.

16. If the inflation rate is continuously compounded 4% per year and the price of a commeodity is
$50 today.

a. Derive the function for the price of the commodity over time.
b. Find the price after 8 years.
c. Find the instantaneous rate of price at t=8 years.

17. A company models its operational cost as: C(t) = 500e*** —100¢, where t is the time in years.
a. Find the rate of change of cost at any time t

b. Determining the rate of increase in cost is minimal @ @@m

18. The price of commod1ty P(t) isgi where t is measured in years
and P(f) is the price m‘m
SN

a. Find the instantan ge of prices at t= 3years.
‘ \
1ile éﬁonrateattﬂyears

GRADE 12 — National Book Foundation




UNIT-02: LIMIT, CON VTINUYTY AND DERIVATIVE

a. Find the speed of the ship. b. Calculate the distance after 3 hours. c. Explain the meaning
of the slope.

20: A cyclist is traveling along a straight path, and the distance traveled s(t) (in meters) is given by:
s(f) = 5¢* +3t, where, t is the time in seconds.

a. Find the speed at any time t.
b. Determine the speed at t=4 seconds.
c. Interpret the significance of the slope in this context.

0
1. Tick the correct options. @O@@m
i IKlimf (x)=3 and lim g?@%@@ﬁ

a. 3 m@ ¢. Exist d. Doesn’t exist
e O ¥’
ii. M+Lx>o,ﬂ1enhmf(x) 0,is:

a 1 b, -1 c. 0 d 2

iii. If fand g are continuous at 2, then 5 is continuous at:

a 0 b. 1 c. 2 d 3
S0X x £ 0
iv.  The function f(x) = { ’ , is continuous at:
1, x=0

a 0 b. 1 c. —1 d 0.1
v. If fis differentiable for every value of x, then f is:

a. Discontinuous b. Continuous

c. Finite d. Infinite

vi. Ifkis a constant and n is positive integer, then L pn %Z @@m

a. nk™? b k"
viih If f(2)=2,g % i (2) is:
GRADE 12 — National Book Foundation
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vii. W @omlal function of degree 2, then ;f (%) is:

c. —1 d 2

ix. Iff is differentiable for every value of x, then fis continuous for:

a. Some value of x b. [0, o]
¢. Every value of x d. [0, —oo]
x.  Iff({t) = 2t* is absolute minimum at:
a 3 b. 0 c. =1 d 1

2. Evaluate. }‘l_l’rg smz =

1+sinx

3. Find the derivative, y =

XCOsX

4, If £ (0) =—1and g'(0)=6, whatls xf (x) + @ @@m
5. Find %2 when x° +y° = 27

dx?’ O
6. Use differential to fin 0 \/_.

(4 MW& e form of circular cylinder has a height of 5 m. The radius is
meas to be 8 m with a possible error of +0.25 m. Use differentials to estimate the

maximum error in the volume. Find the approximate relative error and the approximate

percentage error.

8. A 15 fi ladder is leaning against a wall of a house. The bottom of the ladder is pulled away
from the base of the wall at a constant rate of 2 ft/min. At what rate is the top of the ladder
sliding down the wall when the bottom of the ladder is 5 ft from the wall?

9. Find the absolute extrema of f(x} = x® — 3x% — 24x + 2,

a. [-3, 1] b. [-3, 8]

10. Graph the function: f(x) = x +=
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INTEGRATION

After studying this unit, students will be able to:

o Find the general antiderivative of a given function.

e Recognize and use the terms and notations for antiderivatives.

o State the power rule of integrals.

e State and apply the properties of indefinite integrals.

o Integrate functions involving the exponential and logarithmic functions.
o Identify when to use integration by parts to solve integration probls.

» Apply the integration-by-part formula for definite integrals, — @
¢ Solve integration problems mvolvmg t.ngonbmetnc substgthhdn;
o Integrate a rational function using, the method of pal’t‘lﬂ.l ﬁ'actlon
o State the definition of! deﬁmté mtegml\

o Explain the tern mtegrand \limits of i mtegratlon and value of integration.

+ State qphl)ﬂ the properties of definite integrals.

. Statc énd apply fundamental theorem of calculus to evaluate the definite integrals.
e Describe the relation between the definite integral and net area.

« Find the area of a region bounded by a curve and lines parallel to axes, or between a
curve and a line or between two curves.

¢ Find volume of the revolution about one of the axes.

e Demonstrate trapezium rule to estimate the value of a definite integral.

e Apply concept of integration to real world problems such as volume of a container,
consumer and producer surplus, growth rate of a population, investment return time
period, drug dosage required by integrating the concentration.

There is a lot of applications of integration in various fields. For ‘
example, we use definite mtegrals to calculate the force exerted on_ |
the dam when the reservoir is full and we examine how changmg
water levels affect that force, Hydrostatic forca is/ only one of the |
many applications of deﬁmte mtegral From geometric
applications such as surface|area\ and volume, to physical P
applications such mashland work, to growth and decay models,
definite integral ﬁe a powerful tool to help us understand and
model the world around us. A view of Tarbela dam is shown below.
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3.1 Integration %\K\&m

This unit , cess by which we determine functions from their derivatives. We are
already familiar with inverse operations. For example, addition and subtraction are inverse of each
other. Similarly, multiplication and division are inverse of cach other. In the same way, the inverse
operation of differentiation is anti-differentiation or integration.

This unit provides two processes and their relationship to one another. One step is to find function
from their derivatives. In the second step, we can determine things like area and volume through
successive approximations. This process is called integration. This is very important area in
mathematics and was discovered independently by Leibnitz and Newton.

The process of finding a function from one of its known values and its derivative f(x) has two steps:

The first is to find a formula that gives us all the functions that could possibly have f(x) as a
derivative. If f'(x) is defined as derivative, then f(x) is called anti-derivative and the formula that

gives them all is called the indefinite integral of £ (x). The reverse process of ive or anti-

differentiation is the main topic of this unit. @ @@

Definition 3.1:

A function F'(x) is called an, anti- %{ﬁ Eg) is on a given interval if:
ﬁm %) = /)

For exmp%@ﬁ@@m

%x"‘, %x“ +3, fix"‘ -z, %x" + ¢ (cis any constant.)
are ani-derivatives of x’ on the interval (o, o) since the derivative of each is x°.

Above example shows that a function can have many anti-derivatives. In fact, if F(x) is any anti-
derivative of f(x) and ¢ is any constant, then F(x)+ ¢ is also an anti-derivative of f(x) since:

=FO) +c =L F@I+ L[ =f@) +0=f(x)

Therefore, if F(x) is any anti-derivative of /(x) on a given interval, then for any value of ¢, the
function F(x) + ¢ is also an anti-derivative of f(x) on thatinterval.

Symbolically we write:
[f(x)dx=F(x)+c

Where the symbol, “f>is called ‘integral sign’ and f(x)is called in Z@ ﬁoi\dx indicates
that the integration is performed with respe @ constant ¢ is called
‘constant of integration’. ( : \l ;

ForExample (ﬁw X\Tﬁ/\\ é“

Therefore, dx . x% +
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As mentioned above, the co %
V2, x* + 7 etc. all are anti-derivatives of 4x3.

Key Facts
Let us derive some basic and common I « Thevariable other than x, can also be used in
integral formulae with the help of 3& indefinite integrals.
differentiation. o Anumber of indefinite integral formulae are
| found by reversing derivative formulas.

Formula3.1: [x n#*—1
Derivation: We have,

d [xntl _ d [x*1? d _ (n+1)x™ _ .

Zzlna ' ¢ T &= n+1]+E["']_ n+1 +0=x" ®

Integrating both sides of (i) with respect to x, we have:

..............................................

Formula 3.2: f%dx =hx+c

Derivation: We have, d 1
E[lnx +c]= o (i)

Integrating both sides of (ii) with respect to x, we have:

fd—[lnx+c]dx fdx

:lnx+ ¢ -f Zdx W@ @@m
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Formula 3.3: fe”dxo%m

Derivation: o
% [e* + c] =e* (ii)

Integrating both sides of (iii) with respect to x, we have:
d
J. [ [e* + c]ldx f e*dx

e* + ¢ = [e*dx

In general,

e oo s assmasme PP
Formula34: [a*dx= —a” +c a @@@W‘O@Q

Derivation: “
%@@ c|=a* (iv)
IntegraﬁnWYMW) with respect to x, we have:
]

i[—1—(1"+ c]dx=_faxdx

..........................................................

In general,

Theorem 3.1:
(i) A constant factor can be moved through an integral sign. That is:

f cf m@

(i) An anti-derivative of a sum is the
® (x)dx + [ g(x)dx

(iii) An anti-derivativ e difference of anti-derivatives. That is:
W 77 JIf @) - g dx = [ f(x)dx - [ g(x)dx
iv) In general, [[af(x) £ bg(x)] dx =a [ f(x)dx 1 b [ g(x)dx
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VAN
Example 1: Evaluate 34 9x+3)dx (i) j”a;—z” dy
Solution: = 3x3 + 9x + 3)dx
—4_fx7dx 2fx%dx+9[xdx+3[dx

Integrating term by term, we get:

—4(2)-2(X)+9(%) +3x+c =TT+ 1 3x4c

G) [ dy=[(5-2)dy = [(5-2)dy
= Jo?-2y)dy=[y?dy—-2[y dy

_ y—2+1

B —z+1_2(y?2)-|-c - —i—y2+c

1

ax + b
Example 2: Evaluate (i) [——2— dx (i) [e3%dx

axZ+bx+c m
| o 20
Solution: (i) ax=+ bx+
@ “
i' = —fes"(S)dx = —es" +c
esm x

Example 3: Evaluate f

41_

Solution: Here, f(x)=sin"1x = f®= \/11x2
So, by using formula:
[ef@f ()dx=e® 1 ¢

We have:
estn'1 x

—— dx=e5" % 4 ¢
1-x2

|
l! /  Exercise 3.1

Evaluate the following integrals.

1. JO?-3x+9dx 2. [(y? @ 8y @@W@ﬁ% F) dy

4. [(4+x%)%dx Qx J(Va+ ) dx
7. f(e*—e” . (e;" - ;)dx 9. [xeXdx

10. | W 11. f7™dy 12, [ +5-—2)dx
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13.

14. -r1+z2 dz 15. f(x;+e3"+x°)dx

e N

16. [(3x2% + 2x)(x3 + x?% + 9)%dx 17.  [(5e5* —x~3 + 3%*)dx

-1
18. [(z% +V3z+3-)dz

3.2 Integration of Trigonometric Functions
While evaluating the integration of trigonometric functions, keep in mind the following formulae.

As, %(sinx + ¢) = cosx therefore, [ cosx dx = sinx + ¢
Similarly, % {(cosx + ¢) = —sinx implies, [ sinx dx = —cosx +¢
In the same way, 2 (sinkx + ¢) = kcoskx implies, [ cos sm

coskx

And, — (coskx + ¢) = —ksinkx)

Using above pattern, followi i easﬂy

fmo and f cosec?x dx = —cotx + ¢
=secx +¢ and J cosecx cotx dx = —cosecx + ¢
Example 4: Evaluate:

@) [sin2xdx @) [fcos 3?’: dx (i) [sec?mxdx

Gv) [5 cosecz%x dx (v) [9sec3xtan3x dx

Solution:
(@  [sin2xdx = flsian 2)dx = %f sin2x (2) dx
1 —C0SZXx —COS2X
=-(-cos2x+¢) = . +— = ——+¢C

G Jf coss?x dx

=§(sin3?x+c) = Zsi 5
(i) [ sec?mxdx O= 1 % :
= (tanmx T@U %mHﬁ = —(tanmx)+C
o
(iv) [5cosec? = dx = 5x§f cosecz-'?xG) dx = %(—cot%x+c)
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v f9 dx = [3x3sec3xtan3xdx = 3 sec3xtan3x (3)dx
= 3(sec3x+c¢) = 3sec3x+3c = 3sec3x+C

Example 5: Prove that:

(@  [secxdx = In|secx + tanx| + ¢

(ii) [ cosecx dx = In|cosecx — cotx| + ¢

(i) [ tanx dx = —In(cosx) + ¢ = In(secx) + ¢

Solution:

() [secxdxy= [EEEEEED gy Inptiplying and dividing by (secx + tanx)]

secx + tanx

= sec?x + secx tanx dx = [ secx tanx+ sec’x
secx + tanx secx + tanx

dx Ef'?x% dx :

A lm‘*@@@w@o@ ebchhid
(i) fcosecxdx= [ ‘ ‘V ”

W@w cosecx—cotx dx = I 'c"si::::”__'_:o::eczx dx

£(::t:tse::.:r— cotx)
cosecx — cotx

d
vee sinx —sinx ==(cosx)
(i) [tanxdx = [—dxr = —[—dx = —[&—dx
= —In(cosx)+c = In(cosx)™ 1 +¢ | ' Ch seck Point [
= l;n,L +c = In(secx) +c Prove that
cosx

f cotx dx = In(sinx) + ¢
3.2.1 Integration of Sin?x and Cos’x
Sometimes it is difficult to evaluate integrals directly. Using trigonometric identities, we can easily
evaluate integrals, For example, the integrals of sin’x and cos’x cannot be solved directly and can be
handled using following relations.

ginZy=1"S"2%  .nd  cosip=1tCU8Z ‘heck Poin
z i 2 @@@ Evaluate [ cos®x dx
Example 6: Evaluate [s KX
oo W 2 =3/ dx ;[ cos2x dx
5( 2

2x 1 1,
)+c=5x—;sm2x+c
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A

cos27x

Solution: _ ».,_J'|‘-‘\j.J}}J7;{"::;!.""~. JoL

6 ) fég'éc‘ax - tan3x)dx = [ 8sec9x dx — [ tan3x dx
= 2 sec9x (9)dx — 3 [ tan3x (3)dx

= glnlseC‘Bx + tan9x| — In(sec3x) + ¢

(ii) Jcos?7x dx = [1E1% gy = if dx +%fcosl4xdx

2

1 1 fsinl4x 1 1 .,
;x+5( o )+c—5x+§sm14x+c

]

Evaluate the integrals and recheck your answer by differentiating.

1.  [(sinmx — 3sin3x)dx 2. f —seg/z(iy)d;f \ ( _

3.  f[1—8cosec?(2x)]dx a Q4 _fi/(CQSBczx-r cosecx cotx)dx
2 ~T\ o\ VWL

5. [=2dz QTR 6\ f+ tan?e)ds 7. R

8. [ secz(SxJ—'\Jr?Hx IR f(tan5x + cos7x)dx  10. [(cot9y —3)dy

Evaluaté the integral.

1. f(tan?28 + cot?26)d6 12. [sin? (% y) dy

13. [ cosecllxtanllx dx 14. [ cosf(tand + sec8)dd
- 1

15. [ cosec? (le) dx 16. [(cosx)s sinxdx

17. [e?sine”’dy 18. [9tan(x + 7)dx

3.3 Integration by Substitution

There are many functions that cannot be integrated by simple techniques and can be integrated easily
by using method of substitution. It is an integration technique which involves making a substitution
to simplify the integral. In this method any given integral is transformed into a simple form of
integral by substituting the independent variable by others. The exact sub shmﬁﬁndepends on the
form of the given integral, as some substitutions are more appropriate’for certain problems than
others. The choice of substitution is not always immediately obvious. The ability to recognise an
appropriate substitution cofes ﬁompmchsaﬁgmany different examples.

Mostly, we sub_srﬁtgte_ﬂri;gpﬁgiﬁéﬁib functions in place of variables to integrate algebraic functions.
However, thq:iré mHJhafd and fast rule for selection of trigonometric functions to replace variables as
some other substitutions are also used.
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Key Facts
I Usually, &}\éﬂﬁmm by substitution is extremely useful when we make a
58 fﬁ function whose derivative is also present in the integrand. Doing so, the
Hon simplifies and then the basic formulas of integration can be used to integrate the
| function,

Example 8: Evaluate [ 3x2 cos(x?) dx

Solution:
In the equation given above the independent variable can be transformed into another variable
say t by substituting: Key Facts
. xs. - _t . @ | The method of substitution to
Differentiation of (i) gives: ﬁnd an integral is used when
Sab ﬁdti_vﬁ £ and (D (“211 gral 1t1ssetupmthespec1a1form.
ubstituting the values of (1) and (ii) in the given inte
t).dt
J3x% cos(x3) dx= [costdt =sint +¢ If(g(x)) gl(x) dmﬂ )
Again, substituting back the value of t, we get
f 3x2 cos(x?) dx = sin(x?) + ‘
SGan Chenk“ ck Point NN
Example 9: Intcgrate: f ) Tnfegrate:
o . :
Solution: x then du = +1x2 dx x sin(x* — 3) with respect to x.

tan
Therefore,fe “dx=[etdu —et+c= e i

Formula35: [ w dx = sin™? (%) + ¢

Derivation: Substituting x = a sin8, we have dx = a cos@ d8

1 _ 1 _ 1
fwdx—f‘[_m acosb df = [ =—=—x a cos6 db

1
= f = a cos@ df = 1) — cosf db

[ B

= [df = 9+c—sm‘1()+c
Note: We can apply the formula directly too. --
Formula3.6: [VaZ—xZ dx= Lz Y E Cfﬁ@}w o
Derivation: Substituting (5ind) we have O
— (asinf)? a cosf df = [ Va? — a? sin?8 a cosf dé

IJ@W - - "
= [aVv1 — sin28 acosf df = [acosf acosf d8 = a? [ cos?6 do
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AL

zj-1+coszs do = Y- do __(9+sln29)+

_ a? _ Lz 2 sinf cosf
_?9%@@1@; =L L (Lelnfeost) 4

_ag @ 2 e —afxy ez [, _#
—29+2(sm6 1—sin?6) +c = —sin (a)+2(a 1 +c

2 la a? 2

z 2 2 o 2 2 x\’ 2 - y2
%sir1‘1(§)+i(E T +c=%sin'1(f)+L+c

Example 10: Evaluate: ,[%
—4x—x

. 1 _ 1 =L
Solution: [ e = | g = ¥~ I e &

1 . _q1f2+x . .
= J‘m dx = sin 1(T) +c (Using direct formula)

Note: We can also solve by substituting x + 2 = 3sinf W@ @@
Formula 3.7: ln(x g \ S d
Derivation: Substltutmg dx = a sec tané d@

" _f 1 T @ secd tand dé

x (cumu::a)2

= j'm a secé tand df = f‘/m a secf tanf dé

= [—— asectanf df = [secO dB = In[sech + tanB] +c

= In[secl + Vsec?8 — 1] + ¢ =ln[£+ I%—l|+c=lnl£+
a @ a

In[§+ —= |+c=ln[x+% +c=m(x+VxZ—aZ)—lna+c
=In(x+\/x2—a2j+(c—lna)=In(x+~/x2—a2)+(.‘

Note: Expression ‘,— can also be integrated by making the substitution x —ﬁhﬂ

1
Formula38: [o—— dx=In(x+ a” + W@ @
Derivation: Substituting X ané %@
S . L\

asec’0df = [ -——— asec’0df

x2-g2
| +¢

\"aztan29+ a? hise

= _fa;ca asec?0dg = [sec8 db
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= In[secf + tan8] + ¢ %@ + ¢ = Inftan@ + V1 + tan?8| + ¢
=Inl;Wc—lnl Ja +x\+c—ln + Gl T +c
= [EEEI S = Z 1 22) —
= In|— +c=mn(x+VaZ+x%)—Ina+c

= In(x + VaZ + x%) + (c — Ina) = In(x + VaZ +x%) + C

Formula39: [—— dx=2wn™(3)+ ¢

This formula can easily be proved by substituting x = a tanf.

Example 11: Evaluate: fﬁ dx

1 1
x=+4\x+5dx_ -rx2+4x+4+1 'r(:n:+2)2+(1)2

=% (x+z)+c—tan 1(x+@+|®@
Note: We can also solve b@m
Example W — a2)z dx

Solution: Putting x2 — a? =u

Solution: [

du

= 2xdx=du = =x ==

frad-aax = [@i% = 1f@idu

3 5
I U L DR S I S -
= ZF = ZXE— = 5(x a®)z +¢
. /  Exercise 3.3

Use suitable substitution, to evaluate the integrals.

dx dx
L &% 2 Jp==
x2 dy
4, fx3+1dx 5. fy2+8
O
O 1) i

tl
1o. I;@Wﬁ [z 2. [oardx
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3.4 Integration by Parts - W\ VAN U ACE
Integration by parts is a spec1 ,I method of mtegratlon that is very helpful technique to evaluate a
wide variety of tegrals ihatsbme’mnes do not fit any of the basic integration formula. This method
isused to ﬁmf the' ‘integrals by reducing them into standard forms.
[ Fg@)dx = £(x) [ g(x)dx — [[f'(x) [ g(x)dx] dx (M

Formula (1) is called the formula for integration by parts. Using this formula, we integrate the
product of two functions. The important thing to use this formula is the selection of given functions
given in the product as a first or second function. The function whose integration can easily be found
is considered as the second function while the first function is chosen whose derivative could be
easily found. In formula (1), f (x) is treated as first function while g{(x) as a second function.

Key Facty

« Integration by partsis not applicable for functions suchas [/ sinx dx.
» Wedonotadd any constant while finding the integral of the second function.

+ Usually, if any function is a power of x or a polynomial in x, then we take it as the first
.5& function. However, if the other function is an inverse trigonometric ﬁmctlon or
logarithmic function, then we take them as first function. \\

‘ +» Ifthe product of functions contains cxponcntlal and tngqnomcmé functlons,. then we

can select any one of the twoas a ﬁrSt ﬁmctlon )

Example 13: Evaluate the mtegral f el
Solution: II‘u théfintegre 1-f xe* dx, we take x’ as a first function as its derivative will reduce
it and ‘e*"ds. second function.

[xe*dx=x[e*dx— | [%(x)fe"dx] dx

=xe*— [le*dx=xe*—e*+c¢

Example 14: Evaluate: (i) [x*?Inxdx (i) [xtan 'xdx

Solution:

(i) Inthe integral [ x? Inx dx, we take ‘Inx’ as first function and ‘x?’ as second function.
. [ *? nxdx = [(Inx) (x))dx = Inx  x%dx — [ [ (inx) [ x?dx]| dx
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x?tan~lx 1 ( 1 x2tan~lx 1 -1
=— 2] =) 4% = —; S (x—tan™'x) +¢

Example 15: Apply integration by parts to evaluate:
() [VaZ—xZdx (i) [VaZ+zxZdx
Solution:
@) [VaZ—2% dx = [VaZ—x% (1) dx,
Here, we take ‘VaZ — x2 * as first function and 1’ as second function.
. [VaZ =22 dx = [VaZ —xZ (1)dx

=VaZ —xZ [ 1dx — [ [ £ (VaT=27) [ 1dx] dx
=Va? =% (x) — [ s (1)dx = 2 - xz@—f 2

[va? —x% dx+ [Va? — x? dx = xVa? — x2 + a’sin™! (Z)+c
2 [Va2 —x2 dx = xVa? — x2 +azsin‘1(£)+c
fva?z—x2 dx = az_x sm‘i(a)+ az_x sm (“)+C

() [vaZ+x2dx= f\/a2+x2 (1) dx,
Here, we take ‘va? + x2 ” as first function and 1’ as second function.
~ fVaZ +x% dx = [VaZ + xZ (1)dx

=VaZ + 22 [ 1dx — [ [~ (VaZ+2?) [ 1dx| dx
=va%+x%(x) - Izm(x)dx xva® +x% — IW

=xva?+x? — [ a::z’:_—z;zazdx @ @@
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A

a?+ x?2 +atan™? (ﬂ)+c
2 = ¥va? + x? +atan‘1(;)+c
[VaZ + 22 dx =“T+’+§tan-1 (3 +§=—"“‘+"+§tan-1 §)+c

2
| Check Point A
Using integration by parts, prove that:

[VZ—aZ dx =22 % —a;cosh‘1 (E) +c

2

Example 16: Apply integration by parts to evaluate:
[ e**sinbx dx
Solution: Let, I = [ e%sinbx dx = [(sinbx)(e®™) dx
= sinbx [ e®dx — | [i (sinbx) | e"“dx] dx

= sinbx ( ) —f [(b coshx) ( m

= sinbx ( ) f[( 60831 @ @

= s1nb6 e _b —(C x) f 3axdx
ST

I=si —)- (- bsmbx)
ax

inbx ﬁ) — —coshx (— -= _[ e%sinbx dx +c
a a a

I =sinbx (?) — Ecosbx (eT) - a_zl +c
z
I+b—I =1e%% ginkx — ie“"cosl:ur +c
) aznz a a?
a*+b _ gax [1_: _ b
( = )] =e [ sinbx cosbx] +c

Z

+bz

l—e"“‘[ X

[=eg®™

2,5z Sinbx — a— X7 bz cosbx] +eX 55—

2+ 5z Sinbx —— 2 5 cosbx] +C

l' Exercise 3.4

Evaluate the integrals using integration by parts.

1. [Inxdx 2. [(nx)%dx 3. f sin(Inx) dx

4. [x}mxdx 5. [ysin2ydy fe*c m
7. [xseclxdx 8. [In(2x+3)dx @©

10. [ x cosx dx 11. fcostix dx

13. [xsec’xdx O‘% ®5 fln [x+\/1+ 2] dx
16. [xe*’dx d 18.
[x%e UQKE x dx fﬁ
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3.5 Integration by “‘
When mww@

3 4

x+4 | x+2
are combined by means of a common denominator, we obtain a single rational expression:

7x + 22 5
{(x+4)(x+2) (11)
Suppose that we are faced with the problem of evaluating the integral:
J- 7x + 22
{(x+D(x+2)

From (i) and (ii), we have:

7% + 22 3 3 4
I (x+4)(x+2) x = -r [(x+4) + (x+2)] dx = -r (x+4) + f @+2) dx

de+4[——dx=3In(x+4)+4In(x+2) +c

1
=3 I (x+4)

(=+2)

degree of P(x) is less than the degree

of decomposing such rati
integral term by term.

K j‘o —2x
x2+3x+2

Exampl

Solution: We observe that degree of numerator is greater than that of denominator.

xS_Zx B5x+6 . i
[dmmtr=f[r-3+25 e @ | " Cheekpoint mumm
5x+6 5x+6 A B
Now, aearez (1) (x+2)  x+1 t ez Evaluate | (z_2;::+a)

By equating numerator, we get:
S5 +6=Ax+2)+B{x+1) (iD)
Ifwesetx = —2and x = —1, we get B = 4 and A = 1, repectively.
x3-2x 1 4 1 1
f—dx=j'[x—3+m+m]dx= fxdx—dex+fmdx+4fmdx

x243x+2

=’;—z—3x+ln(x+1)+4ln(x+2)+c

izere O
ExamplelS' Evaluatf: prE A' @ @@W@O@

Solution: Given fraction ca

2242244 A

iy
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Byequatmgnumeratorw m
x4 2x+ x+1+C

x? @+(2A+B)x+(A+B+C)
Comparing coefficients of like powers of x from both sides, we gat:
A=12A+B=2andA+B+C=4
Solving the equations, we have:
A=1,B=0andC =3

x2+2x+4
I (x+1)3 I[z+1 T e (x+1)= (x+1)3

= fmdx+3_f(x+ 1D73dx =In(x+1) —S(x +1) 2+

1
—|dx=] o +3 [ —dx

=h(x+1) - +c

2(:|c+1)2

3x%+5x+3
(x+2)(x2+1)

Solution: Given fraction can be written as: m
3x%+5x+3 _ A BxiC @ @
(x+2)(x2+1) x+2 x2+1 @W
3x% +5x + 3 = A(x? + @
32 4 5x+3 = @ x+ (A +2C)
Equating coeffici
W A+B, 2B+C=5 A+20=3
Solving the equations, we have:

A=1,B=2C=1
3x’+5x+3 2x+1
J. (x+2)(x2+1) -r (z+2 + x3+1)
I z+1

= ln(x +1) + In(x +1) +tan"x +¢

Example 19: Evaluate: [

. Exercise 3.5
Bvaluate the integrals using partial fractions.

3x+7 4x+9
1. f (x+2)(x+3) dx 2. -r x2+x—1z
3x+7 5x2_5x42
4. f (x+2)2 d 3 f (x+1)(x-1)2
Tx2+7x+4
7. -r Cx+1)(x2+x+1) K
&

x3+sz+x : @ ”
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3.6 The Definite Integral :

In this section, we w1}1 introduce the concept of a definite integral. Which will link the concept of
arca to oth¢r. limbm'tant concepts such as length, volume, density, probability work.

3.6.1 Partition of the Interval

A partition of the interval [a, 5] is a collection 4y =f(x)

of points >/

a=xu<x1<x2<x3<"-<xn_1<xn=b

that divides [, 4] into » subintervals of lengths: f(x)

Axy = x1 — x5, Axz; =23 — %y, fex) fx)

Axy = x3 — Xz, ..., A%y = Xy — X

The partition is said to be regular provided all ﬁ / Axn

subintervals have the same length: fx) ¥ .
Ax = Ax, = b-a xu—a xy xz Xp-1 Xp=b

n
In the figure, each partition looks like a rectangle. Ax1 sz Ax, N
For a regular partition, widths of the rectangles o~

~ [ I\

approach to zero as » is made large. N\ NN (o o
Area of first (left most) rectangle = length x w1dthf f(x1) Xy [
Area under the curve = sum of areas of tectangles T

= f(x,)Ax, + f(xz)ﬂxz + f

l :3)43"3 S 'T'y‘f v(xn)ﬁxn
U\ l V)
- Zf(xmx N

Expressmn (i) represents approximation of sum of areas of n rectangles.
Based on our inductive concept, the area under the curve and between the interval [a, 5] is:
n

A= lim kz FGOALy o .. (iD)

=1
Expression (ii) provides the fundamental concept of integral calculus and form the basis of the
following definition.

Definition 3.2: A function f is said to be integrable on a finite closed interval [a, &] if the limit:
n

N
J
] |
|

Jm, ) fG)Ax,

k=1
exists and does not depend upon the choice of partitions or on the cho1ce of the pomts x,, in the
subintervals. In the such case, we denote the ]nmt by the symbol (CALUM\

f f (x)dx *— llm Z f(?k)Axk \.

(m)
.

Expression (iii) is called the deﬁmte mtégral of f from a to b. The numbers a and b are called
lower lnmt a?d uppen ilh:ut of infegration respectively and f(x) is called the integrand.
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Theorem 3.2: If a functio:

UNIT-‘03 INTEGRATION

o s.on-an interval [, &] then f is integrable on [a, 5] and
the net mgned area een the interval [a, b] is:

fﬂ@a

In the simplest cases, definite integrals of continuous functions can be calcunlated using formulas
from plane geometry to compute the shaded area.

Example 20:

Sketch the region where area is represented by the definite integral and evaluate the integral
using an appropriate formula from geometry.

®

f: 3dx (ii) J'_zz(x + 3)dx (i) ful VI —x2dx

Solution:

)

(ii)

(iif)

Graph of the integral is the horizontal line y = 3.
So, the region is a rectangle of height 3 drawn over
the interval froml to 5.
From figure (1), we have:

fdex=areaofrectangle=4x

Fig. (1)

@Wmm :

Graph of the integra.lO

When x = = “
Wh = 2 +3= 5
So, the region is trapezoid where base ranges

fromx = —-2tox = 2.
From figure (2), we have:
f_zz (x + 3)dx = area of trapezoid

" 0 . -2-1 01 2 3
_2(1 + 5)(4) = 12 sq. units Fig. (2)

Graph of the function y = v'1 — x2 is the upper
semi-circle of radius 1 centred at the origin.

So, the region is upper right quarter-circle of radius 1
centred at origin.

From figure (3), we have:

f\/l — x2dx = area of quarter circle

—-xn'(l)z =—sq units @ @@@
Example 21: Evaluate the following @@W

)

INCEE I

NI
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Solution: Q

Wh =0-1=-1

When x=1, y=1-1=0

The region is a triangle fromx = 0tox = 1.
From figure (4), we get:

J3 (e — 1)dx = area of triangle = > (1)(1) = sq. units

(ii) The graph of the integral is the line y = x — 1.

Whenx =0, y=0—-1=-1

When x=1, y=1-1=0

When x=2, y=2-1=1

The regions are two triangles fromx = —-1tox =0

and x = 1 to x = 2. From figure (5), we get:

i — Ddx = [ (x — Ddx + [[(x — Ddx

—areaoftxiangleA1+AreaofttiangleAz W

=2 (1)) + 5 (D)D) = 15@ a @:s ®

Note: In the figure (5), tl@ the x-axis and the area of triangle A; is
above x-axis, therefore:

But area cannot be negative, therefore in such cases, we take net area as:

A+Ao=3+ % =1
3.7 Properties of The Definite Integral

In the finite closed interval [a, 5], when upper limit of integration in the definite integral is greater
than the lower limit of integration (& < b), the following facts are true.
(i) If lower and upper limits of integration are equal, then area is zero. i.c.,

L “feodx =0

2
jxdx 0

(ii) If the lower limit of integration is greater than the upper limit of integration, %

Which states that in i
For example, KX

For example,

sign of integral.

@)
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(iii) If ¢ is the point betw i% nd. 5 .K‘u
W [ Feoyd + [
ple, in figure (5), we have:

f (= Ddx = f,(x— dx + [[(x - Dax
Theorem 3.3:

If f and g are integrable on [a, 5] and c is a constant, then ¢f, f + g and f — g are integrable on
[a, b] and the following statements are true.

@ [ efde=c fedx (The constant has no effects of limits on it.)

.n b b b
() [,[fG)Lg@]dx= ], f(x)dxx [, g(x)dx
Showing that the limit of a sum or difference is the sum or difference of the limits.

@il [lc fx)+d g()ldx=c [, fG)dx +d [; g(x)dx

Example 22: Find: @ @@m
@ [H[2f() +5g(dx if [* f()dx = W
@ [ 4f(ax if I% Wﬁ\)@

Solution:
@ ffﬂg}@ﬁmﬂﬁu = [*,2f ()dx + [, 5gGdx = 2 7, f(x)dx +5 [, go)ax

=2(2) +5(4) =24
@ J5,4f dx =47 fx)dx = 4|7, fG)dx + [ fx)dx]
=4(3+1)=4x4=16

. | Exercise 3.6

1. Sketch the region where area is represented by the definite integral and evaluate the
integral using an appropriate formula from geometry.
. 4 .. 0 2
() Jy xdx (i) J_jxdx i) [y —Ddx

(iv) _]'(x+1)dx ¥) j' 2dx (vi) v1—x2
@O@@ﬁ‘@

2. Evaluate the integrals in each part when @
® [ f@)dx i) [ fde (v [7,f(x)dx

WW
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@ [ fexax G) [ flx)dx Gi) [ Feodx
@) Jfflodx ™ [ feodx o) [T Fdx
4, Find:
_[1 [3f(x) — 2g(x)]dx if _]'1 f(x)dx =4 and f1 g(x)dx =5
5. Find:

ot
f‘f(x)dx if f2f(x)dx=1 and W@
6. g
J' f(x)dxi @&m and [ f(x)dx =

¢ formula from geometry to evaluate integrals.
0 [@-ndx @) fR+VI-2ldx i) [PV —ddx

3.8 Fundamental Theorem of Calculus

In this section, we will establish two basic relationships between definite and indefinite integrals that
together constitute a result called the 'Fundamental Theorem of Calculus’. We will provide a
powerful method for evaluating definite integrals using anti-derivatives.

We consider a non-negative and continuous function f on 4
an interval [a, b]. The area A under the graph f over the
interval [a, b] isrepresented by the definite integral:

b
A=f fx)dx ... ...... ()

From (i), we have: b
A(a) =0 [Thearea under &%m ¢ single pomt a and

hence is zero \
Similarly, A(b) = \g the curve from a to b is A.]

WW
GRADE 12 - |iii_ ‘National Book Foundation
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‘We check what happens when we subtract F(a@) from F(b). From (ii):

Fla)=A(a)+c...... (ifify and F(B)=AMb)+c...... (iv)
Subtracting (iii) from (iv):

F(b)—F(@)=[A(b) +c]-[A(@)+c] =A(b)—A(a)=A—-0=A4A
Therefore, from (i), we have:

b
A=ff&Mx=Hw—Fm) ......... )

Statement: The Fundamental Theorem of Calculus states that if f is continuous on [g, b] ad F is
antiderivative of f on [a, b], then

R v

IF( %), = F(b) - F(a)

‘We can sise that  and b are values for the variable x.

Thus, the definite integral can be evaluated by finding any anti-derivative of the integral and then
subtracting the value of this anti-derivative at the lower limit of integration from its value at the
upper limit of integration. :

Selation: .f % dx = |x= _ _2 oz First, we apply upper limit
2 and then lower limit.
9 1_8
=;72-z~4

Example 24: Evaluate: j'zz(sz -x+ 1)dx

@ conl
Solution: f_22(3x —x+1)dx =[x ==
O % )3 +( 2))

W{W“ S(@-2+2)—(-8—-2- 2) 8+12=20
GRADE 12 -ili_ National Book Foundation
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Example 25: Evaluate: I " Check Point y

S"‘“‘““W " Evaluate: fr cosx dx
Method-1: By substitution but without changing the limits. s

Let u = 2x% + 1 which implies du = 4x dx
Thus, f:\/sz + 1 xdx = %_f:Vsz +1 X 4xdx

2
12 12,2
= - == -1z
2o Yu xdu 4x|3u .

(Substituting for u)

2
= E (2x% + 1)%'0 (Resubstituting for x)
Applying limits, we get:

= 1[22)* + 113 - 2 [2(0)? + 115 = 2[93 - 13]

=lm7_1nN=2=-1
=3 27-1)= s = 3
Method-2: By substitution with changing the limits. @ @@m
Let u = 2x? + 1 which impli : ©

When x = 0,u = 2(0)? +; k 22 ¥1=9
Thus, f; V222 +lx@ X2 1
1.9 112 3° _—
= ;_['1 Vu xdu =X I;uz . (Substituting for u)

12 L4311 _ 26 13
_-6-[92—12]_-6(27—1)_ 6 3

Example 26: Evaluate: dx whena = E, p="=F

a 1—cosx 3
Solution: fb o b 1 1+cosx _ fb 1+cosx
* Ja 1-cosx a 1-cosx 1+cosx a 1-cos2x

_ b 1+cosx cosx]

b 1
dx = J-a [sinzx + sinZx dx

= f: [cosec?x + cotx cosecx]dx

a sin?x

= |—cotx|2 + |—cosecx|2 TI ér Point Al
Applying limits and substituting values of ¢ and b, we get: uate: m
b_1 ‘ W @
e o
a 1-cosx

GRADE 12 “ ‘National Book Foundation
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Al
Example 27: Evaluate: EW&
Solution: ction and integrating by parts, we get:
fx!nxdx—f (lnx)(x)dx—llnxx—l - [ = ?dx

_|Inxx | ——_['1 xdx-l!nxx—l ——xlle

= (ine x < — m1 x )—-( =(1xS-0x3)-<41

R

Exercise 3.7

Evaluate the definite integrals.

1. [ (2x+3)dx 2. [y +ady 3(2x @W

4, f:(ze —4x +5)dx 5. i@@ = cosﬂ do
3
7. _r sec?26 do %K@%; 9. f %, x —cosmx dx

_1+4cosf
10. = 1. ff sinx cosx dx 12. IE @+emay %
13. [% (secx+tanx)®dx 14. [% cos’xdx 15. _flalnxdx
4 2
ar x X = 1 -
16. f; (ez—e4)dx 17. J@ ——adx 18. [3 tan~lydy
ﬂ
19. [z g dx 20, [0

0 (2 + cosx)(5 + cosx) 2 x(x+1)

3.9 Areaand Volume
The definite integrals have applications that extend far beyond the area problems. In this section, we

by the area of certain geometrical figures. It is a number that in same

into triangles

will also apply definite integrals for finding the volume. We have an inductive idea of what is meant

region enclosed by the figure. The area of a rectangle is the & 5 leng

GRADE 12 — National Book Foundation
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However, how do we define the area of a region in a plane if the region is bounded by a curve? We
even certain that such a region has an area? In the same way volume of solids can be found by using
definite integration.

3.10 Area of Bounded Region Ay

3.10.1 Area Between a Curve and the X-axis
If f is a non-negative continuous function on [a, 5], y=f&)
then the area under the graph of f from a to b is:

b
A= f Fl0dx

a a b
Example 28: Find the area of the region bounded by the line 2y + x = 8, the x-axis and, the

lines x = 2 and x = 4. s @m

Solution: In the graph, CD is the given line, ﬁ va o@

_ _ Bi _ x O D

2y+x=8 = y= 5 = y=4<% KX@@ ) C

Required area = area of trapezium AR

= area between line ] axis fi 1 5
. o 2 0 5 10

=_f2yd de=|4x—Tz \

42 22 .

= [4(4) ‘T] - [4(2) ‘T] = (16 — 4) — (8 — 1) = 5 sq. units

3.10.2 Area Between Curves

If the function f(x) is greater than the function g(x) for all x between « and b, then the area

under the graph of f(x) minus the area under the graph of g(x) is the area between the curves.
Thus, the area between the curves f(x) and g(x) is:

b
a=[ U@ -geldx s 1@ >9)

Example 29: Find the area of the region bounded by graphs of:
f@=(x-1?andg(x)=3—x

Solution: To find the limits of integration, we find

common points of both functions by solving

f)=g(x) 2 (x-12=3-x 1
= x2—x-2=0
After solving, we get: % @@@W

3 ) 0

x=—landx =2 e
For—-1<x <2, g(x) >@ *
(Also clear 4:1]1 h curves.) glx)=3-x

GRADE 12 — ‘National Book Foundation
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j-Z : ‘

- e+, =f@r+ 2] -+ -]

=[4+2-3-[-2+3+3|=6-2+2-2-2=8-3-05 = 45 sq. units

3.11 Volume of Solids of Revolution
3.11.1 Disc Method

Consider a region bounded by the graph of y = f(x) and the x-axis between x = ¢ and x = b
that is rotated about x-axis. If a = xp < x; < %3 ... < X, = b is partition of the interval [a, 5],
the volume V of the resulting 3-D region can approximated by the sum of volumes of discs
obtained after rotation.

The radius and height of discs D; are f(x); and Ax;
Respectively. Thus:

n ] @ b
- Z Rl A% Q @@W
e A
tting Ax; — 0, we ha ‘/
i we m olume of disc = area of base x height = (nr2)(k)
onf

Example 30:

Find the volume of the solid

obtained by rotating the graph y = x?
between x = 1 and x = 2 about x-axis.

Solution:

2
Ven L [F (O12dx

2 2
V=mn| (x%)%dx = n[ xdx
1 1

2
x5
V=n|—

Note: Ifa sohd is obtained by rotatin;
we can also use the disc

31
= —(25 15) = —H cu. units

v =n[lg(]dx

GRADE 12 — National Book Foundation
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Example 31: O “‘uw o

Find the vol g ted when the ~ 2
region en y=+vx,y=0andy =2 \

is revolved about the y-axis.

Solution:

First sketch the region and the solid. The cross
section taken perpendicular to the y-axis and 2
disk suggests that we can rewrite y = vVx as x = y2,

Thus, g(y) = y? and the volume is:

V=n f ‘O)Pdy = n J; “otydy = fo yidy

5

32
V=m =n(25—05)=Tncu.units

5

0

3.12 Applications

3.12.1 Consumer and Producer Surpluses

Economists use the definite integral ne the' concept of consumer and producer surpluses.

The demand for a c o -g onsumers as well as the amount supplied to the market by the
MWM be expressed as a function of the per unit price. Let D(x) and S(x) be the
number of units demanded and the number of units supplied, respectively, when the commodity sells
ataprice x per unit.

If the demand equals the supply:

D(x) = 5(x)
The market is said to be in equilibrium and the corresponding price of the commodity is called the
equilibrium price. If p is the equilibrium price and b is the price at which the demand of the
commodity is zero (b (5) =0), the integral:
b
Cs = f D(x)dx
P

is called the consumer surplus. Similarly, the integral:
P

GRADE 12 — National Book Foundation
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Example 32: O
Suppose the 8t commodity selling for x dollars a unit and
D(x) = x and S(x) = x? + 10x, respectively. Find the consumer and producer surplus.

Solution: From the graph it is clear that D(x) = 0 when b = 50, $(x) = 0 when ¢ = 0 and
D(s) = S(x) for p = 20. Cs represents the arca under the graph of D(x) on the interval
[20, 50] and Ps is the arca under the graph of S(x) on [0, 20]. We have:
b 50 Ay
Cs = f D(x)dx = f (1000 — 20x)dx
-] 20

600
50

Cs = |1000x —§x2| = $9000 ¢
2 20

And,

P 20
Ps = f S(x)dx = f (x% + 10x)dx
c 0

Ps = Exa + szlzu

Q
3.12.2 Rectilinear Motion “

N
If f(t) is the position %@ ‘ ng in the straight line, then we have:
velocity W a cration = a(t) =7

By using on of anti-derivative, the quantities S and v can be written as indefinite integrals.
S@) =fv(t)dt and v(t)=[a(t)dt
By knowing the initial position $(0) and the initial velocity v(0), we can find specific values of
the constants of integration.
Key Facts
I (i) For upward motion:
S(0=0, v()>0, a=g=-98m/s?=-32ft/s?
3& (i) For downward motion:
I SO0 =h v0)=0  a=g=98m/s?>=32ft/s?

= $4666.67

Example 33:
The position function of an object that moves on a coordinate line is S(t) = £? — 6t. Where S is
measured in centimetres and £ in seconds. Find the distance travelled in the time interval [3, 9].

Solution: The velocity function:
F@O@@m

ds
v(t) = 7y =2t—6
impliesthatv 2 0for3 <t < 9.Hencethe6is ANce

9 9
Sty = f v(t)dt = f (2t©%mx&“‘
3 3
AP

9-18) =4cm

GRADE 12 — National Book Foundation
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AR
3.12.3 Work

In physics w] Os an object a distance d in the same direction, the work done

Definition: Let F(x) be a continuous force acting at a point in the interval [a, 4], then the work
done W by the force on moving an object from a to b is:
b

W = f F()dx
3.12.4 Motion of Spring
Hook's law states that “when a spring is stretched (or compressed)
beyond its natural length, the restoring force exerted by the spring is
directly proportional to the amount of elongation (or
compression)”. Thus, in order to stretch a spring, x units beyond its x
natural length, we need to apply the force: ’

F(x) = kx; k is spring constant.

TeuLoN
paYeng

Example 34:
A force of 130 N is required to stretch a spring 50

spring 20 cm beyond its natural (unstretched)) !
Solution: m

x =50cm = 0.5m

Thus, F =kx = F=260x
Now,x = 20 cm = 0.2m, so that the work done in stretching the spring by this amount is:

126
W = f260xdx= |130%25 =—

= =52]

m Exercise 3.8

1. Find the area of region bounded by the cutve y = x?, the x-axis, lines x = 1 and x = 3.
2. Find the area under the curve ¥ = v6x + 4 (above x-axis) from x = 0 tox = 2.
3. Find the area of region bounded by the curve y? = 4x and line x =

4 In the figure, a sketch of the function

=1 2
y= (0 2x* +x) is shown. Find: W @ @@m

(i) the area of region A.
(ii) the area of region B.
(iii) area of the regi@ A

(iv) area of the r '0 2 +

WW
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10.

11.

12.

13.

14,

15.

16.

17.

18.
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W@%@: s o

;10,371 () y=—1+sinx;[-ZF

Find the area of the region bounded by the graphs of y = x,¥y = —2x and x = 3.

Find the area of the region bounded above by y = x + 6, bounded below by y = x? and
bounded on the sides by the lines x = 0 and x = 2.

Find the area bounded by the curve y = x2 + 1, the x-axis and the line x = 1.

Find the area of the region enclosed by x = y% and y = x — 2 integrating with respect
to y.

Find the volume of the solid that is obtained when the region under the curve y = v/x over
the interval [1, 4] is revolved about the x-axis.

Find the volume of the sloid that results when the shaded region is revolved about the
indicated axis.

0 y=V3i—-x : () y=3—2x \
about x-axis about y-axis
* N co
2 ALY
W\ 70(0Q @
[~ W\ﬂw 2 ¢ 15 \z

ight line according to the position function given below. If £ is
s, find the distance travelled by the object in the indicated time

@O S@)=t*-2t; [0,5] (i) S{)=t3-3t2—-9¢t; [0,4]

(iii)) S(t) =6sinmt; [1, 3]

It takes a force of 50 N to stretch a spring of 0.5m. Find the work done in stretching the
spring 0.6m beyond its natural length.

Aforce F = %x b is needed to stretch a 10 inch spring an additional x inch. Find the work
done in stretching the spring 16 inch.

Find the consumer and producer surpluses, when:

i S(x)=24, D(x)=100-2x

(i) S(x)=x%2—-4, Dx)=—x+8

(iii) S(x) =2x% +3x, D(x) =136 —x?

Find the total revenue obtained in 4 years if the rate of increase in dollars per ﬁi&

f(®) = 200(t — 5)? @
Find the total revenue obtained in 8 ye @H@bﬂ year is:

GRess
Find the area bow —2x? + 1 and the x-axis in the first
®)
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@) If f is integrable, then it is:

(a) discontinuous (b) unbounded (c) continuous (d) linear
(i) If f'(x) = 3x% + 2x, then f(x) is:

(@ 6x+2+c ) 23+x%2+c  (c) 3x3+2x%2+c (d) 1.5x3 + 22+
(i) J = (x%)dx is equal to:

@ x*+c ) 2x+c © Z+c @ 2x+c
(iv) [sin2xdx is:

(a) co:Zx +c () 2cos2x+c (c) — L (d - co:Zx +c
V) [ dxis:

(@ 3 (b) 4 ©>5 d 6

(vi) J cosxdx is:

(vn)(ai _['_ lt3dt 1s (l:)) % @%@w@

(a) t* (©) x3 (d) x3 —16
(viii) What i s xdx and f1 tdt ?
< f tdt M) [ xdx> [ ede
© jl xdx # [ tdt @ [Pxdx=[ltdt
(ix) Areaunder the graph of f(x) = 4; [2, 5] is:
(a) 2 (b) 4 (c) 5 (d) 12
®) [Vxdx is:
3 2 3 3 3 s
(@ x2+c¢ ) sx:tec () s¥i+c (d x2+c¢
2. Evaluate:
(0 ij::il () [x(x?®+ 1)*dx (i) [ cos?3xdx
x2-29x+5 i =1 § .
(iv) f—(x_ ot (xz+3)dx &~ :m xdx (vi) [ 2xsin3xdx
(vi) [x2e*dx (vii) [#(sin2x — 5cosdx)dx (ix) f‘ “""_
3. Use the substitution u = 2x + 1 to evaluate f1 ,/é dx.
A model rocket is launched upward from ground leve iz P 8
(a) How long does it take for the

(b) How high does the rocket go?

‘%&_ has the coordma‘ne S = 4m at time £ = 0 sec, find its posltlon

GRADE 12 — National Book Foundation
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