Areas and Volumes

» Pythagoras Theorem

D Area
P Volume

After completion of this unit, the students will be able to:

» state Pythagoras theorem.
» solve right angled triangle using Pythagoras theorem.

» find the area of
« A triangle when three sides are given (apply Hero’s formula),
o A triangle whose base and altitude are given.
« An cquilateral triangle when its side is given.
» Arectangle when its two sides are given.
o A parallelogram when base and altitude are given.
« A square when its side is given.
« Four walls of a room when its length, width and height are given. !

.» find the cost of turfing a square/rectangular field.

» find the number of tiles, of given dimensions, required to pave the footpath of given

width carried around the outside of a rectangular plot.
» find the area of circle and a semi circle when radius is given.

» find the area enclosed by two concentric circles whose radii are given.
» solve real life problems related with areas of triangle, rectangle, square, parallelogram and circle. -

» find the volume of:

« A cube when its edge is given.

« A cuboid when its breadth and height are given.

« Aright circular cylinder whose base radius and height are gwen
« Aright circular cone whose radius and height are known.

o A sphere and & hemisphere when radius is given.

» solve real life problems related to volume of cube, cuboid, cylinder, cone and sphere.




SUMMARY

1- An angle bisector of a triangle is a line segment that bisects an
angle of the triangle and has its other end on the side opposite to
that angle.

2- Every triangle has three angle bisectors, one for each angle.

3- An altitude of a triangle is the line segment from one vertex,
~ perpendicular to the opposite side.

‘ ;.J 4- Every triangle has three altitudes, one from each vertex.

5- A line-segment which bisects any side of a triangle and makes a
right angle with the sides at its mid point is called the perpendicular
bisector of the side of a triangle.

6- Every triangle has three perpendicular sides bisectors, one for each
side.

7- The point at which the three angle bisectors of a triangle meet is
called the incenter of the triangle.

| 8- The point at which the three altitudes of a triangle meet is called the
orthocenter of the triangle.

9- The point of intersection of the three perpendicular bisectors of tl;e |

sides of a triangle is called the circum-center of the triangle
28]

-} 10- The point at which the three medlans of a triangle meet is. called
the centroid of the triangle.

11 Alme coplanar with a circle intersecting the circle at one point only
ls called the tangent line to the circle.
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UNIT
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After completion of this unit, the students will be able to:

» state Pythagoras theorem.
» solve right angled triangle using Pythagoras theorem.

» find the area of
« A triangle when three sides are given (apply Hero’s formula),
« A triangle whose base and altitude are given.
+ An equilateral triangle when its side is given.
« Arectangle when its two sides are given.
+ A parallelogram when base and altitude are given.
« A square when its side is given.
» Four walls of a room when its length, width and height are given. 4

. » find the cost of turfing a square/rectangular field.-

» find the number of tiles, of given dimensions, required to pave the footpath of given
width carried around the outside of a rectangular plot.

» find the area of circle and a semi circle when radius is given.
» find the area enclosed by two concentric circles whose radii are given.
» solve real life problems related with areas of triangle, rectangle, square, parallelogram and circle. -

» find the volume of:
o A cube when its edge is given. :
» A cuboid when its breadth and height are given.
« A rnight circular cylinder whose base radius and height are given.
 Aright circular cone whose radius and height are known.
» A sphere and & hemisphere when radius is given.

» solve real life problems related to volume of cube, cuboid, cylinder, cone and sphere.
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 The square of the hypotenuse of a nght triangle is equal to the sum
of the squares of the two sides.
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EXAMPLE-2

A 25m ladder leans against a house with its foot 15m from the
house. How far is the top of the ladder from the ground?

C
SOLUTION: Given: a = 15m, ¢ =25m

Let b represents the desired distance.

~ Then a2 +b2 =c2

b2 =c2 —az

=257 -5

—625-225 4 o B

= 400
b =20m

EXAMPLE-3

If 30,72,78 represent the lengths of the sides of a triangle.
Is triangle a right triangle?

SOLUTION: Given: a=30, b=72, c= 78
We have pythagoras theorem, it states: c? =a? +b°

RHS= a? +b% =(30)% +(72)°
| = 900+ 5184
= 6084
787
, — 6084 |
Vet p s T :
~ Thus '_triangle‘ is a right triangle. 5

LHS = c2

i
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- EXAMPLE-4 -
. The sides of a triangle are of lengths 6cm, 4.5cm and 7.5cm. o
Is this triangle a right triangle? If so, which side is the hypotenuse? _

< -
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- sowmoN:
The three sides of the triangle are given to be 6¢cm, 4.5¢m

"l.‘"‘.‘
.

*‘% W _and 7.5cm. The triangle will be a right triangle if it satisfies
P the condition of Pythagoras theorem

g B s

A Now (6)% +(4.57 =36+20.25

h"' e L Sl _ 5625 = (7.5

, "._r Since the _rélation 62458 =7.5% is satisfied, therefore, the

triangle whose sides are 6cm, 4.5cm, 7.5cm is a right
triangle.
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AABC is right angled at C. If mAC = 9cm and mBC = 12cm, find the

. reaches a window at a height of 75m from the ground. How faris

10- The sides of a triangle are 15cm, 36cm and 39cm. Show that it isa

Find the hypotenuse of a right isosceles triangle whose legs are 8cm.

If the numbers represent the lengths of the sides of a triangle, which
triangles are right triangles?

@345

(1) 5 9 17525

(iii) 11, 61, 60

length 4B, using Pythagoras theorem.

The hypotenuse of a right triangle is 25¢cm. If one of the sides is of
length 24cm, find the length of the other side.

A ladder 17m long when set against the wall of a house just

the lower end of the ladder from the base of the wall?

The two legs of a right triangle are equal and the square of the
hypotenuse is 50. Find the Iength of each leg. :

right angled triangle.

9.2 AREAS

The surface inside the boundary of a shapé is called area.

ARG T SN, < T I a,,@_
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Gt E ~ 9..1 The Area of a Triangle
| o | Am qf-_d Triangle whép all the three sides are given

~ A triangle 4BC with sides a,b,c and

7 .25 = at+btc = s_ﬁgi,

wﬁere ‘S’ is half the perimeter of a:triangle.

SRt Mt e
| 1

ke Rt 1 A

B
; T@Mkmﬂd}{{ﬁﬁ 5311;1.’-5;». £ Tl

Then area of any tnangle is A= JS(S-a) (S—-b) (S—¢)

d‘!-;
) 4. ._ 2

Thls‘js called I:lero 'S Formula for finding the area of a tnangle




Note:- In this case, the triangle is a right triangl‘e with base 5, |
altitude /2 and hypotenuse 13. ' |

Hence area (4) = —;— x (base) x (altitude) . ) \

% (5) (12) = 6_20 A =30 square unit.

Nofe: Area of a friangle is denoted by 4.

Area of a Triangle when base and Altitude are given

in the figure. Let BC be its base
and let AL L BC. Then AL is the
corresponding altitude. Through
A and C draw line parallel to BC
and BA respectively, intersecting
each other at a point D. Then,

E
Draw any triangle 4ABC as shown : %

clearly ABCD is a parallelogram B
with base BC and corresponding S base-------->

altitude AL.

Area of AABC =—;- (Area of Parallelogram ABCD) %(T?"éxﬁ )

= %(bxh) '-(where b is the base and & is the altitude.) °

TV B ey

Thus, we have "Area of A = % x Base x Altitude -«




EXAMPLE-1 Find the altitude of a triangle whose base is 16 cm

and area is 34 cm?

SOLUTION: Altitude of the triangle =

Here area = 34cm® and base = 16 cm

Altitude = =
Base

2x Area (

o

2x Area R
Toee IMPORTANT
The side opposite to
a right angle in a
2x34 right angled triangle
16 J = 4.25cm [88isifs hypotenuse.

EXAMPLE-2 Find the area of triangles whose
(i) base= 18 cm, altitude = 3.5 cm
(ii) base =8 cm, altitude = 15 cm

SOLUTION:

(i) We know that area of a triangle = % x base x altitude

-(ii) Area of a triangle =

=—;-x18x3.5 =31.5cm?

% x base x altitude

§x8x15=60(:m2

Area of on Equilateral Triangle when its side is given :-

In an equilateral AABC,a = b = c.

Therefare, Si= S G 57

2 2

i
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Area of a Rectangle when its twosides are given

Consider a rectangle as shown in the ﬁgure'.

b A=Uxb

Length of the rectangle = {
Width of the rectangle = b.

The Area of a rectangle is equal to the product of its length and width. .

Thus | b=

A
L

and | ¢ =£
b

Area of a Parallelogram when base and Altitude are given:-

The area of a parallelogram is-equal to the product of base and the
altitude drawn to the base.

ook
~ . sy el il
e 2

Area of a parallelogram ABCD = A = base x alfitude =

[d=bxh]

: 7 A
Base = b=—
h

h o

[Atitude = pat i EREa .
i




Area of a Square when its side is given:-

* The area of a square 4BCD is

f equal to the square of one of its D &
: sides. :

' A = Side x Side d=5? s

l ' S S2 :

f I 4 =5 A S B

| Side = S = N4

r'f'""l"Jni’t--?oFKf'ea is square unit of length Ii'ke':r cm?, m?, km®.

Area of four Wulls of a Room:

We can ﬁnd the area of four walls of a room when its length, breadth

‘and height are given. e
\ ,, g
- Let length of the room = ¢ 5
Width of the room =5 i
~ Height of the room =4 ¢
~ Area,of four walls = hxt+bxh+hxl+bxh
SR A = 2(hxt)+2(bxh) = 2(hxl+bxh)
= 2h(&+b) Z

-

EXAMPI.E The length, width, and height of a room are 5m, 4m, 3m
Sas) respectively. Find the cost of whlte-washmg on all the
walls of the room at the rate Rs 7.50 per m’

"".fp,urwalls = 2(1 + B) x B 2(5 +4) x 3
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Things to Remember:

1- Area of rectangle = (Length x Width)

2
3

Diagonal of a rectangle = J(Length_)z + (Width)?
Perimeter of a rectangle = 2(Length + Width)

4

Area of a square = a’ 1
1! ond
where a = side of the square D2

5

Diagonal of a square = 2a
Area of a square = E(Diagonal)z o a

(o)}
i

~J
1

Perimeter of a square = 4 x Side

A

9.2.2  Areus of Rectangular and Square Fields

Rectangular paths are generally around (outside or inside) a rectangular
field or in the form of central paths. We shall explain the method to
calculate their areas through some examples. '

EXAMPLE-1
‘A rectangular field is of length 40m and width 25m.

Find the total cost of turfi ng the field, if the cost of turfing the field is

Rs.16per m’ D

SOLUTION: Let us represent the field by
rectangle ABCD as shown in 25m
the figure. '

Length of the rectangular field =40m 4 i
Width of the rectangular field = 25m
Area of the rectangular field = A=0x b=40x25=1000 m?

Rate of turfing = Rs. 1 6per m’

Total cost = 16x 1000 = Rs. 16000

VRS




 The boundary of a square field with side of 60m.
Find the area of the field.

" Also find the cost of tun‘ing the square fi eld at

the rate of Rs 5. 00per m?




EXAMPLE-3

Two cross roads, each 2m wide, run at right angles through the
center of a rectangular park of length 72m and width 48m such .
that each is parallel to one of the sides of the rectangular field.
Find the area of the roads. Also find the number of nles required
to beautify this road where each tile having area,of4 m’.

D P S C
A‘
H KHN B e
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SOLUTION:




AREAS AND VOLUMES

024 Area of o Circle

The circumference of circle = 2nr
where the radius of the

circle is r’.

Area of a circle =x r?

Note: In examples and exercises, where = is not specified,
use the value stored in the calculator.

EXAMPLE

. Find the area of a circle whose circumference is 52ncm.
Give your answer in terms of n.

SCLUTION:
Circumference = 2nr = 52n
= g = 5
= r = 26cm
Area = nrz
= n (26)°
= 676mcm’
Area of a Semicircle:- 3
A semicircle is half of a circle,
bounded by a diameter and half %
of the circumference. 180° .
Also a sector with an angle : 7 _:Q

of 780°at the center of the circle
is a semicircle. '

. .
.......

In the figure, _ ;
e Lengthofarc PO = 5 of the circumference of the circle.

Area of sector PRO = -;- of the area of the circle.

TR e 1
| Area of semicircle = 5 (nr?).




9.2.5  MArea of Conceniric Circles

Circles with same center but
different radii are called
concentric circles. In the figure,
¢;, c;are two concentric circles
with same center ‘O’ but different
radii, and,.

oo

w
3

15 2 TR e

.

EXAMPLE .
Find the area of the washer shown below, whose outer
diameter is 6.4cm and the diameter of hole is 3.6¢cm.

[Take T to be g)

SOLUTION:

External diameter of washer is
2r,=6.4cm

External radius of washer, r, =




e

[E XERCISE 9.2

1- A verandah 40m long, 15m wide is to be paved with stones each
measuring 6m by 5m. Find the number of stones.

2- How many tiles of 40cm’ will be required to pave the footpath /m

wide carried round the outside of a grassy plot 28m by 18m ?

3- Find the area of a room 5.49m long and 3.87m wide. What is the cost
of carpeting the room if the rate of carpet is Rs 70.50 per m’?

_4- The area of a rectangular rice field is 2.5 hectares and its sides are in

the ratio 3:2. Find the perimeter of the field.

3- The area of a square playground is 4500 m” . How long will a man
take to cross it diagonally at the speed of 3km per hour ?

- 6= The diagonal of a square is 14cm. Find its area.

~ 7- Find the area of a triangle whose sides are.

(i) 120cm, 150cm and 200cm
(ii) 50dm, 78dm and Il_'2dm !

8- The perimeter of a triangularfield is 540m and its sides are in the
ratio 25:17:12. Find the area of the triangle. :
" Hint: Let the sides be 25x, 17x, 12x meters.
Then 25x+17x+12x = 540 = 54x =540 = x = ]0
111e srdes are 250m, 1 70m 120m

ram if its two adjacent sides are 72¢m




10- Find the area of the following washers whose external and Internal
diameters are::

(i) 15cmand I3cm (i) 1.2m and 0.9m
(iii) 40mm and 33mm.

11- Find the area of the shaded region.

28m

A

v

12- Find the area of an equilateral triangle whose side is 8m.
13- The side of an equilateral triangle is 6cm. Find its area:
14- Find the area of the right triangle with legs 12¢m.and 35¢m.

15- The base of a rectangle is three times its altitude. The areais
147cm? Find the dimensions of the rectangle.

16- Find the base of the parallelogram whose attitude is 18cm and . "
whose areais 3m% ‘ P g

A
- e |

17- The area of a parallelogram is 144cm’. Fmd the altltude lf h e eis
2m long. : J

18- Find the area -of the réct'angle 2m long and 18cm wide. 4




9.3 VOLUMES

In this topic we study some figures which are not plane. The simplest of
: these figures are cubes and cuboids. These figures do not lie completely
_ ' . in a plane, such figures are called solids, (three dimensional figures).

Cube and Cuhoid
Cube :- y

A six faces figure, with same : :
length, breadth and height is ' h
called a cube. ‘ :

The given figure is a cube,

Length of the cube = ¢
Breadth of the cube = b _ Fig (i)
Height of the cube = 4
where {="b = h,

therefore,

i : | Volume of a cube =V =/¢x/¢x?¢
or V = £3 cubic unit

.  EXAMPLE

_I_' 5

5 Find the volume of the cube whose edge is 8m.




F,  AREASAND VOLUMES

Cuboid :-

A six faces figure which has
length, breadth and height is
called cuboid,

(or :ectangular parallelopzped).
Figure (ii) represents a cuboid.

The length, breadth and height H|
of a cuboid are usually denoted
by the letter symbols ¢ ,5.and & E 4
respectively. Length, breadth Fig (ii)

and height of a cuboid are also -

called the three dimensions of
the cuboid.

Volume of a cuboid of length ¢, breadth » and height 4 is
V=¢xbxh

EXAMPLE

Find the volume of a block of wood whose
length, breadth and height are respectively
10cm, Scm and 3cm. . A
SOLUTION: , : &
Given: e : 5
Length of the block of wood = 10cm R
Breadth of the block of wood = 5ecm w1 = .~
Height of the block of wood = 3cm A
V=I(xbxh
=]0x5x%3
=150 cm’

Volume of a Cuboid and a Cube :-

1- Length, breadth and height must be éxpressed
- in the same units. j ‘
2- From above formula, we also observe that:

v ' = ¥ Wheighth = -2l
Lengtht = = Breadthb = zkh-He‘gh b |




Volume of Right Circular Cylinder :- ' _ >
. (=

The volume of a cylinder of base
radius " and height %’ is given h
by.
| T
r

Volume of a cylinder = Area of base x height = mr x h
Volume =mr’h -

EXAMPLE-1

Find the radius of the cylinder with volume 12320 cm
and height 20 cm.
-SOLUTION: Given v=12320cm®, h=20cm, r=7?
v=mxrixh= r = —
nh
2 2122320 _ 12320x7 . 616x7 Y
22 49 22x20 22
r=14cm
Right Circular Cone :-
3 B

A cone is a solid defined by a
closed plane curve (forming the
base) and a point outside the

. plane (the vertex). A right circular
cone can be generated by
rotating the right-angled triangle
BOA as shown in fig(i) about OB,
which represents the height of

fig(i)

e Slant Height

the cone. The base of the cone
is a circle with radius 04,
B is the vertex of the cone and B4 is the slant helght

Volume of a coue.: '-é_x.areq.of basex height

el e e i Rl Valumeofacgne =v= _—,nxrzx-h
LR RN O LRI . e e

=" N - e "
0 e -
X W | gl
it ol Y




A cone has a circular base of radius 14cm, a height of 48cm,
calculate the volume of the cone.

22
Take T to be —
SOLUTION: [ s 7)

Given radius of the base =r = 14 cm
Height of the cone = h = 48cm

Jo
=TT
3

Volume of the cone

h

)

22

=9856cm’

Sphere :-

A sphere is a body or space bounded by surface where every point
on the surface is equidistant from a fixed point with in it. The fixed
point is called the center of the sphere. The distance of every point on
the surface to the fixed point i is called the radius of the sphere. This

radius is usually denoted by ‘7

—x—x(14)° x48
o (14)* x

—x—x 196 x48
A7

Volume of the sphere = —x2mr®

w

N 3,&3, where r is the radius of the sphere.

3

=

b=

g l ;4_‘._‘;:.




.‘ He“‘mispheres -

L f'l’féi-_az:s'ph‘ere is cut into half, the two portions are called hemispheres.

EXAMPLE-1 |
~ Calculate the radius of a sphere of volume 850 m’take r to be 27—2
] - SOLUTION:
: Volume of the a sphere = 850m’
£ Radius =?
. Now y= S’
e

*{,1 B e 3x850x7

5 ek ) PR I E V&l = — yal =
SR e ~ 4n 4x22
(a0 RN 3 )
B = 202:3409
2 : ; - - " A l

= 7 = (202.8409)° = 5.88m

? *)-.JW J-er'..':J ne
of : .bdphere -".' 35cm




ife Problems Related to Volume

A solid region has a magnitude or size or measure. The measure or
magnitude of a solid region is called its volume.

In other words, the measure of the space occupied by a solid is called

its volume.

For example, consider the real life problems.

1. Arectangular overhead tank is built for storage of water. The
greater the volume the more water can be stored.

2. Arectangular tin box is to be made to store oil. The greater the

volume of the cuboidal region, the more is the quantity of oil it
can store.

Remember that:

1- As Icm= ]Omm,
Therefore, Icm® —10x10x10mm

Icm =1000mm’
2- Im® =100 %100 100 cm’
= 1000000 cm’ N
=100’ u gt e
Also I’ —1000x1000x1000mm Y
Im’ =109mm Ak O 10 SRR 1&'

IS

3- For measurement of volumes of Ilqu , s- =

Icm --Im!.’
S _IQOOIGm =




EXAMPLE-1

S ;L . ;fnd in liters, the volume (capacity) of a storage tank whose length,
: .w b,.. ) ,dt’h and depth are respectively 6.3m, 4.5m and 3.6m.

W =6.3m
i “ -‘7_ - Bm’a,dth ofthetank  =45m
=l -‘!%Hé’i‘gﬁt-affthe‘tank ROE—siom

iy - =102.06m®
Vo Iume of the tank (m’) =102.06 x 100 x 100 x 100
;':_ e = = 102060000 cm’

= "L A =102060litres (1000 cm® = | litre)




1-
2-

Find the -Vqlume of the Solids

EXERCISE - 9.3

A cube of a side 4cm.
A cube whose total area is 96¢m?

A rectangular box with length 4m breadth 3m and height 2m.
Right cylinder, with radius of base 4cm, altitude 10cm, use n‘=‘£;1_, -

Circular cone, with radius of base 3cm, altitude 10cm.

Sphere, with radius 3cm. _

Right circular cylinder, with circumferences of base 4cm, alti"fu,de Im.

Cone with altitude 9cm, radius of base 6em.

-

- Review Exercise-9

I-

 If the square of the hypotenuse-of a right triangle is equal to

~ Area of a triangle when all the three sides are given is:

Encircle the Correct Answer.

the sum of the squares of the other sides, it is. ca!led: /
(a) Pythagoras theorem (b) Scalene triangle

(c) Equilateral triangle (d) Isosceles triangle yis

e

) Lok S e

I
5
B 4
2
A

atb+c

(c) Js.(s—a)(s-rb)‘(s—c), e B ST 3 :

Area of an equilateral triangle with side ‘@’

@ dm om0 5




Review Exercise-9

= | 4. Areaofa recfangle is:

(& Ixb U
B 0 s @
e | 5. Areaofa square with side ‘S’ is:

(a S (b) 45 fc) 28 @ 52

6. Area of a circle with radius ‘7 is:
@ 2 (b) 2nr © =’ @ nr

7. Area of a semi-circle is:
. 2
@ f—;— ) mr © n’r (@ 2nr

8. Volume of a cube with edge ‘l' is:
@ () 31 © F . @

9 Volume of a right clrcular cylinder is:

'_

: R (a) Jl‘t’z]l - (b) nrlh
1 2

;mr?h ) _‘3{,,,2

the hypotenuse of a right triangle is equal to

'of the sides, then it is called___theorem.

RS pre
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7. Area of a circle =

8. Volume of a cube with edge 1'is

9. Volume of a cuboid =

10. Volume of a right circular cone = _ e b CIOHRAWEE 0 BUtA

IR T

Y . s Tl fing LT Lt
SUMMARY . :
I 3 % sy IR 1“.‘ - ,,. .e

O okl X l-.\l‘

Pythagoras Theorem' The square of the hypotenuse of a right triangle
is equal to the sum of the squares of the |egs

iuh ety %7 ir 1 8% m,.'

Area' The space |ns1de the boundary of a shape

Area of a Triangle: 4 = éx base x altitude

Areaofa Triangle: 4

J;(s_- a)"(.s"-._l)) =¢) - j:» 1Rianis 3‘5!{%{1‘5 ‘~5 :m;’ni—a‘i il
a—”—"’—.c- 'a,b,care the sidesof a tnangle. s

LG T, .y 433 -'-\.»", e |

J_a

Area of an equilateral triangle: A=

Area of a rectangle: 4 = length xbreadth
"_"'_',.:.- - .”}

Area of a square: A =‘.§z‘de1'x side. _

"Aﬂlaofaparallelogram, A‘— SEC



 Circumference of a circle: C=2 nr

§ Area of a semiicirCIé: e ( nr?)

Areaofa washer. A=rn[rl-r; ]

r, is the radius of outer circle.

Tk Ml el L = Y

is the radlus of inner circle.
~ Volume: The ;sp_acel inside the boundary of a three dimensional shape.
* Volume of acube: ¥ = I,/ is thelength of edge.

| #».V’o'luméﬁ;of.;a cuboid: ¥ = Ixbxh
mmw g & Yo l lengTh b breadth h = height -

g !.“_’,a 1‘,. ‘lv"“_"l ‘.,I'.‘ 7% &)
- Nolume of a right clrcular cylinger' V_ =nr ‘h e
s ol = height of the cylinder

" r.= radius of thebase

um ;’ifr’i‘g“!i_t}‘ rcular cone: V‘;:éic.r’. h

e o b
R mﬂf!“ﬁ? lzezghtofthecone

W ¥ ti"fe r= mdms of thebase




