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8. Mathematical Inductions and Binomial Theorem

8.1 Introduction

Francesco Mourolico (1494-1575) devised the method of induction and applied this
device first to prove that the sum of the first n odd positive integers equals n?. He presented
many properties of integers and proved some of these properties using the method of
mathematical induction.

We are aware of the fact that even one exception or case to a mathematical formula is
enough to prove it to be false. Such a case or exception which fails the mathematical formula
or statement is called a counter example.

The validity of a formula or statement depending on a variable belonging to a certain
set is established if it is true for each element of the set under consideration.

For example, we consider the statement S(n) = n?— n + 41 is a prime number for every
natural number n. The values of the expression n>— n + 41 for some first natural numbers
are given in the table as shown below:

n 1 2 3 4 5 6 7/ 8 9 10 11
S(n) 41 43 47 53 61 71 83 91 113 1 131 | 151

From the table, it appears that the statement S(n) has enough chance of being true. If
we go on trying for the next natural numbers, we find n = 41as a counter example which fails
the claim of the above statement. So we conclude that to derive a general formula without
proof from some special cases is not a wise step. This example was discovered by Euler
(1707-1783).

Now we consider another example and try to formulate the result. Our task is to find
the sum of the first n odd natural numbers. We write first few sums to see the pattern of
sums.

n (The number of terms) Sum

L T 1=12
D - 1+3=4 =22
B - 1+3+5=9=32
A e 1+3+5+7=16=42
D - 1+3+5+7+9=25 = 52
B o 1+3+5+7+9+11=36= 62
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The sequence of sums is (1) (2)% (3)% (4)% ...

We see that each sum is the square of the number of terms in the sum. So the following
statement seems to be true.

For each natural number n,

1+3+5+....+2n-1)=n?....(i) (" nthterm=1+(n - 1)2)

But it is not possible to verify the statement (i) for each positive integer n, because it
involves infinitely many calculations which never end.

The method of mathematical induction is used to avoid such situations.Usually it is
used to prove the statements or formulae relating to the set {1,2,3,...} but in some cases, it
is also used to prove the statements relating to the set (0,1,2 ,3,...}.

8.2 Principle of Mathematical Induction

The principle of mathematical induction is stated as follows:

If a proposition or statement S(n) for each positive integer n is such that

1) S(1)is truei.e., S(n) is true forn =1 and

2)  S(k+1)is true whenever S(k) is true for any positive integer k, then S(n) is true for
all positive integers.

3n(n+1)

Example 1: Use mathematical induction to prove that 3+6+9+....+3n=
positive integer n.

for every

Solution: Let S(n) be the given statement, that is,

version: 1.1
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Solution: Let S(n) be the given statement,
3n(n+1)

S(n): 3+6+9...+3n= 2:n(n+1)(2n+1)

[
(1) S(n): 1P+2°+3%+..+n .

1. Whenn=1, 5(1) becomes 1. Ifn=1,5(1) becomes

S(1): 3= 3 I0+1)2x1+1) 1x2x3

6 6

1

3+ _
2 SMy:(1)* =
Thus S(1) is true i.e., condition (1) is satisfied.

2.  Letusassume that S(n) is true for any n = ke N, thatis, Thus 5(1) is true, i.e., condition (1) is satisfied.

2. Let us assume that S(k) is true for any k € N, that is,

3k(k +1)
3+6+9....+3k = (A)
12+22+32+....+k2:k(k+1)2(2k+1) (A)
The statement for n = k+ 1 becomes —
Shk+1): P+22+3% +.. +k+(k+1)° = (k+ Dk +1+DERE+T+])

3k(k+ D[ (k+1)+1] 6

3+46+9....+3k+3(k+1) = 5 _(k+1D)(k+2)(2k +3) (B)
3(k+1)(k +2) B) 6
2 Adding (k+1)? to both the sides of equation (A), we have
Adding 3(k+ 1) on both the sides of (A) gives E 1Y ]
3k(k +1) P4+2°+3 .+ +(k+1)Y = (:+ ):( 1) (k 1)y
3464+9+....+3k+3(k+1)= +3(k+1)
2 _(k+D[kQk+1)+6(k +1)]
=3(k+1)(5+1) 6
2 (k +1)(2k>+k + 6k + 6)
3(k+1)(k +2) = .
2 _(k+1)(2Kk* + 7k +6)
Thus S(k + 1) is true if S(k) is true, so the condition (2) is satisfied. = 6
Since both the conditions are satisfied, therefore, S(n) is true for each positive integer (k +1)(k +2)(2k +3)
n. - 6
o _ o Thus the condition (2) is satisfied. Since both the conditions are satisfied, therefore, by
Example 2: Use mathematical induction to prove that for any positive integer n, mathematical induction, the given statement holds for all positive integers.
2, A2, A2 » _n(n+1)(2n+1) 3
Pr2iedit.an = 6 Example 3: Show that n_+2n represents an integer VneN.
version: 1.1 version: 1.1
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n +2n

Solution: Let S(n)=

1. When n =1, S(1) becomes

13+2(1)_§_
3

S(1) = leZ

2. Let us assume that S(n) is ture for any n = k € W, that is,

kK +2k

S(k)= represents an integer.

Now we want to show that S(k+l) is also an integer. For n=k+1, the statement becomes

(k+1) +2(k +1)
3
A3+ 3k +1+42k+2 (K +2k)+ 3k +3k+3)
- 3 3
(K +2k)+3(k* + k+1)
3

Stk+1)=

3
KAZK v k+1)

k+2k

As is an integer by assumption and we know that (k* + k + 1)is an integer as

ke W.
S(k + 1) being sum of integers is an integer, thus the condition (2) is satisfied.
Since both the conditions are satisfied, therefore, we conclude by mathematical

n +2n

induction that represents an integer for all positive integral values of n.

Example 4: Use mathematical induction to prove that

n+l
3+3.5+3.5° +....+3.5" =¥ whenever n is non-negative integer.

version: 1.1
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Solution: Let 5(n) be the given statement, that is,

The dot (.)between

n+l _
M two number, stands,

S(n): 3+3.5+35 +...+3.5" = 2

for multipication symbol.

0+1
1.  Forn=0, S(0) becomes $(0):3.5° :¥ or :3(57_1) 3

Thus S(0) is true i.e., conditions (1) is satisfied.

2. Let us assume that S(k) is true for any k € W, that is,

k+1
S(k):3+3.5+3.5 +...+3.5" :y (A)
Here S(k+1) becomes
(k+D+1
Sk+1):3+3.5+3.5 +....+3.5" +3.5" 367D
3 5k+2 _1
Adding 3.5%1 on both sides of (A), we get
k+l
343.54+3.5 +....+3.5* +3.5" :¥+35"*1
35" —1+4.5M
4
35+ 4)-1]
4
3(5k+2 _1)
4

This shows that S(k + 1) is true when S(k) is true. Since both the conditions are satisfied,
therefore, by the principle of mathematical induction, S(n) in true for each n e W.

O,

version: 1.1



8. Mathematical Inductions and Binomial Theorem elLearn.Punjab 8. Mathematical Inductions and Binomial Theorem elLearn.Punjab

Shk+1): 1+3+5+...+ 2k +5)+ 2k +1+5)=(k+1+3)> =(k+4)*> (B)
Adding (2k +1+5)=(2k +7) on both sides of equation (A) we get,
1+3+5+...+2k+5)+(2k+7)=(k+3)°+(2k+7)
= k*+6k+9+2k+7
k?+8k+ 16
(k + 4)
Thus the condition (2) is satisfied. As both the conditions are satisfied, so we conclude
that the equation is true for all integers n >— 2.

For example, we consider the statement that 3" is an even integer for any positive
integer n. Let S(n) be the given statement.

Assume that S(k) is true, that is, 3k in an even integer for n = k. When 3k is even, then
3k+ 3k + 3¥is even which implies that 3k .3= 3k*1 is even.

This shows that S(k + 1) will be true when S(k) is true. But 3" is not an even integer which
reflects that the first condition does not hold. Thus our supposition is false.

_ Solution: Let S(n) represents the given statement i.e., S(n): 4" > 3" + 4 for integral values of
n=>2.

Example 6: Show that the inequality 4" > 3" + 4 is true, for integral values of n>2.

Sometimes, we wish to prove formulae or statements which are true for all integers 1. Forn=2, S(2) becomes
n greater than or equal to some integer /, where i =1. In such cases, 5(1) is replaced by 5(i) S(2):42>32+4,i.e., 16> 13 which is true.
and the condition (2) remains the same. To tackle such situations, we use the principle of Thus S(2) is true, i.e., the first condition is satisfied.
extended mathematical induction which is stated as below: 2. Let the statement be true for any n = k(>2) €Z, that is
4k>3k+ 4 (A)
8.3 Principle of Extended Mathematical Induction Multiplying both sides of inequality (A) by 4, we get
or 4.4>4(3+4)
Let i be an integer. If a formula or statement S(n) for n>i is such that or 4>(3+1)3k+16
1) S(i) is true and or 41 >3+ 443k +12
2)  S(k+ 1) is true whenever S(k) is true for any integer n>|. or 41>3k1+4 (~-3k+12>0) (B)
Then S(n) is true for all integers n>i. The inequality (B), satisfies the condition (2).
Since both the conditions are satisfied, therefore, by the principle of extended
Example 5: Showthat1+3+5+....(2n+ 5) = (n+ 3)*for integral values of n>-2. mathematical induction, the given inequality is true for all integers n>2.
Solution: Exercise 8.1
1. Let S(n) be the given statement, then for n = -2, S(-2) becomes, 2(-2)+5=(-2+3)?,
i.e., 1 =(1)>which is true. Use mathematical induction to prove the following formulae for every positive integer
Thus S(-2) is true i.e., the condition (1) is satisfied n.
2.  Letthe equation be true foranyn=keZ,k >-2, so that 1. 1+4549+...+(4n-3)=n2n-1)
143+45+....+(2k+5)= (k+ 3)? (A)
version: 1.1 version: 1.1
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2. 143+5+..+Q2n-D)=n’

n(3n—1)

3. 1+4+7+...+(3n-2)=

4. 1+24+4+....+2""=2"—1

5. 1+l+l+....+ 171:2 1—L
2 4 2" 2"

6. 2+4+6+...+2n=n(n+1)

7. 2+6+18+....+2x3"1=3"-1

8. 1x3+2><5+3><7+....+n><(2n+1):”(”+1)6(4”+5)
9. 1><2+2><3+3><4+....+n><(n+1):”(”“;(”*2)
10. 1><2+3><4+5><6+....+(2n—1)><2n:”(”“)3(4”‘1)
11. 1 + : + ! + .t 1 =1 !

Ix2 2x3 3x4 n(n+1) n+1
12. ! + ! + ! ot ! __n

Ix3 3x5 5x7 Qn-1Q2n+1) 2n+1
13, L, 1,1 ! n

+ + - =
2x5 5x8 8xll Gn-1)(Gn+2) 23n+2)

ST R

15. a+(a+a’)+(a+2d)+....+[a+(n—l)d]:§[2a+(rz—1)d]

14. r+r7+r+...+r

16. 1[1+22+33+...4nn=|n+1-1

17. a,=a,+(n-1)d when,a,, a, +d,a, +2d, ... form an A.P.

18. a,=ar"" when a,ar,ar’,..forma G.P.

n

version: 1.1

nén” -1
3

(H)

19. 1P+3*+5+..+02n-1)’=

o JGHG)

21. Prove by mathematical induction that for all positive integral values of n
i) n? + n is divisible by 2. i) 5"—2"is divisible by 3.
iii)  5"-1is divisible by 4. iv) 8x 10"- 2 is divisible by 6.

v)  n3-nisdivisible by 6.

22. l+L2+....+l:l[1—i}
3 3 3" 2 3"

_ (=) n(n+1)

23. IP-2°+3¥ -4 +...+(-D)" 5

24. P +3+5+..+Q2n-1)y =n’[2n" -1]

25. x+1isafactorof x* —1;(x=—-1)

26. x-Yyisafactorofx"— y"; (x#Yy)

27. x+Yyisafactor of x"+ y21 (x # —y)

28. Use mathematical induction to show that

1+2+22+....+2"=2""—1 for all non-negative integers n.

29. If Aand B are square matrices and AB = BA, then show by mathematical induction that

AB" = B"A for any positive integer n.

30. Prove by the Principle of mathematical induction that n>— 1 is divisible by 8 when n is

an odd positive integer.

31. Use the principle of mathematical induction to prove that Inx” = n Inx for any integer
n > 0 if x is a positive number. Use the principle of extended mathematical induction

to prove that:
32. n!>2"-1 forintegral values of n > 4.
33. n?>n + 3forintegral values of n > 3.
34. 47>3"+ 2" forintegral values ofn > 2.
35. 3"<n!forintegral valuesofn>6.
36. n!>n? forintegral valuesofn > 4.

()
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37. 3+5+7+..+(2n+5)=(n+2)(n+4)forintegral values of n>-1.
38. 1+nx<(1+x) forn=2and x> -1

8.4 Binomial Theorem

An algebraic expression consisting of two terms such as a + x, x— 2y, ax + b etc., is called
a binomial or a binomial expression.

We know by actual multiplication that

(a+x)>=0a%+ 2a0x + x? (i)

(a+x)P=a%+30°x+3ax*> + x> (i)

The right sides of (i) and (ii) are called binomial expansions of the binomial a + x for the
indices 2 and 3 respectively.

In general, the rule or formula for expansion of a binomial raised to any positive integral
power n is called the binomial theorem for positive integral index n.For any positive integer

or briefly

(a+x)" = Zn: {n)a”_rx’
=0 \V

where g and x are real numbers.

The rule of expansion given above is called the binomial theorem and it also holds if a
or x is complex.

Now we prove the Binomial theorem for any positive integer n, using the principle of
mathematical induction.

Proof: Let S(n) be the statement given above as (A).

8. Mathematical Inductions and Binomial Theorem elLearn.Punjab
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(2)

1. If n =1, we obtain

S):(a+x) =£1)]a1 +G]al_1x: a+x

Thus condition (1) is satisfied.

2.  Letus assume that the statement is true for any n = k€ N, then

k k k k k
(a+x) = a + a“'x+ a x4+ a g a7 x’
0 | 2 r—1 r
+....+(kk ]axk +(lljxk (B)

k+1 k+1 k+1
S(k+1)2(a+k)k+l=( g ]ak+l+( 1+ jakxx+( N jak_lxx2+....+

k+1 k+1 k+1 k+1
a4 A xx o+ axx’ + X! (@)
r—1 r k k+1

Multiplying both sides of equation (B) by (a+x), we have

@+ 0@+ =(a+ )K"] S e
arxjparx) =arx a a X a X a X
0 1 2 r—1

version: 1.1
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o) 0 Jelrlataf o 7 Jomers

k+1 k+1 k+1
(a+x)k+l=( O+ Jak“+( 1+ jakx+[ ; )ak_1x2+...

k+1 1 1
+ " a“ x4 ke a x* + ke X
r k k+1

We find that if the statement is true of n = k, then it is also true for n = k +1.
Hence we conclude that the statement is true for all positive integral values of n.
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As all the terms of the expansion can be got from it by putting r=0, 1,2..... n, so we call
it as the general term of the expansion.
a 2Y
Example 1: Expand (5__) also find its general term.
a
6 6
Solution: (ﬁ—zj = E+(_—2)
2 a 2 a
a\ (6\aY( 2 6\ a) 2V (6)(aY( 2Y
== + —||-=1+ — |+ = + —||-=
2 1)\ 2 a 2N\ 2 a 3N2 a
6 aY( 2Y (6)a) 2Y ( 2Y
+ —||—=| + — || —-=1 +| =
47\ 2 a SN2 a a
a’ a’ ( 2) 6.5 a* 4 654a3( 8) 6.5 a’
=—+6| — || —— |[+———.+ — = |t =
64 32 a 116 a* 321 8 a’ d 4
version: 1.1
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al =32 64
+6.—| — |+—
2\ a a

6
:a——ga“+1—5a2 —20+6—?—¥+%
64 8 4 a a a

T.,, the general term is given by

Al e
r)\ 2 a r)2°" a
. _6 aé—_r.a—r . 6 a6—2r . 6 g 6-2r
=(h ﬂ}jzg?z" ( 1)'[rJ262’ (D [r](2j

Example 2: Evaluate (9.9)°

Solution: (9.9)° = (10-.1)°
=10 +5x(10)4 X (- 1)+ 10(102 x (=. 1)>+10(10)2 x (—. 1>+ 5(10)(=.1)* + (=.1)°
= 100000 - (.5) (10000) + (10000X.01) + 1000(-.001) + 50 (.0001) —.00001
= 100000 - 5000 +100 -1 +.005 - .00001
=100100.005 - 5001.00001
=95099.00499

11
Example 3: Find the specified term in the expansion of (%X_SLJ ;
X

the fifth term
coefficient of term involving x

i) the term involving x° i)
i)  the sixth term from the end. iv)
Solution:

11
i) Let T, bethe term involving x° in the expansion of Gx—ij , then

8. Mathematical Inductions and Binomial Theorem
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3x

13 N7 1Y (113"
T. = = —— | = (1) 37X
(rj(zxj (3xj P D

As this term involves x° , so the exponent of x is 5, that is,
11-2r=35

or 2r=5-11=r=3
Thus T, involves x°

11) 316 5
LT, —=( 1)3.[3j3 e 1).11.10.93_ 5

. . X
213 321 2°
_ 165x243 40095
256 256

ii) Puttingr=4inT ., wegetT,
113" 11.10.9.8 3’
E=( 1" R
=1 (41}2“4'x 4321 27
_11x10x3 27 , 165x27 ,
1 128 64
4455
=—X
64

i)  The 6th term from the end term will have (11 + 1) - 6 i.e., 6 terms before it,
It will be (6 + 1) th term i.e.. the 7th term of the expansion.

1 311712

1 -1
Thus T;Z(IV(éj n 111098737

X —_— —X
PR 54321 2°

_1Ix6x7 1 l 77
1 3x32 x 16x

()
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V) % is the coefficient of the term involving x

8.3.1 The Middle Term in the Expansion of (a + x)"

In the expansion of (a + x), the total number of termsisn + 1
Casel: (nis even)

If n is even then n+1 is odd, so (n;—lj th term will be the only one middle term in the

expansion.

Case II: (n is odd)

n+3

If nis odd thenn+1isevenso (n—ﬂjth and(
) 2
two middle terms.

12
Example 4: Find the following in the expansion of (§+%j ;
X

i) the term independent of x. i) the middle term

Solution: i) Let T, be the term independent of x in the expansion of

12 12-r 2 r 12 12—r
T. = z 2 x12— 20X
r )\ 2 X r)2°"
— (12j22r12.x123r
r

As the term is independent of x, so exponent of x, will be zero.
Thatis, 12-3r=0=r=4.

N | =

12
+%) , then
X

j th terms of the expansion will be the

version: 1.1

, 12
Therefore the required term T, = ( A ]28“2.)82‘12

12X11X10X9.24.x°

4x3x2x1
_11x45 495
2* 16

i) In this case, n = 12 which is even, so
(%Hjth term is the middle term in the expansion,
e., T, is the required term.
RHERE]

B 12 x_6 26 12><11><10><9><8><7x6_12
6 )2° x'? 6x5x4x3x2x1

C12x11x7 924

6 6
X X

8.3.2 Some Deductions from the binomial expansion of (a + x)".

We know that

version: 1.1
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(i) If we puta=1,in(l), then we have;

RN e
(1+x)" = + X+ X 4.+ X+t x4+ X
0 1 2 r n—1 n

n(n !—1) - n(n—1)(n- i)'(n -r+1) o

(Lnj_ n! _n(n—ll....(n—r+1)(n—r)! n(n—l)....(n—r+1]

n—1 n

=1+nx+ +.. Hx +

r _r!(n—r)!_ ri(n—r)! r!

ii)  Putting a =1 and replacing x by —x, in (l), we get.

1 n __ n n n 2 n 3 n n—1 n n

(1-x)"= 0 + . (—x)+ 5 (—x)" + 3 (—x)" +....+ . (—x)" + . (—x)
_ h hn h 2 n 3 ln—l n —ﬁ_l ln n n
—O—1x+2x—3x+....+(—) n—lx_() nx....

iii)  We can find the sum of the binomial cofficients by putting
a=T1and x=1in ().

e, (1+1)”=(Zj+m+(Zj+""+(nn—1j+(:j

iv)  Puttinga =1 and x=-1,in (i) we have

(e (o)

(I1)

(1)

version: 1.1
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s (1) (22 2 ()

If nis odd positive integer, then

If n is even positive integer, then

Example 5: Show that: [nj + 2(”) + 3("} ot n(n} =n2""
1 2 3 n

Solution:

[nj+2(n)+3(n}+....+n(n} =n LMD +3n(n —D(n=2) +... 4.1
1 2 3 n 2! 3!

:n._1+(n—1)+(n_1;$2)+....+1}

version: 1.1
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Exercise 8.2

Using binomial theorem, expand the following:
x 2 x Y
——— I 3a——
2 xzj ) ¢ 3a)
7 2 8 6
v (23] ) 1+_y] i [ z]
a 2y X X a

Calculate the following by means of binomial theorem:
)] (0.97)° i) (2.02)* i) (9.98) iv)  (21)

) (a+2b) i)

Expand and simplify the following:
) (a+\/§x)4 +(a—\/§x)4 i)

i) (2+i) —(2-0) iv)

(2+\/§)5+(2—\/§)5
@Nﬁ)ﬂ@-ﬁf

Expand the following in ascending power of x:
) 2+x-x")* i) (1-x+x%)" i) (I-x-x%)"

Expand the following in descending powers of x:

3
i) (x—l—lj
X
Find the term involving:
i) x*in the expansion of (3 — 2x)’

) (x> +x-1)

2

13
i)  x?inthe expansion of (x—ij
X

9
iii)  a*in the expansion of (%—aj

8. Mathematical Inductions and Binomial Theorem
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10.

1.

12.

13.

14.

iv)  y3in the expansion of (x—\/E)11

Find the coefficient of;

10
)  x°inthe expansion of (xz —ziJ
X

2n
ii)  x"inthe expansion of (xz —lj
X

10
Find 6th term in the expansion of (xz —21)
X

Find the term independent of x in the following expansions.

) (x—gj i (Jﬁ%j
x 2x

Determine the middle term in the following expansions:

. oY (3 1) 1y
) [;—7j i) (Ex_gj i) (2x—gj

3n
Find (2n +1) th term from the end in the expansion of (x—zij
X

i) (1+x2)3(1+12j
X

1.3.5...2n-1)
n!

Show that the middle term of (1+x)*" is= 2" x"

Show that: [n}{n}{n}r +£ n jzznl
1 3 5 n—1
n+l
Show that: [nJ+l(nJ+l(nJ+l(")+w+ ! ("]:2 —1
0) 2l1) 3l2) 4\3 n+1ln) n+1

version: 1.1
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8.4 The Binomial Theorem when the index n is a negative
integer or a fraction.

When n is a negative integer or a fraction, then

n(n2!— 1) N n(n—1)(n-2) e

(1+x)n=1+nx+ 3t

N n(n—1)(n- 2)'....(11 —-r+1) N
r!

provided |x|<1.

The series of the type

1+nx+

n(n—1) 2 n(n—1)(n-2) I
2!

3!
is called the binomial series.

Example 1: Find the general term in the expansion of (1+x)~when|x| <1

A=) B-rtD)

7!

Solution: 7 = (X

r+l

version: 1.1
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_ED)345..042)

r!

1.2345..0+2) ,

BT

ri(r+1)(r+2) v

=D =

P P D(r+2)
' 2

=(-1)

8.5 Application of the Binomial Theorem

Approximations: We have seen in the particular cases of the expansion of (1+x)" that
the power of x go on increasing in each expansion. Since | x | <1, so

| X |r <| X |f0rr=2,3,4...

This fact shows that terms in each expansion go on decreasing numerically if | x | <1.
Thus some initial terms of the binomial series are enough for determining the approximate
values of binomial expansions having indices as negative integers or fractions.

version: 1.1
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Summation of infinite series: The binomial series are conveniently used for summation of

infinite series..The series (whose sum is required) is compared with

1+nx+

n(n—1) 2 n(n—1)(n-2) S
! 3!

to find out the values of n and x. Then the sum is calculated by putting the values of n and x

in(1T+x)".

Example 2: Expand (1 — 2x)"3to four terms and apply it to evaluate (.8)"2 correct to three

places of decimal.

Solution: This expansion is valid only if | 2x [<lor2| x|<1 or | x|<—, thatis

2! 3!
()., 450
2 3 3 5 3 3 3 3
=1 + 4x°) + 8
3 (%) 300 %)
zl_zx_i)ﬁ_l'z_s_L(g)ﬁ) —
33321
1.2 4. 40 5
3 9 81

Putting x =.1 in the above expansion we have

1/3

40

2 4., 40,
(1-2(1)" =1 6D g6 D
_po2 04 04 (40 X001 =04)
3 9 8l

~1-.06666—-.00444 —.00049 =1 .04159 .92841

8. Mathematical Inductions and Binomial Theorem

elLearn.Punjab

Thus (.8)" ~.928
Alternative method:

13 _ . 2 3\3 > 3\ 3 3 3
(.8)" =(1-.2) _1_§+T(_.2) + Y (. .+

Simplify onward by yourself.

Example 3: Expand (8 — 5x)?*to four terms.

2 2
2 I 2
Solution: (8—5x)™" :[8(1—%)) T_g (1-%) P (83)—2(1_%) ’

2 +—X+ x4+ —x

1 5 5 25 40 125
=—1 X +...
12 9 64 81 8x64

1 5 125 , 625
=—+—x+ x°+ x4
4 48 2304 20736

-2/3
The expansion of (l—ng is valid when %x <1

version: 1.1
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5 g coefficient of x" =(=1)(=1)""'n+(=1)"(n+1)
or §| x|<l=|x |<§
=(-)'n+(-1)"(n+1)

Example 4: Evaluate /30 correct to three places of decimal.
=(-D"[n+(n+1)]

1
Solution: 3/30 =(30)"* = (27 +3)° =( 2 1
{ 3\1" Al 1) Example 6: If x is so small that its cube and higher power can be neglected, show that
= 27(1+—ﬂ =(27) (1+—j
I-x 1,

=3 1+l.l+
39 2!

DGR I e T G

- - 2 2!

2 3 2 L dL .
=3 1+l.1—1(l) +i(l) +...]=3 1+L—(Lj +... _
39 919 81\ 9 27 \27 1 1, 1 3,
| 1==x+—= .
2 2 8

~3[1+.03704 -.001372] = 3[1.035668] = 3.107004

—_ l—lx+§x2 + —lx+lx2 —lx2+
Thus /30 ~3.107 U278 27 4 g
Example 5: Find the coefficient of 7 in th ion of 1 —* o1 (3.1 1
xample 5: Find the coefficient of x” in the expansion o i) =1—(5+5jx+(§+———)x2+.“
Solution: 1_)62:(1—x)(1+x)‘2 1
~l-x+—x

=(—x+D[1+ (—2)x+wx2 g 224D o
2! r! Example 7: If mand n are nearly equal, show that
=(—x+ D1+ (=D2x+ (=D 3x* +..+ (=) x(r+Dx" +...]

(5m—2njl/3 m n+m
+

=(—x+D[1+(=D2x+(=1)*3x" +...+ (=D)""'nx"" + (=1)"(n +Dx" +...] 3n Tm+2n 3n

version: 1.1 version: 1.1
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Solution: Putm=n+h(here hissosmall thatits square and higher powers can be neglected)

LH.S _]E Sm—2n jm (S(n +h)—2n jm (371 +5h jm
S 3n 3n 3n

~l+— (neglecting square and higher powers of h) (i)

m n+m
+

R.H.S. =

m+2n 3n

_n+h +2n+h
3n+h 3n

ICEY)I (2 ij
3n 1+£ 3 3n
3n

-1
:(n+h)i(1+£J +(z+ij
3n 3n 3 3n

Q

1+3—h (neglecting square and higher powers of h) (ii)
n

From (i) and (ii), we have the result.

version: 1.1

Example 8: Identify the series: 1+%+£+;’3—'5+... as a binomial expansion and find its sum

3.6 6.9

Solution: Let the given series be identical with.

1+nx+

nn=1) o nn=D-2) , (A)
: X

We know that (A) is expansion of (1+x)” for | x < 1 and n is not a positive integer. Now
comparing the given series with (A) we get:

(i)

nx =

3

n(n—l)x2 1.3

2! 3.6 o

From (i), x= 1
3n

Now substitution of x:3L in (ii) gives
n

n(n—l)-(ijz 1 =D 1

1
2! 3n 6 21 9 6

1

or n—1=3n = n=——
2

Putting n :—% in (iii), we get

-1/2 -1/2
Thus the given series is the expansion of {1+(—§ﬂ or (l—zj

version: 1.1
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1

2" (1) e
(l 5} @ ®
NG

1(4) 13 (4) 135(4Y
Example 9: For y=—|+—| ——|+ —| +
2\9 ) 2721\ 9 2°.3119

show that 5y + 10y -4 =0

2 3
Solution: y:l(ﬁj ﬁ(i} ﬁ(i} (A)
2\9) 4219 8.3\ 9

Hence the sum of the given series

Adding 1 to both sides of (A), we obtain

2 3
L y:Hl(i}ﬁ(ij +ﬁ(ij b (B)
2\9) 4219 8.3\ 9

Let the series on the right side of (B) be identical with

1+nx+ n(nz'— D XX+ n(n—-1)(n-2) X+

3!
which is the expansion of (1+x)"for | x | <1 and nis not a positive integer. On comparing
terms of both the series, we get

1 (4 .
nx —5(5) (|)

n(n—l)xz _ 13 (ijz (i)
ol 22119
From (i), x =2 (i)
On

Substituting x:9i in (i), we get
n

316
8 81

n(n—l)(ljz 316  n(n-1) 4

==.— Or
2 On 8 81 2 8ln’

version: 1.1

(@)

or 2(n-1)=6n or n—1=3n:>n=—%

PUtting 1 = _% in (iii), we get

-1/2 -1/2 1/2
ThUS 1+y=(1—ij :(éj :(2)
9 9 5

3

5

or J5(1+y)=3 (iv)
Squaring both the sides of (iv), we get
5(1+2y+y>)=9

or 5y?+10y-4=0
Exercise 8.3

1.  Expand the following upto 4 terms, taking the values of x such that the expansion in
each case is valid.

) (1-x)" i)  (1+2x)" i)  A+x)™" iv) (4-3x)"

-0' JI+2x

v) (8-2x) vi) (2-3x)" vii) 1+ x) 1—x

(4+2x)1/2 1 1

ix) . X)  (I+x-2x")  xi) (1-2x+3x°)

version: 1.1
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2. Using Binomial theorem find the value of the following to three places of decimals. 5. Ifxissosmall thatits cube and higher power can be neglected, then show that

/55 1 1

: . 03)2 1033 : ;

) 99 i) (.98) i)  (1.03) V) 65 1 m~l——x——x i) 1+x z1+x+lx2

. | 8 I-x 2
Y 17 vi 31 Vil viii) —
) ) ) /998 ) R/252

NG B i 1 6. Ifxisverynearly equal 1, then prove that px” —gx? ~(p — q)x"™

ixX) — X) (.998) 3 Xi) - xii)  (1280)*
V8 V486 7. Ifp—gis small when compared with p or g, show that

3.  Find the coefficient of x” in the expansion of

RCn+D)p+(2n-1))q z[p+qjl/n

) 1+ x° i) (1+x)° i) (1+ x)’ 2n-Dp+(2n+1)g 2q
(1+x)° (1-x)° (1-x)°
/
: (1+x)° > s > 8. Showthat |—™ — : o ntN where n and N are nearly equal.
\Y) () V) (I-x+x" —x"+..) 2(n+ N) n—N  4n
4. If x is so small that its square and higher powers can be neglected, then show that 9. Identify the following series as binomial expansion and find the sum in each case.
2
Ve TEL B i)
I+x 2 1—x 2 2 214\ 4 318 \ 4
=5l —G) )
i) O+70)" -(16+30)" 1 17 2) 246\2
4+ 5x 4 384" i) 143,35, 357 |
48 4.8
: a4+ x 25 :
\Y) SR2+—X iv) _ll _3(1J _13 ( ) +
(1-x) 4 23 24\3) 246
(1+x)"2 (4 -3x)*" 5x
V) 8+5x)" ~4 1‘? 10. Use binomial theorem to show that 1+l+£+ 1.3.5 +o.=A2
4 4.8.12
2 3
vi (1-x)"*(9 —4x)" 3 ﬂ 1. Iﬂy:% %?FG) %'SFGJ ..., then prove that y* +2y-2-0
(8+3x)"” 2 48 ' -
I 131 1351 2
12. If 2y=+22 vt T3 e then prove that 4y° +4y—-1=0
y J4d-x+@8-x)" 1 : '
Vvii) = ~2——x ) )
(8-x) 12 13. |f-y=% %%(%j %is-(%j ... then prove that y>+2y-4=0
version: 1.1 version: 1.1
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