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six important elements; three angles and three sides. In a
Tmmmoe <E0 the maasures of the three angles are usually denoted by @, 8, yand the
TmessToes O e thres sides opposite to them are denoted by a, b, ¢ respectively.

I zmy thrss out of these six elements, out of which atleast one side, are given,
==c T=memme thres elements can be determined. This process of finding the unknown
=s==o= 1= calied the solution of the triangle.

Wz have calculated the values of the trigonometric functions of the angles
m=asumme 07, 30°, 45°, 60° and 90°. But in a triangle, the angles are not necessarily
in=sz few measures. So, in the solution of triangles, we may have to solve

probizms mvolving angles of measures other than these. In such cases, we shall have

1o consult natural sin/cos/tan tables or we may use [sin], [cos], [tan] keys on the
caicalator. '

Tables/calculator will also be used for finding the measures of the angles
when value of trigonometric ratios are given e.g. to find 6 when sin 6= x.

12.2 Tables of Trigonometric Ratios

Mathematicians have constructed tables giving the values of the trigonometric
ratios of large number of angles between 0° and 90°. These are called tables of natural
sines, cosines, tangents etc. In four-figure tables, the interval is 6 minutes and

difference corresponding to 1, 2, 3, 4, 5 minutes arc given in the differepce columns.
The following examples will illustrate how to consult these tables.

Example 1: Find the value of
i) sin 38° 24’ ii) sin 38° 28’ iii) tan 65° 30’
Solution:

In the first column on the left hand side headed by degrees (in the
Natural Sine table) we read the number 38°. Looking along the row of 38° till the
minute column number 24 is reached, we get the number 0.6211.

sin 38°24° = 0.6211

e e
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‘To find sin 38° 28’, we first find sin 38° 24’, and then see the right hand -
column headed by mean differences. Running down the column under 4 till
the row of 38° is reached, we find 9 as the difference for 4. Adding 9 to

6211, we get 6220.
sin 38° 28 0 6220

Note: 1.

differences are subtracted

iii)  Turning to the tables of Natural Tangents read the number 65" in the first
column on the left hand side headed by degrees. Looking along the row of 65°
till the minute column under 30’ is reached, we get the number 1943. The
integral part of the figure just next to 65° in the horizontal line is 2.

tan 65° 30" = 2.1943
Example 2: If sin x = 0.5100, find x.

Solution: In the tables of Natural Sines, we get the number (nearest to 5100) 5090
which lies at the intersection of the row beginning with 30° and the column headed by
36’. The difference between 5100 and 5090 is 10 which occurs in the row of 30°
under the mean difference column headed by 4. So, we add 4’ to 30° 36’ and get

sin”' (0.5100) = 30° 40’
30° 40’

Exercise 12.1

Hence =

1. Find the values of: ;
cos 36° 20’ 1i1)

1)  sin 53° 40’ ii) tan 19° 30°
iv) cot33°50° v) cos42°38 vi) tan25°34’
vii) sin 18° 31 viii) cos 52° 13’ ix) cot89°9°
2. Find 6,if: = b
0.5791 i) cod@ = 09316

i) sinf =

A SES wal e E  LTan =
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11) _ cos 0 0.5257 - iv) tan @
V) tan@ = 21943 vi) sin @

1.705
0.5186

12.3 Solution of Right Angled Triangles

In order to solve aright angled triangle, we have to find:
1)  the measures of two acute angles
and 1i) the lengths of the three sides.
We know that a triconometric ratio of an acute angle of a right triangle

involves 3 quantities “lengths of two sides and measure of an angle”. Thus if two out
fof these three quantities are known, we can find the third quantity.

Let us consider the following two cases in solving a righla.ngled triangle:
CASE I: When Measures of Two Sides are Given
Example 1: Solve the right angled triangle ABC, in which 5=30.8,c=37.2 andy=90°.
Solution: FFrom the figure,
_ 5
' cos a=§=%§‘ =0.8280
= @=cos™ 0.8280=34%

7=90°

A

b=30.8 C
Y = 90?7 = B=90°-0 = 90°-34°6, = 55° 54.
ar sin o
c
= a = csino=37.2sin34°6,
= 37.2(0.5606)
— R
= a = 209

: Hence a = 209 a = 34° and [3 = 55° 541
CASE II: When M‘easures of One Side and On¢-Angle are Given
Example 2: Solve the right angled triangle, in which
o = 58°13', b = 125.7 and y = 90°
Solution: -+ y=90°, o = 58213’ .. B = 90°—58° 13’ = 31°47’
From the figure,

et




= tan 58° 13’

2 oI

= (125.7) tan 58° 13’
= 125.7 (1.6139)

= 202.865

=8202.9

58° 13" 7=90¢
2 b=125.1 C

oIR8

Again = sin58° 13’

202.9
0.8500

4, ¢ = 2387

Hence: 'a = 2029, B = 31°477 and c¢ = 2387

U
il

Exerclse 122505 s

i 1 Fmd the unknown angles and sides of the followmg mangles

VNN

@ (i1) (iii) (iv) (v1)
Solve the right triangle ABC, in which y=90°

2. a=37° 20", a=243 3. a=62°40, b= 1796
4. a:=528 B b=5.74 5. b=684 |, c= 962
6. a=5429 c =6294 7. B=50°10, c= 0.832

12 4 (a) Heights And Dlstances

One of the chief advantages of trigonometry lies in findmg heights and
distances of inaccessible objects*;

In order to solve such problems the following procedure is adopted

1)  Construct a clear labelled diagram, showing the known measurements.

2) Establish the relationships between the quantities in the diagram ta form
equations containing trigonometric ratios. {‘
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3)  Use tables or calculator to find the solution.

(b) Angles of Elevation and Depression

If OAis the horizontal ray
through the eye of the observer at point
O, and there are two objects B and C
such that B is above and C is below the

Anele of Elevation
(0] -

Angle of Depression

_.}
horizontal ray O4, then, _

C

1)  for looking 4t B above the horizontal ray. we have to raise our eye , and

ZAOB is called the Angle of Elevation.

i)  for looking at C below the horizontal ray we have to lower our eye , and

ZAOC is called the Angle of Depression.

Example 1: A string of a flyin

60". Find the hei
stretched.

Solution: Let O be the position of the observer, B be the position of the kite and O

be the horizontal ray through O.

Draw BA | OA

Wb, 200 m
Now mZ0 = 60° and OB = 200 m '

Suppo_s'c AB = x meters

—p |

g kite is 200 meters long, and its angle of elevation is
ght of the kite above the ground taking the string to be fully

60° <
o L
In A40B,
e B 1732
200 = sin 60°= 2 = 2
= x = 200(;7532) = 100(1.732)= 1732

Hence the height of the kite above the ground = 173.2 m.

Examplé 2: A surveyor stands on the top of 240 m high hill by the side of a lake. He
observes two boats at the angles of depression of measures 17° and 10°. If the boats



o e s

T

- 240m

Solution: Let T be the top of the hill TM, where the observer is stationed, A and B be
the positions of the two boats so that mZXTB = 10° and mZXTA = 17° and

T™ = 240 m.
Now, mZMAT = mZXTA = 17° (<TX| |EJ"B)
and m/MBT = m/XTB = 10° (fﬂ 'm)'
From the ﬁgufe, % = tan 17° y
> M = ol = 53087
= AM = 785m
™

and BM tan 10°

1l

™ 240
tan 10° = 0.1763 = 1361 m

. AB = BM-AM = 1361 -785 = 576 m
Hence the distance between the boats = 576 m.

= BM =

Example 3: From a point 100 m above the surface of a lake, the angle of elevation of
a peak of a cliff is found to be 15° and the angle of depression of the image of the

peak is 30°. Find the height of the peak.

X

TSN D SRR SRS

i
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are in the same straight line with the foot of the hill just below the observer, find the
distance between the two boats, if they are on the same side of the hill.




“ " .Such the PL=100mj
- -From P, draw PQ L AM.
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Solution:

Let A be the top of the peak AM / T
P I5s 2

and MB be its image. Let P be the point o y
of observation and L be the point just M
below P (on the surface of the lake). L

‘Let PQ =y metres and AM = h metres.

AQ = h—-QOM = h—PL = h—100
From;hcﬁgure,

AQ h-100

AR X o BQ 100+h
tan 15° = PQ = y and tan 30°= PQ =

Yy

By division, we get

tan 15° ° h—100
tan 30° ~ h+ 100

By Componendo and Dividendo, we have
tan15°+tan30°_h—100+h+100 2h h
tan 15°—tan30° ~ A —100—Ah—100 ~ —200 ~ —100

_tan30+tanlse [0.5774 + 0.2679] 30
= tan 30° — tan 15° = 105774-02679] *

273.1179.
Hence height of the peak = 273 m. (Approximately)

12.5 Engineering and Heights and Distances

Engineers have to design the construction of roads and tunnels for which the
knowledge of heights and distance is very useful to them. Moreover, they are also
required to find the heights and distances of the out of reach objects.

Example 4: An O.P., sitting on a cliff 1900 meters' high, finds himself in the same

= h

vertical plane with an anti-air-craft gun and an ammunition depot of the enemy. He

observes that the angles of depression of the gun and the depot are 60° and 30°

- respectively. He passes this information on to the headquarters. Calculate the distance

stween the gun and the depot.




Solution: Let O be the position of the ¢
O.P., A be the point on the ground just
below him and B and C be the positions
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|
{

shadow of 40 m long. Find the height of the top of the flag. g

of the gun and the depot respectively. =
OA = 1900 m. &
mZBOX = 60°
and mZCOX= 30’
A
= mZABO = mZBOX = 60°, mZACO = mZCOX = 30°
In right ABAO, In right ACAO,
%: tan 60° ‘1% = tan 30". .
1900 1900 1900
=S tan 60° ~ -\ﬁ AE S tan 30 °
Now BC = AC-AB =  AC = 19003
= BC = 1900\3- 1390 = 2193.93
Reqmred distance = 2194 meters.
e Exercise 123 i
1. A vemcal pole is 8 m hngh and the length of its shadow is 6 m. What is the :
angle of elevation of the sun at that moment? _
2. A man 18 dm tall observes that the angle of elevation of the top of a tree at a
distance of 12 m from him is 32", What is the height of the tree?’
3., At the top of a cliff 80 m high, the angle of depression of a boat is 12°. How
far is the boat from the cliff?
4. A ladder leaning against a vertical wall makes an angle. of 24° with the wall.
Its foot is 5 m from the wall. Find its length.
5. A Kite flying at a height of 67.2 m is attached to a fully stretched string
inclined at an angle of 55° to the horizontal. Find the length of the string.
6. When the angle between the ground and the sun is 30° flag pole casts a - 1
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10.

11.

12.

13.

14.

A plane flying directly above a post 6000 m away from an anti-aircraft gun
observes the gun at an angle of depression of 27°. Find the height of the plane.

A man on the top of a 100 m high light-house is in line with two ships on the
same side of it, whose angles of depression from the man are 17° and 19°

respecting. Find the distance between the ships.

P and Q are two points in line with a tree. If the distance between P and Q be
30 m and the angles of elevation of the top of the tree at P and Q be 12° and

45° respectively, find the height of the tree.

Two men are on the opposite sides of a 100 m high tower. If the measures of

. the angles of elevation of the top of the tower are 18° and 22 ’g;specti\i"ely find

the distance between them.

A man standing 60 m away from a tower notices that the angles of elevation
of the top and the bottom of a flag staff on the top of the tower are 64° and 62°
respectively. Find the length of the flag staff.

The angle of elevation of the top of a 60 m high tower from a point A, on the
same level as the foot of the tower, is 25°. Find the angle of elevation of the

top of the tower from a point B, 20 m nearer to A from the foot of the tower.

Two buildings A and B are 100 m apart. The angle of elevation from the top of
the building A to the top of the building B is 20°. The angle of elevation from
the base of the building B to the top of the building A is 50°. Find the height of
the building B.

A window washer is working in a hotel building. An observer at a distance of
20 m from the building finds the angle of elevation of the worker to be of 30°.
The worker climbs up 12 m and the observer moves 4 m farther away from
the building. Find the new angle of elevation of the worker.

A man standing on the bank of a canal observes that the measure of the angle

of elevation of a tree on the other side of the canal, is 60°. On retreating 40
meters from the bank, he finds the measure of the angle of elevation of the

tree as 30'. Find the height of the tree and the width of the canal.
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12.6 Oblique Triangles

A triangle, which is not right, is called i i
. , ) an oblique triangle. Followin
triangles are not right, and so each one of them is oblique: :

We have learnt the methods of solving right triangles. However, in solving

oblique triangles, we have to make use of the relations between the sides a, b, ¢ and
the angle @, B, y of such triangles, which are called law of cosine, law of sines and
law of tangents. '
Let us discover these laws one by one before solving oblique triangles.
12.6.1 The Law of Cosine
In any triangle ABC, with usual notations, prove that:

Y

i) a’=b*+c*—2bccos & A
A Ve
i) b=c + a* -2cacos B o
iii) = at+ b* —2ab cos Y ¢ \
B 7 e
Origin [A(0,0) b C(b,0)

Proof: Let side AC of triangle ABC be along the positive direction of the x-axis with
vertex A at origin, then ZBAC will be in the standard position.

4B = ¢ and mZBAC = «

Coordinates of B are (¢ cos & ¢ sin o)

AC = b and point C is on the x-axis

Coordinates of C are (b, 0)

By distance formula, :
IBCI2 =(ccos &— b)* + (c sin @— 0)
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- 2 2 = D
= a® = c?cos® a+ b*—2bc cos o+ ¢ sin’ ( BC=a)
= a = c(cos o+ sin’ a)+b”—7bccosa
(i)
(ii)
(ii1)

12.6.2The Law of Sines

In any triangle ABC, with usual notations, prove that:

a b c
sino ~ sinf  siny’

A . A
a :
= ¢ i
=1 a - S04
-1 N ' Origin |A C

Proof: Let side AC. of. triangle ABC be along the positive direction of the x-axis with
vertex A at origin, then ZBAC will be in the standard position.

.
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AB = ¢ and mZBAC = «
The coordinates of the point B are (c cos @, ¢ sin @)
If the origin A is shifted to C, then ZBCX will be in the standard position,
BC = a and m/ZBCX = 180°-¥y
The coordinates of B are [a cos(180° — ), a sin(180° — )]
In both the cases, the y-coordinate of B remains the same

= asin(180-y)=csin &
asin ¥y =csin @

= R 1 . (1)
smo  siny |

In a similar way, with side AB along +ve x-axis, we can prove that:

(i)

(it ey b j
'_sixl"a"' sin'ﬂ__?

sin

a.

sing ~ sinf

From (i) and (ii), we have

This is called the law of sines.

12.6.3The Law of Tangents

rIn any triangle ABC, with usual notations, prove that:

o-p B-y
; o 5 hee G
1 = 11 =
a+b o+ b+c -
tan_zﬁ mlizu’
rYr-a
v B o'
i), o ra Y+ a
tan

Proof: We know that by the law of sines:
a b

sin o _sin B
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in o
sin 3

By componendo and dividendo,

W

=

Sl N

a+p  a-p

a=b sina-sing 2% 5 sinT5
a+b ~ sina + sinff o+ o-
p 2 sin zﬁcos 2ﬁ

(1)

= (i), (ii) and (iii) are called Law of Tangents.

. 12.6.4 Half Angle Formulas

We shall now prove some more formulas with the help of the law of cosiné,
which are called half-angle formulas:

a) The Sine of Half the Angle in Terms of the Sides
: In any triangle ABC, prove that:

el s f(s—b)(s—c) i
(i) siny = TR

B (=0 -a) \

(ii) sin 5=

ca
A=
amsm§=wﬁi%§—lJ

[ ' Proof: We know that

-where 2s=a+b+c

: L :
i : 2sm2§'= 1—cos

L [
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L bir it { b+ - a
2 sin 2 = l_____—zbc ;oS O="T 5
2bc—b*-c+d°
v 2bc
a0 d-@P+-2b) d-(b-0o
2sin"y = 2bc =~ 2b¢
N O (a+b-c)(a-b+c)
SHLE o= 4bc
L 2s—c).2(s—b)
sin® 2= dbe {va+b+c=2s}

& -~ o is the measure of
. [s=b)s=0), an angle of AABC
Hence: siny = BN A :
c o . a
' o - '2"<90° = sin5 =+ve

In a similar way, we can prove that

s_ing SRy, ; _cc)fis_'_'a)' and sing

b) The Cosine of Half the Angle in Term of the Sides
In any triangle ABC, with usual notation, prove that:

. o s(s —a)
1) COS 2=\t
ii) cosé= IS Where2s=a+b+c¢
O\ NG
e s(s —c¢)
111) COS =\ v

Proof: We know that

, 0 b+’ —d [ b2+cz—a2]
2 cos 5 = l+ch»sach=1+—*——'2bC ' CoS O =——_2bc

dbc+b2+ct-a¢ (b+co)i-a
Iz 2bc = 2bc
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b+c+a)(b+c—a)

s " 2bc
500 ¢ (@a+b+c)(b+c—a)
SOSkoid = 4bc

oSy A= s = Ty (..28=a +b+ ¢)

o is the measure of
an angle of AABC

o . o
. 5 isacute = cosy =-+ve

I _ ._g(s.-.-.(_')

.-,and cosz-_ " ab

c) The Tangent of I-Ialf the Angle in Terms of the Sides
In any triangle ABC, with usual notation, prove that:
-4 d B [ (Si=b)i(s =Ic)
Hitan o= s(s —a)

(s—¢)(s—a) [ Where2S=a+b+c
s(s —b)

e (s —a) (s =b)
7=

s(s —¢)

" ii) tan

(SIS
]

_ iii) tan

Proof: We know that;

.o (s=b)(s —c) [0 s(s —a)
siny = o and c0sH = 5o
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o (s =b)(s —¢)
g sin 2 bC
= tany = co.—,—q = )
i 2
o (s =b)s =0)
wns 5(s —a)

In a similar way, we can prove that:

B [c=o6-a
tan 5 = 525 and

12.7 Solution of Oblique Triangles
We know that a triangle can be constructed if:
i) one side and two angles are given,
or ii) two sides and their included angle are given
or iii) three sides are given.
In the same way, we can solve an oblique triangle if
i) one side and two angles are known,
or ii) two sides and their included angle are known
or iii) three sides are known.

Now we shall discover the methods of solving an oblique triangle
in each of the above cases:

12.7.1Case I: When measures of one side and two angles are given
In this case, the law of sines can be applied.
" Example 1: Solve the triangle ABC, given that
a = 35°17, B=45°13, b=421.
Solution: -+ a+fB+y = 180° _
y = 180°— (o + )= 180° —(35° 17" +45° 13") =99° 30" -

By Law of sines, we have
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a i
sina@ _ sinf
sin & 421 x sin 35° 17’ 421(0.5776)
= a = PGnp = " sina5°13 = 0.7098
a = 34258 = 343 approximately.
, (¢ & b
LhgAL siny ~ sinf
siny 421 xsin99° 30"  421(0.9863)
Gyl sinB - sind5°13° <~ 07098

= 584.99 = 585 approximately. .
Hence y=99°30°, a=343, c=585. '

N

Solve the triangle ABC, if

B=60° : 7=15° ; b=4[6
B="522 3 y=89° 35’ : a=289.35
b=125 5 ¥=53° : o =47°
c= 16.1 ; o =42° 45" ; y=74° 32’
a=353 > p=88°36 ; y=31° 54

12.7.2 Case II: When measures of two sides and their included angle are given

In this case, we can use any one of the following methods:
i)  First law of cosine and then law of sines,

or ii) . First law of tangents and then law of sines.

Example 1: Solve the triangle ABC, by using the cosine and sine laws,
giventhat b=3, c=5 and a=120°

Solution: By cosine laws,

@ = b+’ -2bccosa = 9+25-2(3)(5)cos 120°

9+25-2(3)(5)(-%)= 9+25+15 = 49

A=l

Now e

b
sima - sinf
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b sin o 3 x sin 120° 3x0.866

= sinf = — = e 2
B = 21°47°
y = 180°—(a+ f)= 180°—(120°+21°47")
yil=23824134 '

Hencea=7, f=21°47 and y=38° 13".
Example 2: Solve the triangle ABC, in which:
2 =/3621, ¢'=130:14; = B = 78210"
Solution: Here a > ¢ o>
o+ p+y= 180°
a+y = 180°-B = 180°-78° 10

= a+y = 101°50° @
o
= o S0E5s
By the law of tangents,
o 2=
an :
2 a—c oa-7 a-c a+y
Ty A o AT T e )
tan )

a—-y 36.21-30.14 ofees
so tan R 36.21 1 30.14 . tan 50° 55

a-y 607
lanses e s 635

x 1.2312

= tanT = 0.1126
a_
N~ 6206

a-y = 12°52 (i1)
Solving (i) and (ii) we have
a = 57°21’and ¥y = 44°29°

'_Igfmd side b, we use law of sines
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b = a = b=asm§

sinff ~ sina sin o
_ 3621xsin78°10°  (36.21)(0.9788)
b sin 57°21° = (0.8420) — 20

Hence b =42.09, y=44° 29" and a = 57° 21",

Example 3: Two forces of 20 Newtons and 15 Newtons, inclined at an angle of 45°,
are applied at a point on a body. If these forces are represented by two adjacent sides

of a parallelogram then, their resultant is represented by its diagonal. Find the resultant
force and also the angle which the resultant makes with the force of force of 20 Newtons.

Solution:
LLet ABCD be a lI", such that

6 1SN

lABI represent 20 Newtons

e A
IAD] represents 15 Newtons

and mZBAD = 45°.
ABCD is a ll"

—— e
|BC| =|4D| = 15N
mZABC = 180°—m£BAD = 180°
By the law of cosine,

(#5)

400 + 225 + 4242
1049.2

IACI = 10492 = 324N
By the law of sines,
BCi [ACi
sin m£ZBAC ~ sin 135°

Makel?ﬁ, I?EI ﬁﬁ and IZ}EI

D c
135/ 15N
20N B
—45° = 135°

2 2
—y— —a e
(IABI) - (13(:!) ~ 21ABi xiBCI x cos 135°

(20 + (152 =2 x 20 x 15 x —=

1
\2




sin mZBAC

mZBAC

E)C_'lx sin 135°
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15 x 0.707

Aci

= 32.4 = 0.3274

Solve the triangle ABC in which:
c=34
c =23,

1.  b=95,
2. - b= 125,

3. a=A3-1,
4. a=3,

. a=1,

36.21,

93

14.8 ,

3195

c=6
b=3,

and @ =52°.
and o =38220 5
=3+1 and y=60°

and f =36°20’

and 'y =38°13
Solve the following triangles, using first Law of tangents and then Law of sines:
Gi=ig = b = 42.09 and y = 44°29’
1 a = ¢c = 101 and B = 80°

b = ¢c = 161 and «a = 42°45°

9. .a-= b = 168 and y= 110°22
10: ' b = a. =32 “and'iiiai= 59230

61 ,

11. Measures of two sides of a triangle are in the ratio 3 : 2 and they include an
angle of measure 57°. Find the remaining two angles.

— - o

12, Two forces of 40 N and 30 N are represented by AB and BC which are

e

inclined at an angle of 147° 25", Find AC the resultant of AB and BC .
12.7.3 Case III: When Measures of Three Sides are Given

In this case, we can take help of the following formulas:

:-m'

i)

i)

the law of cosine;

the half angle’ formulas:

Example 1: Solve the triangle ABC, by using the law. of cosine when
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Solution:

and

Example 2:

Solution:

Now,

and

a

a=17 b=3c=35

We know. that

b+’ —d
cos o= — 5,

9+25-49 15 gl
COSIor=Nemmanine & = foani = =5

a = 120°
cos f= & +2‘fa'bh - 2= L B 09286

B=I]1°47-

y = 180°—(a+ pB) = 180°—(120°+21°47") =38°13".
Solve the triangle ABC, by half angle formula, when
a=283, b=317 c =428

2s = a+b+c = 283+317+428 = 1028

St =514 '

s—a = 514-283 = 231

Seh = 514—317= 197

s—¢c = 514 428 =

tan‘g = \I Ss(? Sa)c \’51?::28361 = 030
[0
5 = 20042 = 41°24°

‘a"g R D) \/ 581642213917 s s0.4429
g = 23“53’=:~B = 47°46°
'y =

7,,

180° - (o + ﬁ) = 180° - (41'J 24" + 47° 46 ) =90° 50°

b = 17
b = 40
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3 31.7 y € = 4238

4. 319 , b = 5631 SICIE =4O

5. a = 4584 |, b = 5140 , C = 3624.

6 Find the smallest angle of the triangle ABC,
when a =37.34, b =3.24, ¢ = 35.06.

7 Find the measure of the greatest angle, if sides of the triangle are
16, 20, 33.

8. The sides of a triangle are x* + x + 1, 2x + 1 and ¥’ - 1. Prove that the greatest
angle of the triangle is 120°. .

9. The measures of side of a triangular plot are 413, 214 and 375 meters. Find
the measures of the corner angles of the plot.

10.  Three villages A, B and C are connected by straight roads 6 km. 9 km and
13 km. What angles these roads make with each other?

12.8 Area of Triangle

We have learnt the methods of solving different types of triangles. Now, we
shall find the methods of finding the area of these triangles.

28 35Ph

a o
| |

Case I Area of Triangle in Terms of the Measures of Two Sides and Their
Included Angle

'With usual notations, prove that:

Arca ofinan,gleABC = %'bésin a%:l" ‘é‘casmﬁ"- S

Proof: Consider three different kinds of triangle ABC with m/C = Yas

1) acute  ii) obtuse and 1ii) right

From A, draw AD 1 BC or BC produced.

A
B €(D
DFig: (1) Fig: (iii) (o)
: AD '
In fig. (i), AC = siny
AD

sin (180°-9) = siny

]

In fig. (ii), 55
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In fig. (iii), i_lc) =R Ia=Rsin' 902 =1 sin\y
In all the three cases. we have
AD =ACsiny = b siny
Let A denote the area of triangle ABC.
By elementary geometry we know that
A= % (base)(alﬁtude)

A= ‘%BC.AD

A = % absiny

Similarly, we can prove that:

dﬁ%@"‘%ﬁ;ﬂs‘?&g‘a 'I. il -“‘s’ =

Case IL. Area of Triangle in Terms of the Measures of One Side and two Angles
In a triangle AABC, with usual notations, prove that:

S E e A 20N, .
. a sin fsin b”sin ysin & ¢ sin o sin
Area of triangle = Aisiny Y 0y

2sin & = 2sinfB T~ 2siny
Proof: By the law of sines, we know that:
QISR b4 ety 15C

sine = sinff = siny
sin o/ sin B
= a = Csin'y and b = csin'y

We know that area of triangle ABC is
A= absin y

2
= A = % MJ(M] sin y

sin ¥

sin y

[ ——
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In a similar way, we can prove that:

A g

{8

Case III.  Area of Triangle in Terms of the Measures of its Sides

In a triangle ABC, with usual notation, prove that:

Area of triangle = '\]s(s —a)(s-b)(s-c)
Proof: We know that area of triangle ABC is

1 !
A= 5 be sin o

a o i
= %bc.ZsinE cos 5 ( Sin a =2 sin‘zqcos-zq)
= be \/ (5= b;? —C) “”b_c Y (by half angle formulas)
< b \s(s—a)(s~b)(s—c)
e be

A= '\[s(s—a)(s —b)(s—c)
Which is also called Hero's formula.
Example 1: Find the area of the triangle ABC, in which
b =216 c¢ =302 anda = 52°40°
Solution: We know that:

AABC = % be sin = %(21.6)(30.2) sin 52° 40°

= % (21.6)(30.2)(0.7951)

AABC = 259.3 sq. units.
Example 2: Find the area of the triangle ABC, when
o= 35°17,, y = 45°13%and b= 42.1
Solution: o+ B+ y= 180°
B = 180°-(a+7 = 180° - (35° 177+ 45° 137) = 99° 30°
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‘ Also b = 421, a=35°17, y=45°13", B =99°30
We know that the area of triangle ABC is

1 b sin ysin @
A= B ;
sin 8
el 1 (42.1)* sin 45° 13" sin 35° 17°
- 2 sin 99° 30°

1 (42.1)* (0.7097)(0.5776)
= 7 (0.9863)

A = 368.3 square units.

Example 3: Find the area of the triangle ABC in which
a=2754, b=3037, c=3425

Solution: ' a =2754,b=303.7, c=3425

2s=a+b+c
=275.4 + 303.7 + 342.5=921.6
s =460.8
Now s—a =460.8-275.4=1854
s—b =460.8 —303.7 =157.1
s—c =460.8-342.5 =118.3

Now  A=+[s(s—a)5-b)(5-0)

= 1/460.8 x 185.4 x 157.1 x 118.3
A =39847 sq. units.

A Fmd the area of the tnangle ABC, given two sides and their included angle
i) a= 200 , b = 120 A= 502
i) b= 37 S Ce =4S s ==302507

i)y a= 433 , b = 925 56° 44

N )

S L L S e LA e
R
p—
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% Find the area of the triangle ABC, given one side and two angles:

i) b= 254 ., ‘yu=i36241° NN oim=E4558178

)R =32 i Om=a 47524000 e B =T ()81 G

iii)| @="4.8 ¥, Wi ST 83242 88N Sy =30 372810 ¢
3. Find the area of the triangle ABC, given three sides:

1) a=18 : b =24 , ¢=30

i) a=524 3 b =276 e =519

i), ai=32.65 & b =42.81 , c=6492

The area of triangle is 2437. If a =79, and ¢ = 97, then find angle S.

5.  The area of triangle is 121.34. If a = 32° 155 B = 65° 37, then find
c and angle ¥.

6. One side of a triangular garden is 30 m. If its two corner angles are 22° %2 and
112° 1, find the cost of planting the grass at the rate of Rs. 5 per square meter.

12.9 Circles Connected with Triangle

In our previous classes, we have learnt the methods of drawing the following
three kinds of circles related to a triangle:

i)  Circum-Circle ii) In-Circle iii) Ex-Circle.

12.9.1 Circum-Circle::

The circle passing through the three vertices of a triangle is called a Circum-
Circle. Its centre is called the circum-centre, which is the point of intersection of the
right bisectors of the sides of the triangle. Its radius is called the circum-radius and is
denoted by R. : :

a b %y i Sc
2sine  2sinfB - 2siny

a) Prove that: R = : with usual notations.

Fig. (i) Fig. (i) . Fig. (iii)
(ZLBAC is acute) (Z£BAC is obtuse) (LBAC is right)
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Proof: Consider three different kinds of triangle ABC with mZA = o
i) acute ii) obtuse iii) right.

Let O be the circum-centre of AABC. Join B to O and produce BO to -meet
the circle again at D. Join C to D. Thus we have the measure of diameter

mBD =2R and mBC = a.
| 8 In fig. (i), mZBDC = mZA = o (Anglesin the same segment)

In right triangle BCD,
m_B___ = sinmZBDC = sinq
m BD
II. In fig. (ii),

mZBDC+mZA = 180° (Sum of opposite angles of a

= mZBDC+a = 180° cyclic quadrilateral = 180°)
= mZBDC = 180°-«
In right triangle BCD,
i B.£ = sinmZBDC = sin (180° - o) = sin &
m BD
IOI. InFig. (iii), mZA= o = 90°

O 110 90%= i ¢
m BD

In all the three figures, we have proved that

m BC :
= = sinQ
m BD
a - .
= 2QR= SIma = 2Rsine = a
A a
- 2sina
Similarly, we can prove that
b R.c
Seosnp wmd R =0
a b c

|  Hence R = @)

2sina” 2sinf ~ 2siny
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a) Deduction of Law of Sines: - R
phin | SR

a
weknowmatR=2sina=25in}3=2sin"y'-" R
‘a b c _
o ; sin@ _ sinf ~ siny 2R
4 _ b € Ghichis the law of si
T T siny"w chis ea\fo sines.
abe
b) Prove that: R =R
Proof: We know that: R = 4
: 2 sin @
a AL (it o«
= R = . Q‘ o ( sma=23m2cos2)
2.2511120082
a :
: ot =) (by half angle formulas)
be be
abc
4'\Is(s—a)(s_—b)(s-c)
abc
=N ( A=\!s(s-a)(s-—b)(s—c))

12.9.2 In-Circle

The circle drawn inside a triangle touching its three sides is called its
inscribed circle or in-circle, Its centre, known as the in-centre, is the point of
intersection of the bisectors of angles of the trlangle Its radius is called in-radius and
is denoted by r.

- ' A
a) Provethat: r = = w1th usual notatlons

Proof: Let the mtemal blSE-CtOl‘.'S of. angles of tnangle ABC meet at O, the in-centre.
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Draw (s—b_l_é_(-?,O_E_LA—C and OF 1 AB

B
Let, mOD = mOE = mOF = r
From the figure Area AABC = Area AOBC + Area AOCA + Area AOAB
' 1
A= %BCXOD-&%CAXOEw}EABxOF
1 1
: = par+; br+§ cr
1
= 5r(a+b+c)
1
A = 5r.2s (. 2s=a+b+0c)

=

12.9.3 Escribed Circles

A circle, which touches one side of the triangle externally and the other two
produced sides, is called an escribed circle or ex-circle or e-circle. Obviously, there

could be only three such circles of a triangle, one opposite to each angle of the
triangle.

The centres of these circles, which are called ex-centres are the points where

: the internal bisector of one and the external bisectors of the other two angles of the
4 triangle meet.

In AABC, centre of the ex-circle opposite to the vertex A is usually taken as /
and its raidus is denoted by r,. Similarly, centres of ex-circles opposite to the vertices

B and C are taken as /> and 5 and their radii are denoted by r, and r, respectively.

AL



a) With usual notation, prove that:
A
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2 d
— Tiin -l e v =
rl s—a’ 2 S""b > an I

§—C

Proof: Let I; be the centre of the escribed circle
opposite to the vertex A of AABC.

T e
From I}, draw ;D 1 BC,LE L AC produced

) )
and I}F L AB produced.
Join I, to A, B and C.

Let mh_D = Hlﬁ = - fﬂh—F =r
From the figure AABC = ALAB+ ALLAC-AILBC

1 : 1 1
= A = 5AB><I.F+§AC><IIE-—§ BC x 1D

1 1 1

= 5Cn+5 br, -7 an
1

A =35 nr(c+b-a
= %’1.2(s—a) 2s=a+b+c)
= (s—a)n
Hence e

In a similar way, we can prove that:

—

- ':‘_“A‘x" X
pwe
A

Example 1: Show that:

r= (s-a)tany = (s—b)tan
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o
Solution: To prove r = (s — a) tan 5

RHS.= (6@ (s-a)\/f?{sa—iq
| | = ,\/(S-a)(s—b)(s_c)
3 s

. _\/s(s —a)(s—b)(s—-c) A
= . Sz = =r

o
: (.s'-—a)tan‘z— = r

Ina similar way, we can prove that:

r o= (s—b)tang and r =(s-—c)tan%.

_ [+
Example 2:. Show that , = 4R sin 7 cos g cos '2Z .

Solution: RHS. = 4R sin% cosg cosI

. abc \/Q’ —b)(s—c¢) s(s b) _\/s(s c)

7, sgs—blgs—c!
A
S(s—a)(s—b)(s=c)
A.(s—a)
2 A
A(s-—a)

A

=i =85 - LHS.

_ B2y
Hence n = 4R Sin 5 cﬁsg cos%.
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Example 3: Prove that —-1 sl AU N G 24 bl 4.2
e ove _
Xxamp rlz rzz ’32 A?
1 1 1 1
Solution: " LH.S" =" —+t—t-—t==—

2
rasihing o125 tnls

(s—a)? (s=b)* % (s=c)

= AL AT S A2
S+ (s—a)l +(s—b)+ (s—c)*

—4 Az -
ﬂ.sz--z.';(a+.'J+cj|-|-|az+b2+c2
45— 25 . 25+ + b +
@+ b+

= R.H.S.

Hence the result.

Example 4: If the measures of the sides of a triangle ABC are 17, 10, 21.
Find R, r, r1, r> and r3.

Solution: Let a = 17, b = 10, c = 21
2s = a+b+c = 17+10+21 = 48
= s = 24

a = 24-17=7, s—b=24-10=14 and s—c=24-21=3
A= '\[s(s—a)(s b)(s—c)

= A = \124(7)(14)(3 = 84
R

S B el @:10/521 ianit 85
ow. _4A =1 e =-iq
A o84 AR WL
Ut = g e T e
_A 84 A% 84
T F s b e 6, PR Rrnts = 3=-28



1210 Engineering and Circles Connected With

;. Triangles

| We know that frames of all rectilinear shapes with the exception of triangular
ones, change their shapes when pressed from two corners. But a triangular frame does
not change its shape, when it is pressed from any two vertices. It means that a triangle
is the only rigid rectilinear figure. It is on this account that the engineers make
frequent use of triangles for the strength of material in all sorts of construction work.
Besides triangular frames etc., circular rings can stand greater pressure when pressed
from any two points on them. That is why the wells are always made cylindrical
whose circular surfaces can stand the pressure of water from all around their bottoms.
Moreover, the arches below the bridges are constructed in the shape of arcs of circles
so that they can bear the burden of the traffic passing over the bridge.

a) We know that triangular frames change
their rectilinear nature when they are
pressed from the sides. From the strength
of material point of view, the engineers
have to fix circular rings touching the
sides of the triangular frames. For
making these rings, they have to find the
in-radii of the triangles.

b) In order to protect the triangular discs
from any kind of damage, the engineers
fit circular rings enclosing the discs. For
making rings of proper size, the
engineers are bound to calculate the
circum-radii of the triangles.

¢) Incertain triangular frames, the engineers
have to extend two sides of the frames. In -
order to strengthen these loose wings, the
engineer feels the necessity of fixing
circular rings touching the extended sides
and the third side of the frames.
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For making appropriate rings, the engineers have to find ex-radii of the
triangles.
The above discussion shows that the methods of calculations of the radii of in-

circle, circum-circle and ex-circles of traingles must be known to an engineer for

performing his professional duty efficiently.

B

o ' o
1. Show that: i) r=4R sin b} sin ) sin %’ il) s =4R cos 7 cos g cos '21/

Yo NG

L Sl R 2 bisin o )
2. Show that: r=asinz sin sec = bsmzsmzseCZ'
s oo By
= — sin-—sec—
¢ sin 5 5 >
o
3. Show that:i) r =4Rsin7 2 cosg cosz
o (o4 :
i) r,=4R cos 7 sing cosf,z iii) r, = 4R cos 5 €os 5 sin

4. Show that:

R
R

1) = stanz i) r = stany i) r, = stan

5 Prove that:

. 1 2
1 — ]
) rr,+ L+ T K) i1) I A

. S 2 £
iix) U S 4R iv) rr,r, rs?

6. Find R, 1, ri, r» and r3, if measures of the sides of triangle ABC are
D= 131 = pie= i) 48 c =15
) Sg=0 34 b =R o0 e
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7 Prove that in an equilateral triangle,
DN rERE =122 3 ii) r:R:rl:r,:r3=l:2‘.3:3:3

8. Prove that:

o o
A= r* cot 5 cotg ce.t%r iil) r = stan 5 tan g tan%’
o
i) A= 4Rr cos 5 cosg cos%,
T TR TS e e
9, Show that: 1) TR b it tea i1) = r + r2+ rs
10. Prove that:
o o
_asin‘gsin% bsini.sing Csini.sin‘g
r = o = E = _'}_/
cos 5 cos 5 cos 5
11. Provethat: abc(sin @+sinB+siny = d4As.

12.  Provethat: i) (5+n) tans-

C.

i) (r,—r) cot—;_- =c



