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7.1 INTRODUCTION

In physics, mathematics and engineering, we encounter with two important quantities,
known as “Scalars and Vectors”.

A scalar quantity, or simply a scalar, is one that possesses only magnitude. It can
be specified by a number alongwith unit. In Physics, the quantities like mass, time, density,
temperature, length, volume, speed and work are examples of scalars.

A vector quantity, or simply a vector, is one that possesses
both magnitude and direction. In Physics, the quantities like displacement, velocity,
acceleration, weight, force, momentum, electric and magnetic fields are examples of vectors.

In this section, we introduce vectors and their fundamental operations we begin with
a geometric interpretation of vector in the plane and in space.

{a) (b) (c)

Geometrically, a vector is represented by a directed line segment 4B with A its initial
point and B its terminal point. It is often found convenient to denote a vector by an arrow
and is written either as 4B or as a boldface symbol like v or in underlined form v.

(i)  The magnitude or length or norm of a vector 4B or v, is its absolute value and is

written as [4B] or simply AB or |y.
(ii) A unit vector is defined as a vector whose magnitude is unity. Unit vector of vector

i<

v is written as v (read as v hat) and is defined by v=

<

(iii)  If terminal point B of a vector |,4_B] coincides with its initial point A, then magnitude

AB =0 and @ =0, which is called zero or null vector.
(iv) Two vectors are said to be negative of each other if they have same magnitude but
opposite direction.

If Ezy, then QZ——BZ—X

and ‘ﬂ‘ E ‘—E‘

We use the word scalar to mean a real number. Multiplication of a vector v by a scalar
'k’ is a vector whose magnitude is k times that of v. It is denoted by kv .
(i) If k is +ve, then v and kv are in the same direction.
(i) Ifkis—ve, then v and kv are in the opposite direction
B D
(a) Equal vectors
Two vectors 4B and are said to be equal, if D
they have the same magnitude and same direction

e AB
.., [4B|=|cD)
A
(b) Parallel vectors
Two vectors are parallel if and only if they are non-zero
scalar multiple of each other, (see figure). 1B

Addition of two vectors is explained by the following two laws:

(i) Triangle Law of Addition
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If two vectors u and v are represented by
the two sides AB and BC of a triangle such
that the terminal point of u coincide with
the initial point of v, then the third side AC of
the triangle gives vector sum u + v, that is

AB+BC=AC = u+v=AC

(ii) Parallelogram Law of Addition
If two vectors u and v are represented by two adjacent
sides AB and AC of a parallelogram as shown in the ‘?\
figure, then diagonal AD give the sum or resultant 4B
of 4B and AC , thatis

AD=AB+ AC=u+v

Note: This law was used by Aristotle to describe the combined action of two forces.

(b) Subtraction of two vectors
The difference of two vectors 4B and AC is defined by

AB—AC = AB+(~AC)

u-v=u+(-v)

|
|
=l
|
i
e

(b)

In figure, this difference is interpreted as the main diagonal of the parallelogram with
sides 4B and —AC. We can also interpret the same vector difference as the third side
of a triangle with sides 4B and AC. In this second interpretation, the vector difference

AB - AC = CB points the terminal point of the vector from which we are subtracting the
second vector.
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The vector, whose initial point is the origin O and whose ==
terminal point is P, is called the position vector of the point P
and is written as OP.

The position vectors of the points A and B relative to the

=Y

origin O are defined by O4=4 and OB =b respectively.
In the figure, by triangle law of addition,
OA+ AB = OB
a+AB=b

—_—

= AB=b a

Let R be the set of real numbers. The Cartesian plane is defined to be the R? = {(x, y) : x,
¥ € R}

An element (x, ¥) € R? represents a point P(x, y) which ¥
is uniquely determined by its coordinate x and y. Given a P(x,y)
vector u in the plane, there exists a unique point
P(x, y) in the plane such that the vector OP is equal to u 1
(see figure). So we can use rectangular coordinates (x, y) for P to
associate a unique ordered pair [x, y] to vector u.

We define addition and scalar multiplication in R? by: O

(i)  Addition: Forany two vectors u=fx,y] and v [x’,)'], we have
g+y:[x,y]+[x',y'] :[x+x',y+y']
(i)  Scalar Multiplication: Foru =[x, y] and a € R, we have
ou = alx, y] = [ox, ay]
Definition: The set of all ordered pairs [x, y] of real numbers, together with the rules of
addition and scalar multiplication, is called the set of vectors in R2.
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For the vector u = [x, y], x and y are called the components of u.

Note: The vector [x, y]is an ordered pair of numbers, not a point (x, y) in the plane.

(a) Negative of a Vector
In scalar multiplication (ii), if o = -1 and u = [x, y] then
ou = (=1) [x, y] = [-x, -y]
which is denoted by —u and is called the additive inverse of u or negative vector of u.

(b) Difference of two Vectors
We defineu—vasu+ (-v)
If
u-v

:%x,y] and v [x’,y'], then
u+(-v
[ey]+ ==y ]=[x=x.y -]

noIs

(c) Zero Vector
Clearly u + (-u) =[x, y]1 + [-x, ¥]1 =[x —x, y — y1 = [0,0] = Q.
0=10,0] is called the Zero (Null) vector.

(d) Equal Vectors
Two vectors u =[x, y] and v =[x, y '] of R? are said to be equal if and only if they have the
same components. That is,
[x, y1=[x",ylifandonlyifx=x"andy =y’
and we writeu =y

(e) Position Vector

For any point P(x, y) in R?, a vector u = [x, y] is represented by a directed line segment
OP, whose initial point is at origin. Such vectors are called position vectors because
they provide a unique correspondence between the points (positions) and vectors.

y
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(f) Magnitude of a Vector 1
For any vector u =[x, y] in R?, we define the magnitude or norm P(x,y)
or length of the vector as of the point P(x, y) from the origin O R |y
Magnitude of OP = ‘@‘ | Xy p X Zo
version: 1.1
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Let v be a vector in the plane or in space and let ¢ be a real number, then
(i) |v>0, and |[v|=0 ifandonlyify=20

(i) Jey|=

d

Proof: (i) We write vector vin component form as v = [x, y], then

v|=+/x*+* >0 for all xand y.

Further [y|=4/x*+)* =0 ifand only ifx=0,y =0
In this casey=1[0,0]1=0

(i) |cy| = |cx,cy| = \/(cx)2 +(cy)2 = \/cizwlxz +y° = |c||y|

We introduce two special vectors, 4
i=[1,0], j=[0,1] in R?

As magnitude of i=+/1"+0° =1 AOR)

magnitude of j=+0"+1° =1

o) . (1, 0)

i

So iand; are called unit vectors along x-axis, and along y-axis respectively. Using the
definition of addition and scalar multiplication, the vector [x, y] can be written as

u=[x,y] = [x,0]+[0,y]

= x[1,0] +y[0,1] :
- S , P(x,y)

Thus each vector [x, y] in R? can be uniquely represented by

Xi+yj. 5 vJj

In terms of unit vector i and j, the sum u + v of two vectors — - > x
u=Fx,y] and y [x',)'] is written as 0 L
g+y:[x+x',y+y']
:(x+x')g’+(y+y')l
version: 1.1
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A vector u is called a unit vector, if |u|=
Now we find a unit vector u in the direction of any other given vector ».
We can do by the use of property (ii) of magnitude of vector, as follows:

1

i

=—h|=1
Izl||

1
the vector v _HV 1s the required unit vector
v

It points in the same direction as v, because it is a positive scalar multiple of v.

Example 1:

Forv=1[1,-3]and w=[2,5]

(i) v+w=[1,-31+[25]1=[1+2,-3+5]=[3,2]
(i) 4dv+2w=1[4,-12]1+[4,10] =[8,-2]

(iii) v-w=[1,-31-1[251=1[-2, 3 -5] =[-1,-8]
(iv) »- z=[|—1 -3 +3]=[0,0] =

v) M=W=v1+9=\/ﬁ

Example 2: Find the unit vector in the same direction as the vector v = [3, —4].
Solution: v=[3,-4]=3i-4;
=37 +(—4)? =425 =5
Now U= |1—| V= ; [3,—4] (u is unit vector in the direction of v)
v
_[i -4
55
2 2
Verification: |u|= ER I L
5 5 25 25
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Example 3: Find a unit vector in the direction of the vector
()  v=2i+6/ (i) v=[-2,4]
Solution: (i) v=2i+6j
v|=4(2) \/4+3
v 6 3

A unit vector in the direction of v =

(i) v=[-2, 4]:—2i+4j

=2 - J4+16 =20

-1
A unit vector in the direction of v == i —=j —=i
Izl J20° 20t 5 JE

Example 4: If ABCD is a parallelogram such that the points A, B and C are respectively
(-2, -3), (1,4) and (0, -5). Find the coordinates of D.

Solution: Suppose the coordinates of D are (x, y) D C
As ABCD is a parallelogram

AB=DC and 4B| DC

A

—  AB=DC
(1+2)i+(4+3)j=0-x)i+(-5-y)j > 5
= 3i+7j =-xi+(-5-)) 4

Equating horizontal and vertical components, we have
—X=3 = x=-3

and S5-y=7 = y=-12

Hence coordinates of D are (-3, 12).

Let A and B be two points whose position vectors (p.v.) are a and b respectively. If a
point P divides AB in the ratio p : g, then the position vector of P is given by

version: 1.1
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qa+ pb

p+q
Proof: Given g and b are position vectors of the points A and B respectively. Let r be
the position vector of the point P which divides the line segment AB in the ratio p : g. That is

mﬁ:mﬁ:p:q

K:

So &:E
mPB g

= 4{P)- ()

Thus q(ﬁ) = p(ITB)

= q(r—-a)=pk-r)
=  qr—qa=pb-pr
=  pr+qr=gqa+pb
= r(p+q)=qa+pb
- quwpl_?

qg+p

Corollary: If P is the mid point of AB, thenp:q=1:1

- a+b
. positive vector of P=r =——=

Let us now use the concepts of vectors discussed so far in proving Geometrical
Theorems. A few examples are being solved here to illustrate the method.

Example 5: If a and b be the p.vs of A and B respectively w.r.t. origin O, and C be a point

a+b

on 4B such that OC = , then show that Cis the mid-point of AB.

_—

Solution: Od=a , OB=b and O—C;zé(gﬂ_?)

version: 1.1
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Now 20C=a+b
= OC+0C=04+O0B
= OC-04=0B-0C
= OC+AO=0B+CO
= 40+0C=CO+OB
AC=CB
Thus mAC = mCB 0

= (Cis equidistant from A and B, but A, B, C are collinear.
Hence Cis the mid point of AB.

Example 6: Use vectors, to prove that the diagonals of a parallelogram bisect each
other.

Solution: Let the vertices of the parallelogram be A, B, C and D (see figure)
Since AC = AB+ AD, the vector from A to the mid point of diagonal AC is

v=1(4B+4D)
2
Since DB = AB - AD, the vector from A to the mid point of diagonal DB is

D c

w= 4D +~(4B - 4D)
2
— ]l — 1 —
=AD+—AB—-—AD
2 2

:%(E+ﬂ))

P
=y 4 B

Since v=w, these mid points of the diagonals AC and DB are the same.
Thus the diagonals of a parallelogram bisect each other.

version: 1.1
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1.  Write the vector PQ in the form Xi+yj.

() P(2,3) Q(6, -2) (i) P(0,5), Q(-1, -6)
2. Find the magnitude of the vector u:
(i) u=2i-7j (i) wu=i+j (i) u=1[3,-4]
3. Ifu=2i-7j, v=i-6j and w=-i+j .Findthe following vectors:
i) u+v-w (i) 2u-3v+dw (i) —ussviiw
20 27 27

4. Find the sum of the vectors 4B and CD, given the four points A(1, -1), B2 ,0 ),
C(-1, 3) and D(-2, 2).

5. Find the vector from the point A to the origin where 25:41—21 and B is the point

(-2, 5).

6.  Find a unit vector in the direction of the vector given below:
. y 1. 3 NEIE
I =2i—] i =—i+— i = —i —j
(i) v=2i-j (if) v=_i+—J (i) v S L7l

7. If A, B and C are respectively the points (2, —4), (4, 0) and (1, 6). Use vector method
to find the coordinates of the point D if:
(i)  ABCDis a parallelogram (i) ADBCis a parallelogram

8. If B, C and D are respectively (4, 1), (-2, 3) and (-8, 0). Use vector method to find
the coordinates of the point:
(i) AIfABCD is a parallelogram. (ii) Eif AEBD is a parallelogram.

9. If Ois the origin and OP= 4B, find the point P when A and B are (-3, 7) and (1, 0)
respectively.

10. Use vectors, to show that ABCD is a parallelogram, when the points A, B, C and D
are respectively (0, 0), (a, 0), (b, ¢) and (b — g, ¢).

11. If 4AB=CD, find the coordinates of the point A when points B, C, D are (1, 2), (-2, 5),
(4, 11) respectively.

12. Find the position vectors of the point of division of the line segments joining the
following pair of points, in the given ratio:

7. Vectors elLearn.Punjab
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(2)

(i)  Point C with position vector 2i-3; and point D with position vector 3i+2; in
theratio4:3

(i)  Point Ewith position vector 5; and point Fwith position vector 4i+ j inratio 2:5

13. Prove that the line segment joining the mid points of two sides of a triangle is
parallel to the third side and half as long.
14. Prove that the line segments joining the mid points of the sides of a quadrilateral
taken in order form a parallelogram.
7.2 INTRODUCTION OF VECTOR IN SPACE
A
In space, a rectangular coordinate system is constructed %
using three mutually orthogonal (perpendicular) axes, which 4
have orgin as their common point of intersection. When ,/
sketching figures, we follow the convention that the positive y' = = = === - > v

x-axis points towards the reader, the positive y-axis to the
right and the positive z-axis points upwards.

hand rule. If fingers of the right hand, pointing in the direction
of positive x-axis, are curled toward the positive y-axis,
then the thumb will point in the direction of positive z-axis,
perpendicular to the xy-plane. The broken lines in the figure
represent the negative axes.

These axis are also labeled in accordance with the right

right hand rule
g Pla,b,c)
A point P in space has three coordinates, one along I T
x-axis, the second along y-axis and the third along z-axis. If the :.
distances along x-axis, y-axis and z-axis respectively are a, b, b
and ¢, then the point P is written with a unique triple of real 5 : ~ .
numbers as P = (a, b, ¢) (see figure). | <%
A
version: 1.1
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The set R ={(x, ¥, 2) : X, ¥, Z € R} is called the
3-dimensional space. An element (x, y, z) of R® represents
a point P(x, y, z), which is uniquely determined by its
coordinates x, y and z. Given a vector u in space, there
exists a unique point P(x, y, z) in space such that the
vector OP is equal to u (see figure).

Now each element (x, y, z) € P?is associated to 7 >y
a unique ordered triple [x, y, z], which represents the
vector u = OP =[x, y, Z].
We define addition and scalar multiplication in R3
by:
(i)  Addition: For any two vectorsu =[x, y, zZ1and v=[x,)",Z'], we have
u+v= [x,y,z]+ [x',y',z'] :[x+x',y+y',z+ Z']
(i)  Scalar Multiplication: Foru=1[x,y,z and a € R, we have
ol =alx, y, z] = [ox, ay, aZ]
Definition: The set of all ordered triples [x, y, z] of real numbers, together with the rules

of addition and scalar multiplication, is called the set of vectors in R3.
For the vector u =[x, y, ], x, y and z are called the components of u.
The definition of vectors in R states that vector addition and scalar multiplication are
to be carried out for vectors in space just as for vectors in the plane. So we define in R
a) The negative of the vector u=[x;y,z] as —u=(-1)u=[-x,—y,—z]
b) The  difference  of two  vectors v=R'.)',z'| and w [x",)",2"] as
v-w=y+(-w)=[x'-x"y -y~ 2]
c) The zero vector as 0 =[0,0,0]
d) Equality of two vectors y=[x5).Z] and w [x".)".2"] by v w if and only
xX'=x",y'=y" and z'=Z".
e) Position Vector
For any point P(x, y, z) in R%, a vector u = [x, y, z] is represented by a directed line
segment OP, whose initial point is at origin. Such vectors are called position vectors

7. Vectors elLearn.Punjab
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in R3.

f) Magnitude of a vector: We define the magnitude or norm or length of a vector u
in space by the distance of the point P(x, y, z) from the origin O.

‘&5‘ =lu|=yx*+y*+2°

Example 1: For the vectors, v =1[2,1,3] and w = [-1,4,0], we have the following
i) v+w=[2-1,1+4,3+0]=11,5,3]
(i) v-w=[2+11-4,3-0]=[3,-3, 3]
(i) 2w =2[-1,4,0]1=[-2, 8, 0]

= J(4) +(=7) +(3) =\16+49+9 =74

(iv)  |v—2u=[[2+2,1-83-0]=

[4,-7.3]

Vectors, both in the plane and in space, have the following properties:

Let u, v and w be vectors in the plane or in space and let a, b € R, then they have the
following properties

() u+tv=v+u

(i) (U+rV+w=u+({+w

(i) u+r(-Nu=u-u=0

(iv) oa(v+w)=av+aw (Distributive Property)

(v) a(bu) = (ab)u (Scalar Multiplication)
Proof: Each statement is proved by writing the vector/vectors in component form in
R? / R® and using the properties of real numbers. We give the proofs of properties (i) and (ii)
as follows.
(i)  Since for any two real numbers g and b

a+b=b+a, it follows, that
for any two vectors u =[x, y] and v=[x",)'] in R?, we have

(Commutative Property)
(Associative Property)
(Inverse for vector addition)

u+y=[x,y]+[x"+ )]
=[x+x,y+)]
=[x"+x,' + y]
=[x, »1+[x, ]
=v+u
So addition of vectors in R? is commutative

version: 1.1
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(ii)  Since for any three real numbers a, b, c,
(a+b)+c=a+(b+0) , it follows that

for any three vectors, u=[x,y], y=<{x',»"] and w [x".)"] in R*, we have If OP and OP, are the position vectors of the points
(u+v)+w=[x+x,y+y1+[x",)"]
=[(x+x)+x",(y+y)+)"]

oD Py(%y, 5,2,)
Pl(xlsylazl) and Pz(xzayzazz)

=[x+ (x"+x"),y+ (' + "] The vector PP, is given by
— + I+ /4 I+ n

Lyl 4ty RP, =OF, =OF =[x, =X, ¥, = ¥,2, = 7]
=u+@+w)

.. Distance between B, and P, = ‘PIP2

So addition of vectors in R? is associative
The proofs of the other parts are left as an exercise for the students.

= \/(xz_xl)2 + (yz_y1)2 + (22_21)2
This is called distance formula between two points P, and P, in R,

As in plane, similarly we introduce three special 3 Example 2: If u=2i+3/+k, v=4i+6;+2k and w=-6i-9j -3k, then
vectors (@) Find
i=[1,0,0], j=[0,1,0] and k =[0,0,1] in R, () u+2v (i) |Ju-v-w
As magnitude of i =+ +0°+0° =1 (b) Show thatu, v, and w are parallel to each other.
magnitude of j =+0"+1°+0° =1 >V Solution: (a)
B () u+2v=2i+3j+k+2(4i+6)+2k)
=2i+3j+k+8i+12j+4k
=10i+15/ + 5k
and magnitude of k =+0°+0°+1°=1So0i,j and k are called unit vectors along (i) u—v—w= (2£J_r3j+k)—(4£+6j+2k)—(—6i—9j—3@

x-axis, along y-axis and along z-axis respectively. Gsing the definition of addition and scalar

multiplication, the vector [x, y, z] can be written as = Q2-4+0)i+(3-6+9)j+(1-2+3)k

u=[x,y.z]  =[x,0,0]+[0,y,0]+[0,0,z] = 4i+6j+2k
= x{1,0,0]+ »[0,1,0] + z[0,0,,1] (b) y=4i+6)+2k=2(2i+3j+k)
=xi+yj+zk v=2u
: - : S — uandy are parallel vectors, and have same direction
Thus each vector [x, y, z] in R® can be uniquely represented by xi+ yj+ zk.
. o — Again w=—6i—9j-3k
In terms of unit vector i, j and k,, the sum u + v of two vectors =
- ror 1 : :_3(2l+3.]+k)
g:%x,y,z] and v [x,y ,z] 1s written as 3 =
L w=-3u
uty=x+x,y+yz+7] —  uand w are parallel vectors and have opposite direction.
=(x+x)i+(y+y)j+(z+2)k Hence u, v and w are parallel to each other.
version: 1.1 version: 1.1
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Let r = ﬁ:xz+yl+zk be a non-zero vector, let a, f and
y denote the angles formed between r and the unit coordinate

vectorsi, j and k respectively.

such that .
0<a<nm€, O0Lp<rm, and O0<y<r, R
(i) theangles «, B, y are called the direction angles and v’)
(i)  thenumberscosa, cosBandcosyare called directions’
cosines of the vector r. z
cjr (0,0,2)
Important Result:
Prove that cos? o + cos? § + cos2y =1 ; Aeyz)
5 s
0 ,f"ﬁ -
Solution: sk B
/o (0,,0)
Let zz[x,y,z]:xz+yl+zk P ’
{x,0,0)

r|=yx*+ )y +2* =r x

then ﬁ :F,l,i} is the unit vector in the direction of the vector r=0P.
r rrr

It can be visualized that the triangle OAP is a right triangle with ZA = 90°.

Therefore in right triangle OAP,

04  x ..
cosay = — = —, similarly
OP r

z
cosff = Z, cosy = —
r r

Z
,, COs 8 = 2 and cosy = — are called
r

r

The numbers cosa =

N | =

the direction cosines of OP.

2 2 2 2
z X+ +z r

2 2
X Y
St 2 2 2

2
r r

cos’a +cos’ B+cos’ y =

~
~N
N

version: 1.1
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1. LetA=(2,5),B=(-1,1)and C=(2,-6). Find
(i) 4B (i) 24B-CB (i) 2CB-2C4
2. letu=i+2j-k, v=3i-2j+2k, w=>5i— j+3k.Find the indicated vector or number.
() w+2vew (i) u-3w (i) Py+ ]
3. Find the magnitude of the vector v and write the direction cosines of v.
() v=2i+3j+4k (i) v=i-j-k (i) v=4i-5;
4.  Find a, so that i+ (a +1)/+2k/=3.
5.  Find a unit vector in the direction of y=i+2/ k.
6. Ifa=3i—j—4k, b=-2i-4j-3k and c=i+2j—k.
Find a unit vector paraIIeI_to 3a—2b+4c. -
7. Find a vector whose
()  magnitude is 4 and is parallel to 2/ -3, + 6k
(i)  magnitudeis 2 and is parallel to —i+ j +k
8. If u=2i+3j+4k,, v=-i+3j-k and w=i+6/j+zk represent the sides of a triangle.
Find the value of z.
9. The position vectors of the points A, B, Cand D are 2i— j+k, 3i+j,
2i+4j—2k and —i—2j+k respectively. Show that 4B is parallel
to CD. )
10. We say that two vectors v and w in space are parallel if there is a scalar ¢ such that

v = cw. The vectors point in the same direction if ¢ > 0, and the vectors point in the
opposite directionif c<0

(@)  Find two vectors of length 2 parallel to the vector v=2i -4, +4k.

(b) Find the constant a so that the vectors v=i-3j+4k and w=ai+9,;-12k are
parallel.

(c)  Find a vector of length 5 in the direction opposite that of y=i-2,+3k.
(d) Find a and b so that the vectors 3i— j+4k and ai+b, -2k are parallel.
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11. Find the direction cosines for the given vector:
(i) v=3i—j+2k (i) 6i-2j+k
(i) PO, whereP=%2, 1, 5)and QO (L, 3, 1).

12. Which of the following triples can be the direction angles of a single vector:
(i)  45° 459 6Q° (i)  30° 45° 6Q° (iii)  45° 60°, 6Q°

7.3 THE SCALAR PRODUCT OF TWO VECTORS

We shall now consider products of two vectors that originated in the study of Physics
and Engineering. The concept of angle between two vectors is expressed in terms of a scalar
product of two vectors.

Definition 1:
Let two non-zero vectors u and v, in the plane or in space, have same initial point. The

dot product of u and vy, written as w.v, is defined by

uy = |g| |y| cosd

u
u
0 3]
> 3 € e >
v v

where 0 is the angle betweenyandvand 0<6<mnx
Definition 2:

o

=
=

(@) Ifu=ai &j=and v a,i b,j.

are two non-zero vectors in the plane. The dot product u.v is defined by
uy=0,0,+b.b,

(b) Ifu=ai+hj+ck and v=a,i+b,j+c,k.

are two non-zero vectors in space. The dot product u.v is defined by

uy = aa,+bb, +cpc,

Note: The dot product is also referred to the scalar product or the inner product.

By Applying the definition of dot product to unit vectors i, j, k, we have,

(a) g’.g'==|g'||g'| cos 0" 1 (b) ll::k”l‘ cos 90° 0
jof =i cos0” 1 jdk==]j{lk| cos 90" 0
kk ==[k||k| cos 0" 1 ki==|k|li| cos 90" 0
© uy= [ufy] coso A

= [Yljuf coso
=  uy=vu
k
'
, , O}— > y
Dot product of two vectors is commutative. J
i
X
Definition: Two non-zero vectors u and v are perpendicular if and only if u.y = 0.

Since angle between y and v is % and cos%:O

Note: As0.b =0, for every vector b. So the zero vector is regarded to be perpendicular
to every vector.

Let u, v and w be vectors and let ¢ be a real number, then

version: 1.1

version: 1.1

() uvy=0=u=0o0rv=0



7. Vectors

elLearn.Punjab

7. Vectors elLearn.Punjab
(i) wyv=vu (commutative property)
(i) u.(w+w)=uv+uw (distributive property)
(iv) (cu)v=cuyy), (cis scalar)
The proofs of the properties are left as an exercise for the students.
Let wu = qi+bj+ckandy = a,i+b,j+c,k

be two non-zero vectors.
From distributive Law we can write:

uy = (a1l.+b1l+clk)-(azl.+bzl+Czk)

= aa,(ii) + albz(ll) + a,c,(i.k)

+ha,(ji) + bb,(j.j) + be,(jk) *
+aa, (ki) + ¢b(k.j) + ¢c,(kk) ij=J.

= uy = aa,+bb, +cgc,
Hence the dot product of two vectors is the sum of the product of their corresponding
components.
Equivalence of two definitions of dot product of two vectors has been proved in
the following example.

Example 1:

YW=XX, + ),

(ii) If v and w are two non-zero vectors in the plane, then

VATES |y| |v_v| cos@

where 0 is the angle betweenvand wand 0 < 6 < =.

Proof:

() Ifv=I[x,y,] and w = [x,, y,] are two vectors in the plane, then

Let v and w determine the sides of a triangle then the third side, opposite to the

angle 6, has length |v—w| (by triangle law of addition of vectors)

By law of cosines,
o=l =+ [ -2y [wfeose (1)
if v=fx,»] and w [x,,y,], then

X_"_VZ[)Q — XN _yZ]
So equation (1) becomes:

2 2 2 2 2 2
17X 1~V T 1 2 2 | T4y (W
|x x| +|y y| ‘x +y ‘+‘x +y ‘ 2|v| |w|cos:9
=2x%, =2y, = 2|y| |v_v|cos9

= XX+ Y, = |X| |V_V| cosf=y.w

Example 2: If u=3i-j-2k and v=i+2j—k, then
uy=(=3)1)+(=D(2)+(=2)(-1) =3

Example 3: If u=2i-4;+5k and v=-4i-3; -4k, then
uy=2)(4)+(=H(=3)+G)(=4) =0

— u and v are perpendicular

The angle between two vectors u and v is determined from the definition of dot

product, that is

(a) g.y:|g|$z_|c699, where 0 @ «

. cosf) =22
o
(b) u=ai+bhj+ck and v=a,i+b,j+c,k, then

uyv=aa,+bb, +cc,
|g| = \/a12 +b’+¢’ and |y| = \/a22 +b7 +c)’

u

cosf) = ——

I<

I
<

(=)

version: 1.1
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cosd — a,a, +bb, +cc,
\/“12 + b12 + 012 \/az2 + b22 + 022
Corollaries:

(i) If 6 =0 or &, the vectors u and v are collinear.

(i) If@z%, cosd=0 = uy=0.

The vectors u and v are perpendicular or orthogonal.

Example 4: Find the angle between the vectors

u=2i—j+k and v=-i+j

Solution: u.v=(2i—j+k).(-i+ j+0k)
=)D+ (DO +M0) =-3
lu|=]2i— j+ K| =@ + (=D’ + (1) =6

and |y =|-i+j+0k/=/(-D* + (1)’ +(0)* =2

Now cosf = 5=
Juf-]4
= cosf = S ﬁ
J6+2 2
L 0=>2
6
Example 5: Find a scalar a so that the vectors

2i+aj+5k and 3i+ j+ak are perpendicular.

Solution:
Let u=2i+aj+5k and v=3i+j+ak

It is given that u and v are perpendicular

7. Vectors
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~u.v=0

version: 1.1

= (2i+aj+5k) . Gi+j+ak )=0

= 6+a+5a=0
a= 1

Example 6:
Show that the vectors 2i—j+k, i—-3j-5k and 3i-4;-4k form the sides of a right
triangle.
Solution:
Let AB=2i—j+k and BC=i-3;j-5k "
Now AB+BC=Q2i—j+k)+(i—3j—5k)
=3i—4j—4k=AC (third side)
. AB, BC and AC form a triangle ABC.
Further we prove that AABC is a right triangle
AB . BC = (2i-j+k).(i-3j-5k)
=)D+ (=D(=3)+D(=3) B
=2+3-5 > B
=0
. AB 1 BC
Hence AABC s a right triangle.
In many physical applications, it is required to know
“how much” of a vector is applied along a given direction.
For this purpose we find the projection of one vector
along the other vector.
Let @:g and @:y
Let & be the angle between them, such that R
0<6=<m > 4
version: 1.1
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Draw BM 1 OA.Then OM is called the projection of v along u.

Now OL = cosd, that is,
OB
W:‘ﬁ‘cosﬁ = |y|cos(9 (1)
By definition, cosf == ()
ullv
From (1) and (2), OM =||.-==-
ullv
. Projection of v along u = Lr
a
Similarly, projection of u along v = %
v

Example 7: Show that the components of a vector are the projections of that vector
along i, j and k respectively.

Solution: Let y=ai+bj+ck , then

Projection of v along i = ﬁ =(ai+bj+ck)i=a
i J
o N :
Projection of v along j = ﬁ =(ai+bj+ck).j=>b
= i J J
. v.k _ .
Projection of v along k = ﬁ =(ai+bj+ck)k=c

Hence components a, b and ¢ of vector v=ai+b,+ck are projections of vector v along
i, j and k respectively.

Example 8: Prove that in any triangle ABC

(i) a’°=b*+c>—-2bccosA
(i) a=bcosC+ccosB

(Cosine Law)
(Projection Law)

version: 1.1

7. Vectors elLearn.Punjab

Solution: Let the vectors g, b and ¢ be along the sides BC, CA and AB of the triangle ABC as
shown in the figure.

a+b+c=0
= a=-(b+0
Now a.a = (b + ¢).(b + ¢)
= =bb+bc+chb+cc

= 0’°=b*+2b.c+ (
=  0°=b%+ c?*+ 2bc.cos(n — A)
s a’>=b%+c?>-2bccosA
(i) a+b+c=0
= a=-b-¢
Take dot product with a

a.a=-a.b-a.c

=—ab cos(rn — C) — ac cos(rn — B)

a?> =ab cos C +ac CosB

= a=bcos C+cCosB

| S~
1
I8
| S~
p—

Example 9: Prove that: cos(a. — B) = cos a cos B + sin a sin B

Solution: Let O4 and OB be the unit vectors in the xy-plane making angles a and B
with the positive x-axis.
So that ZAOB=a - y

A
Now @:cosag#sinal T
and 5§:cosﬂg’+sinﬂl B

o—p
. OA.OB = (cosai+sina j).(cos fi+sin )

= ‘aHO—B‘COS(a—,B)zcosacosﬂ+sinasinﬁ 0 > X

" cos(a — f)=cosacos f+sinasin ( ‘@‘ = ‘@‘ = 1)

version: 1.1
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1.  Find the cosine of the angle 6 between u and v:
()  wu=3i+j-k v=2i-j+k (i) u=i-3j+4k, v=4i—j+3k

(i) u=[ 3=5],v [6, -2] (V) u=[2, 3, F,v [2 4, 1]
2.  Calculate the projection of g along b and projection of b along a when:
() a=i keb j k (i) a=3i+j-k,b==-2i-j+k

3.  Find areal number o so that the vectors u and v are perpe_ndicular.
() u=2ai+j-k, v=itaj+4k
(i) u=ai+2aj+3k, v=itaj+3k
4. Find the number z so that the triangle with vertices A(1, -1, 0), B(-2, 2, 1) and C(0, 2, z)

is a right triangle with right angle at C.
5. Ifyis avector for which
vi=0, vj=0, vk=0, find y.
6. () Show thatthevectors 3i-2;+k, i—3;+5k and 2i+ j—4k form aright angle.
(ii) Show that the set of points P =(1,3,2), Q = (4,1,4) and P = (6,5,5) form a right triangle.
7 Show that mid point of hypotenuse a right triangle is equidistant from its vertices.
8. Prove that perpendicular bisectors of the sides of a triangle are concurrent.
9 Prove that the altitudes of a triangle are concurrent.
10. Prove that the angle in a semi circle is a right angle.
11. Prove that cos(a + ) = cos a cos B —sin a sin
12. Prove thatin any triangle ABC.
(i) b=ccosA+acosC (i) c=acosB+bcosA
(iii) b?>=c*+0a*°-2cacosB (iv) c¢?>=0a°+b?-2abcosC

7.4 THE CROSS PRODUCT OR VECTOR
PRODUCT OF TWO VECTORS

The vector product of two vectors is widely used in Physics, particularly, Mechanics and
Electricity. It Is only defined for vectors in space.

Let u and v be two non-zero vectors. The cross or vector product of u and v, written as
u X v, is defined by

version: 1.1
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uxy = (juf sin0) i

where 0 is the angle between the vectors, such that 0 < 6 < n and 7z is a “unit vector
perpendicular to the plane of u and v with direction given by the right hand rule.

right hand

Figure (a) Figure (b)

¥ vxu

Right hand rule
(i)  Ifthefingers of the right hand point along the vector 4 and then curl towards the
vector v, then the thumb will give the direction of 7 which is u x v. It is shown in the figure (a).
(i)  Infigure (b), the right hand rule shows the direction of v X u.

(a) By applying the definition of cross product to unit vectors i, j and k, we have:

(@)  ixi=|ilsin0" A=0

Jxj=|jl|jlsin0" 2=0 A
kxk =|k||k|sin0° 2=0

(b) gxl=|g|\l\sin90° k=k
Jxk=|j]k|sin90" i=i k

kxi=[k|ifsin90" j = g~ -
(©)  uxv=lu||y| sind i=[vu| sin(-0) i=~|vllu| sind 7 / -
= UXY=—VXU

(d)  wxu=|uljusin0° 2=0

version: 1.1



7. Vectors

elLearn.Punjab

Note: The cross product of i, j and k£ are written in the cyclic pattern. The
given figure is helpful in remembering this pattern.

|5

The cross product possesses the following properties:
1) uxy=0 if u=0 or y=0
(i)  uxy=-vyxu

(111) UX(V+W)=uxv+uxw (Distributive property)
(iv)  ux(ky)=(ku)xy=k(uxy),
(v)  uxu=0

The proofs of these properties are left as an
the students.

k 1s scalar

Let u=aji+bj+ck and v=a,i+b,j+ck, then
QXX:(all."‘bll"'clk)x(azl."'bzl"'czk)

=a,a,(ix0)+ab,(ix j)+ac,(ixk) (by distributive property)

thay(jx D) +bby(jx ) rbe,(jxk) | ixj=k==jx

+e,a,(kx i) +cb,(kx j)+cc,(kxk) ixi=jxj=kxk=0
= albzk—alczl—bla2k+blczg'+ clazl—clbzg'
= uxy=(be, —¢b)i—(ac, —ca,)j+(ab, —ba))k (1)

The expansion of 3 x 3 determinant

exercise for

elLearn.Punjab
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a, b ¢|=(bc,—cb)i—(ac, —ca, )l +(ab, —ba,)k
a, b, ¢

The terms on R.H.S of equation (i) are the same as the terms in the expansion of the above

determinant
k

¢ (i1)

h 6

]

S I~

Hence uxy=|q,
a,

S

which is known as determinant formula for u x v.

Note: The expression on R.H.S. of equation (ii) is not an actual determinant, since its entries
are not all scalars. It is simply a way of remembering the complicated expression on R.H.S.

of equation (i).

If u and v are parallel vectors, ( 6 =6 sik0)”  0), then

UXy = |g| |1_)| sind n
uxy =0 or yxu =0
And if uxv=0. then

either sin@=0 or |g|:0 or |y|:()

(i) If sind=0 = #=0" or 180", which shows that the vectors u and v are parallel.

(i) Ifu=0ory=0, then since the zero vector has no specific direction, we adopt the
convention that the zero vector is parallel to every vector.

Note: Zero vector is both parallel and perpendicular to every vector. This apparent
contradiction will cause no trouble, since the angle between two vectors is never applied

when one of them is zero vector.

Example 1: Find a vector perpendicular to each of the vectors

a=2i+j+k and b=4i+2j-k

version: 1.1
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Solution: A vector perpendicular to both the vectorsagand bisaxb

i J k
axb=2 -1 1|=-i+6j+8k
4 2 -1

Verification:
aaxb=Q2i+ j+k).(-i+6j+8k) =(2)(=1)+(=D(6)+(1)(&)=0
and  baxb=(4i+2j-k).(-i+6j+8k) =(4)(=1)+(2)(6) +(-1)(8)=0
Hence a x b is perpendicular to both the vectors g and b.

Example 2: If a=4i+3j+k and b=2i-j+2k. Find a unit vector perpendicular to
both g and b. Also find the sine of the angle between the vectors a and b.

[

LoJ
Solution: axb=|4 3 =7i-6j 10k
2

1
-1 2

and  |axb|=+/(7)* +(=6)> +(10)* = /185

axb

A unit vector n perpendicularto a and b = | 5
axo

1
=——(7i-6/—10k
85(‘ /108

N

Now |a|=+/(4) +(3)° +(1)* =26
b =) + (=1 +(2) =3

If 6 is the angle between g and b, then |ax b|=|d||| sind

. axb /185
= sinf = =
laxb| 3426

Example 3: Prove that sin(a + ) = sin a cos B +cos a sin B

Proof: Let O4 and OB be unit vectors in the xy-plane making angles o and —p with the

So that ZAOB = a+f vy
Now@:cosag#sinal t
and OB = cos(—P)i+sin(—f)j ’
=cosfi—sinfj .
@X@:(Cosﬁg—sinﬂl)x(cosag’+sinal) 9, {—I—ﬁ » X
i J k
= ‘@H@‘sin(og + Rk =|cosfp - si_n,B 0 B
cosa sing 0

=  sin(a+ f)k = (sinacosf +cosasin f)k
sin(a + ) = sinacosf +cosasin

Example 4: In any triangle ABC, prove that

a b c

— = = (Law of Sines)
simd sinB sinC

Proof: Suppose vectors g, b and ¢ are along the sides BC, CA and AB respectively of the

triangle ABC.
a+b+c=0
=  b+c=-a (1)
Take cross product with ¢
bxc + ¢x¢c = —axc¢
bxc =c¢xa (. ¢xe = 0)
= [bxd = exd

b|c| sin(z - A) =—|c||a| sin(z B)

version: 1.1

positive x-axis respectively

B >
a C
=  bcesinA=casinB = bsinA=asinB -B
a b .

= 11

sin4 sinB (1)
similarly by taking cross product of (i) with b, we have

version: 1.1
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a c ...
- il
sin4 sinC (i11)

a b ¢
sind sinB sinC

From (i1) and (ii1), we get

If u and v are two non-zero vectors and 6 is the angle between
u and y, then [u| and |v| represent the lengths of the adjacent sides of a parallelogram, (see

figure)
We know that:
Area of parallelogram = base x height

= (base) (h) = |z||z| sin@

.. Area of parallelogram = |u x |

From figure it is clear that - 2

<
s
-

Area of triangle = %(Area of parallelogram) &

1= 4

Area of triangle :% |g y|

where u and v are vectors along two adjacent sides of the triangle.

Example 5: Find the area of the triangle with vertices
A(1,-1,1),B22,1,-1)and C(-1, 1, 2)
Also find a unit vector perpendicular to the plane ABC.

Solution: AB=(2-Di+(1+1)j+(-1-Dk=i+2j-2k
AC=(-1-Di+(1+1D)j+(2-Dk=-2i+2j+k

elLearn.Punjab
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Now ABxAC=[l 2 -2/=Q+4)i-(1-4)j+Q2+4)k=6i+3j+6k
2 2 1

The area of the parallelogram with adjacent sides 4B and AC is given by
[ABx AC|=|6i+3/ +6k|=/36+9+36 =/81 = 9

Area of triangle = 1 ‘E x E“ - 1‘61 +3j+ 6@‘ _9
2 2 = 2

A unit vector L to the plane ABC =%:l(61+3j+6&)21(21+j+2k)
ABx AC| 9 - 3 =
Example 6: Find area of the parallelogram whose vertices are P(0, 0, 0), Q(-1, 2, 4),

R(2,-1,4)and 5(1, 1, 8).

Solution: Area of parallelogram = |z><£|
where u and v are two adjacent sides of the parallelogram

FQ:(—1—0)£+(—2—0)Z+(4—0)k=—i+21+4k
and ﬁ:(2—0);’+(—1—0)Z+(4—0)k=2£'—l+4k

i

Now POxPR=|-1
2 -1

J
2 =(8+4)i—(~4-8)j +(1-4)k

i S Ca

Be careful!:
Not all pairs of vertices give a
side e.g. PS is notaside, itis

=297 diagonal since PO+ PR =PS

Area of parallelogram = ‘FQ X ﬁ‘ = ‘12;' +12) - 3&‘

=144 +144+9

Example7: If u=2i—j+k and v=4i+2j-k, find by determinant formula

(i) uxXu (i) uxy (i) vXu

©
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Solution: u=2i-j+k and v=4it 2/ k
By determinant formula
i J  k
uxu=02= =1 1| 0 ( Two rows are same)
2 -1 1
i J  k
uxy=12 -1 11 =12)i (2 4)) H4 )k =+ +6)] 8k
4 2 -1 B B
i j k
vxu=4 2 -l=(2- Di- (4+2)j+ 4- Hk=i— 6j— 8k
2 -1 1

Compute the cross product a x b and b x a. Check your answer by showing that each
a and b is perpendiculartoax b and b x a.

() a=2i+j-k , b=i-j+k (ii)

a=i-j=, b i J
(i) a=3i-2j+k , b=i+j (V) a=—4i+j-2k , b=2i+j+k
Find a unit vector perpendicular to the plane containing a and b. Also find sine of the

angle between them.

() a=2i-6j-3k , b=4i+3j-k (i) a=-i-
(i) a=2i-2j+4k , b=—-i+;-2k (V) a=i I
Find the area of the triangle, determined by the point P, Q and R.
(i)  P0,0,0);: 0,3, 2); R(-1 1, 4)

i) PQ, -1, -1); 02,0, -1); R0, 2, 1)

find the area of parallelogram, whose vertices are:

(i) A0, 0,0); B(, 2,3); C2, -1, 1); D@3, 1, 4)

(i) A, 2, -1); B4, 2, -3); C(6, -5,2): DO, -5, 0)

(i)  A(-1 1, 1); B(-1, 2,2); C(=3, 4, -5); D(-3, 5, -4)

—k , b=2i-3j+4k

T

= j=, b i

~.

version: 1.1
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(a)
(b)

Which vectors, if any, are perpendicular or parallel
()  wu=Si-j+k; v=/j-5k ; w=-15i+3,-3k

(i) u=i+2j—k ; v=—i+j+k ; w=—"i-mj+2k
/ J 2 LTS

Prove that: axb+o+bx(c+a)+cx(@+b)=0
Ifa+b+c=0,thenprovethataxb=bxc=cxa

Prove that: sin(a. — B) = sin o cos B + cos a sin B.

Ifax b=0anda.b=0,what conclusion can be drawn about g or b?

SCALAR TRIPLE PRODUCT OF VECTORS

There are two types of triple product of vectors:

Scalar Triple Product: (uxv).w or wu.(vxw)

Vector Triple product: u x (vx w)

In this section we shall study the scalar triple product only

Definition

Now

Let u=ai+bj+ck,v=a,i+b,j+c,k and w=a,i+b,j+c,k

be three vectors B B

The scalar triple product of vectors u, v and w is defined by
u.(vxw) or v.(w x u) or w.(u x v)

The scalar triple product u.(v x w) is written as
u(vxw)=[uvwl

Let u=ai+bj+tck,v=ai+b j+ck and w=a,i+b,j+ck

<
X
I=
I
N
[\
S I~
ReRE

L
w
S
H
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= vxw=(b,c; —byc,)i —(a,¢; —asc, )l +(a,b; — ab,))k

u.(vxw)=a,(b,c; —byc,) —b(a,c; —ae,) + ¢ (a,b; — asb,)
a b, G

= uwxw)=la, b, ¢

a, b, ¢

which is called the determinant formula for scalar triple product of u, v and w in

component form.

a b, G
Now wu.(vxw)=la, b,

a, by ¢

.| Interchanging R, and R,

=la, b, «¢;| Interchanging R, and R,

=la, b, /| Interchanging R, and R,
a, b ¢
v(wxu)=w.(uxy)

Hence u.(yxw) =v.(wxu)=w.(uxy)

elLearn.Punjab
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Note: (i)

The value of the triple scalar product depends upon the cycle order of the

vectors, but is independent of the position of the dot and cross. So the dot and cross, may
be interchanged without altering the value i.e;

(i)  (uxy).w=u.@xw)=[u v w]
(vxw).u=y.(wxu)=[v wu]
(wxu).v=w.(uxy)=[w u y]
(iii)
(iv)

The value of the product changes if the order is non-cyclic.
u.v.w and u x (v.w) are meaningless.

The triple scalar product (U x V).w u
represents the volume of the parallelepiped
having u, v and w as its conterminous edges.

As it is seen from the formula that:

(uxv).w=|ux v|[wcosd

Mg
height =] msﬂi

Hence () |uxy| = area of the parallelogram < - -
with two adjacent sides, u and v. =lu x|
(i) [w|cosé =height of the parallelepiped

(ux v).w=|uxv||w|cos @ = (Area of parallelogram)(height)

= Volume of the parallelepiped
Similarly, by taking the base plane formed by v and w, we have

The volume of the parallelepiped = (v x w).u
And by taking the base plane formed by w and u, we have

The volume of the parallelepiped = (w x u).v
So, we have: (U x V).w = (v X w).u = (W X u).v

Volume of the tetrahedron ABCD

= % (AABC) (height of D above the place 4ABC)
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11
255 |2><‘_’| (h)

:% (Area of parallelogram with AB and AC as adjacent sides) (%)
A

= %(V olume of the parallelepiped with u, v, w as edges)

Thus Volume = %(gxy).v_v = é[g 1 w]

Properties of triple scalar Product:

1. If u, v and w are coplanar, then the volume of the parallelepiped so formed is zero
i.e; the vectors u, v, w are coplanar < (uxv).w=0
2.  If any two vectors of triple scalar product are equal, then its value is zero i.e;

[uuw]=[uvy]=0

Example 1:  Find the volume of the parallelepiped determined by

u=i+2j-k,v=i—j+3k, w=i-7j-4k

I 2 -1
Solution: Volume of the parallelepiped =uvyxw=|l -2 3
1 -7 -4

= Volume=1@8+21)-2(-4-3)-1(-7+2)

=29+ 14 +5=48

Example 2: Prove that four points
A(-3,5,-4), B(-1,1,1), C(-1, 2, 2) and D(-3, 4, -5) are coplaner.

Solution: AB=(-1+3)i+(1-5)j+(1+4)k =2i—4j+5k
AC=(-1+3)i+(2-5)j+Q2+4)k =2i-3j+6k

AD=(3-3)i+(4=5)j+(-5+4k =0i-j-k=-j~k

Volume of the parallelepiped formed by 4B, AC and 4D is

2 -4 5
[ZEI&?ZB]:z —3 6|=2(3+6)+4(=2—-0)+5(-2-0)
0 -1 -1
=18-8-10=0

As the volume is zero, so the points A, B, C and D are coplaner.

Example 3: Find the volume of the tetrahedron whose vertices are
A(2,1,8),B(3,2,9), C2,1,4)and D(3, 3, 0)

Solution: AB=(3-2)i+(2-1);+(O-8)k =i+,+k
AC=(2-2)i+(1-1)j+(4-8)k =0i-0;-4k
AD=(3-2)i+(3-1)j+(0-8)k =i+2;-8k

Volume of the tetrahedron = %[ZE AC A_ﬁ]

11 bl 1 4 2

==0 0 -4/==[42-D]====

6 6[( ) 6 3
1 2 -8

Example 4: Find the value of o, so that @i+ j, i+ j+3k and 2i+ j-2kare coplaner.

Solution: Let u= ai+j , v=i+,j+3k and w=2i+ -2k
Triple scalar product

a 1 0
[uyw]=l 1 3|=a(-2-3)-1(-2-6)+0(1-2)
2 1 -2
=-5a+8

The vectors will be coplaner if -5¢+8=0 = « :g
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Example 5: Prove that the points whose position vectors are A(—6i+3;+2k),
B(3i-2j+4k), C(5i+7j+3k), D(-13i+17 j - k) are coplaner. )
Solution:  Let O be the origin.
OA=—6i+3j+2k ; OB=3i-2j+4k
OC=5i+7j+3k ; OD=r 13i-17] k
AB=0B—-0A4=3i-2j+4k)—(=6i+3 + 2k)
:91—51_+2k )
AC=0C-0A4=5i+7j+3k)—(—6i + 3 +2k)
=11g'+42+k .
AD=0D—O0A=(-13i+17j - k) — (~6i +3 + 2k)

=-Ti+14j -3k
9 -5 2
Now AB.(ACxAD)=[11 4 1
-7 14 -3

=9(—12—14) +5(=33+7) + 2(154 + 28)
= 234 180 364 0

" E,Z,’,ﬂ) are coplaner
— The points A, B, Cand D are coplaner.

(a) Work done.

If a constant force F, applied to a body, acts at an
angle 0 to the direction of motion, then the work done
by F is defined to be the product of the component of
Fin the direction of the displacement and the distance
that the body moves.
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In figure, a constant force F acting on a body, displaces it from A to B.
Work done = (component of F along AB) (displacement)

={F cosO)(AB) F .AB

Example 6: Find the work done by a constant force £ =2i+4 , ifits points of application
to a body moves it from A(1, 1) to B(4, 6).
(Assume that |F| is measured in Newton and |d| in meters.)

Solution: The constant force F=2i+4;,
The displacement of the body = d = 4B
—(4-1)i+(6-1)j =3i+5j

work done=F.d
*(20 4+ G 5))
=(2)3)+ (4 (5) =26nt.m

Example 7: The constant forces 2i+5;+6k and -i+2j+k act on a body, which is
displaced from position P(4,-3,-2) to Q(6,1,-3). Find the total work done.

Solution: Total force = (2i+5, +6k)+ (=i +2; +k)
= F=i+3j+5k
The displacement of the body =FQ:(6—4)1+(1+3)Z+(—3+2)@
= d=2i+4j-k
work done=F.d
=(+3/+5k) . (2i+4)-k)
—24+12-5 =9nt.m
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(b) Moment of Force

Let a force F (PO) act at a point P as shown in the figure,
then moment of F about O. o
= product of force F and perpendicular ON. n
=tPQ)ON)(1n)  (PO)OP)sin0 . n

:EﬁxFQ =rxF

Example 8: Find the moment about the point M(-2 , 4, —6) of the force represented by
AB, where coordinates of points Aand B are (1, 2, -3) and (3, -4, 2) respectively.

Solution: AB=(3—-1)i+(-4-2)j+(2+3)k=2i—6+5k
MA=(1+2)i+(2-4)j+(-3+6)k=3i-2,+3k

Moment of 4B about (-2, 4,—6)=K><E=mxﬁ

i j k
=3 -2 3
2 -6 5

=(-10+18)i — (15— 6) +(~18+4)k
=8i -9, —14k

Magnitude of the moment = \/ (8)> +(-9)” +(—=14)" =+/341

1.  Find the volume of the parallelepiped for which the given vectors are three edges.

(1) u=3i+2k; v # 2] % w =5 #k
(i) u=i-4j-k; v=i—j-2k; w=2i-3j+k
()  u=i-2j-3k; v=2-j-k; w=j+k
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2. Verify that
a.bxc = b.cxa = c.axb

10.

1.

12.

13.

14.

15.

if Q:3£—l+5k, Q:4g+3l—2@, and g=21'+51+k

Prove that the vectors i -2 +3k, -2i+3j-4k and i-3j+5k are coplanar
Find the constant a such that the vectors are coplanar.

(i) i—j+k, i-2j-3k and 3i-aj+5k

(i) i-2aj-k, i—j+2k and ai-j+k

(a) Find the value of:

() 2ix2jk (i) 3jkxi (i) [kij] (V) [iik]

(b) Prove that g.(yxv_v)+\_z.(v_vxg)+v_v.(gxy):3 u.(vxw)

Find volume of the Tetrahedron with the vertices

i (0,12, G210, (1,2, 1) and (5,5, 6)

i) (2,18, (3,5209), (2, 1,4) and (3,3, 10).

Find the work done, if the point at which the constant force £ =4i+3;+5k is applied
to an object, moves from P(3,1,-2) to P,(2,4,6).

A particle, acted by constant forces 4i+;-3k and 3i—j—k, is displaced from
A(1,2,3)to B(5, 4, 1). Find the work done. B

A particle is displaced from the point A(5, -5, —7) to the point B(6, 2, —2) under the
action of constant forces defined by 10i — j +11k, 4i+5;+9k and —2i+ j —9k. Show that
the total work done by the forces is 102 units.

A force of magnitude 6 units acting parallel to 2i-2j+k displaces, the point of
application from (1, 2, 3) to (5, 3, 7). Find the work done. -

A force F=3i+2j—4k is applied at the point (1, -1, 2). Find the moment of the force
about the point (_2, -1, 3).

A force F =4i-3k, passes through the point A(2,-2,5). Find the moment of £ about
the point B(1,-3,1).

Give a force F =2i+ j—3k acting at a point A(1, -2, 1). Find the moment of £ about the
point B2, 0, -2).

Find the moment about A(1, 1, 1) of each of the concurrent forces i-2j, 3i+2/-k,
5j +2k, where P(2,0,1) is their point of concurrency.

Aforce F = Ti+4j-3k is applied at P(1,-2,3). Find its moment about the point Q(2,1,1).
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