Learning Objectives

At the end of this chapter the students will be able to:

1.
2.
3.
4.

Understand and use rectangular coordinate system.
Understand the idea of unit vector, null vector and position vector.
Represent a vector as two perpendicular components (rectangular components).

Understand the rule of vector addition and extend it to add vectors using
rectangular components.

Understand multiplication of vectors and solve problems.
Define the moment of force or torque.
Appreciate the use of the torque due to a force.

Show an understanding that when there is no resultant force and no resultant
torque, a system is in equilibrium.

9. Appreciate the applications of the principle of moments.
10, Apply the knowledge gained to solve problems on statics.

o N& o

l hysical quantities that have both numerical and directional properties are called

vectors. This chapter is concemed with the vector algebra and its applications in problems
of equilibrium of forces and equilibrium of torques.

(i) Vectors
As we have studied in school physics, there are some physical quantities which require
both magnitude and direction for their complete description, such as velocity, acceleration
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and force. They are called vectors. In books, vectors are
usually denoted by bold face characters such as A, d, r and
v while in handwriting, we put an arrowhead over the letter
e.g. d. If we wish to refer only to the magnitude of a vector d
we use light face type such as d.

A vector is represented graphically by a dlrected line
segment with an arrowhead. The length of the line
segment, according. to a chosen scale, corresponds to
the magnitude of the vector.

(ii) Rectangular coordinate system

Two reference lines drawn at right angles to each other
as shown in Fig. 2.1 (a) are known as coordinate axes and
their point of intersection is known as origin. This system
of coordinate axes is called Cartesian or rectangular
coordinate system.

" One of the lines is named as x-axis, and the other the y--

axis. Usually the x-axis is taken as the horizontal axis, with
the positive direction to the right, and the y-axis as the
vertical axis with the positive direction upward.

The direction of a vector in a plane is denoted by the angle
which the representative line of the vector makes with
positive x-axis in the anti-clock wise direction, as shown in
Fig 2.1 (b). The point P shown in Fig 2.1 (b) has
coordinates (a,b). This notation means that if we start at
the origin, we can reach P by moving ‘@’ units along the
positive x-axis and then ‘b’ units along the positive y-axis.

The direction of a vector in space requires another axis
which is at right angle to both x and y axes, as shown in
Fig 2.2 (a). The third axis is called z-axis.

The direction of a vector in space is specified by the three
angles which the representative line of the vector makes
with x, y and z axes respectively as shown in Fig 2.2 (b).
The point P of a vector A is thus denoted by three
coordinates (a, b, c).

(ili) Addition of Vectors

Given two vectors A and B as shown in Fig 2.3 (a), their sum
is obtained by drawing their representative lines in such a
way that tail of vector B coincides with the head of the vector
A. Now if we join the tail of A to the head of B, as shown in
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. the Fig. 2.3(b), the line joining the tail of A to the head of B will

A/ represent the vector sum (A+B) in magnitude and direction.
/ The vector sum is also called resultant and is indicated by R.
B Thus R = A+B. This is known as head to tail rule of vector

o addition. This rule can be extended to find the sum of any

Fig. 2.3(a) number of vectors. Similarly the sum B + A is illustrated by

"ack lines in Fig 2.3 (c). The answer is same resultant R as
indicated by the red line. Therefore, we can say that

A+B=B+A (2.1)

B So the vector addition is said to be commutative. It means
o« /) that when vectors are added, the result is the same for any
A/ - order of addition.

/ “een® (iv) Resultant Vector

The resultant of a number of vectors of the same kind —force
Fig. 2.3(u) vectors for example, is that single'vector which would have
the same effect as all the original vectors taken together.

B (v) Vector Subtraction
a

, , The subtraction of a vector is equivalent to the addition of
A/ “‘b*
’ «‘,p A

the same vector with its direction reversed. Thus, to
subtract vector B from vector A, reverse the direction of B

5 and add it to A, as shown in Fig. 2.3 (d).
A-B=A+(-B) where (-B) is negative vector of B

Fig. 2.3{e)
vi) Multiplication of a Vector. by a Scalar

(
-B The product of a vector A and a number n > 0 is defined
B | fo be a new vector nA having the same direction as A
- / but a magnitude n times the magnitude of A as
‘8 /A illustrated in Fig. 2.4. If the vector is multiplied by a
negative number, then its direction is reversed.

Fig. 2.30d) In the event that n represents a scalar quantity, the product
nA will correspond fo a new physical quantity and the
dimensions of the resulting vector will be the product of the
dimensions of the two quantities which were multiplied
together. For example, when velocity is multiplied by scalar
mass m, the product is a new vector quantity called momentum
having the dimensions as those of mass and velocity.

(Vi) _Unit Vector |

A unit vector in a given direction is a vector with magnitude
one in that direction. It is used to represent the direction of
Fig 24 a vector.
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A unit vector in the direction of A is written as A , which we
read as ‘A hat', thus

A = AA
&l
A Do s citiRe 2.2)

The direction along x, y and z axes are generally

A

represented by unit vectors i, j and k respectively

(Fig. 2.5 a). The use of unit vectors is not restricted to
Cartesian coordinate system only. Unit vectors may be
defined for any direction. Two of the more frequently

used unit vectors are the vectorltwhich represents the

direction of the vector r(Fig. 2.5 b) and the vector n
which represents the direction of a normal drawn on a
specified surface as shown in Fig 2.5 (c).

(viii) Null Vector

Null vector is a vector of zero magnitude and arbifrary
direction. Forexample, the sum of a vector and its negative
vector is a null vector.

A+(-A)=10 (2.3)
(ix)  Equal Vectors
Two vectors A and B are said to be equal if they have the

same magnitude and direction, regardless of the position
of their initial points.

This means that parallel vectors of the same magnitude
are equal to each other.

'(rx') Rectangular Components of a Vector

A component of a vector is its effective value in a given
direction. A vector may be considered as the resultant of
its component vectors along the specified directions. It is
usually convenient to resolve a vector into components
along mutually perpendicular directions. Such components
are called rectangular components.
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Let there be a vector A represented by OP making angle 6
with the x-axis. Draw projection OM of vector OP on x-axis
and projection ON of vector OP on y-axis as shown in
Fig.2.6.Projection OM being along x-directionis represented

by A,; and projection ON = MP along y-direction is
represented by A, j By head and tail rule

A=A +Aj (2.4)

A i
Thus A,iand A, jare the components of vector A. Since

these are at right angle to each other, hence, they are called
rectangular components of A Considering the right angled

triangle OMP, the magnitude of A, i or x-component of A is

A= ACOSO o ik (2.5)

And that of A, ; or y-component of A is

Ay=Asin 0 P : (26)

Determination of a Vector from its
Rectangular Components

If the rectangular components of a vector, as shown in
Fig. 2.6, are given, we can find out the magnitude of the
vector by using Pythagorean theorem.

(xi)

In the right angled A OMP.
OP’ = OM? + MP’
or ATZAZep? @7
or A=(AZ+A’

Shan z MP _A
an 0 b ALY
d direction 6 is given by tano oM~ 4,

or 6 =-mn~‘~% .......... (2.8)
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(xii) Position Vector

The position vector r is a vector that describes the location
of a point with respect to the origin. It is represented by a
straight line drawn in such a way that its tail coincides with
the origin and the head with point P (a,b) as shown in
Fig.2.7(a). The projectionsof position vector r on the x and
y axes are the coordinates a and b and they are the
rectangular components of the vector r. Hence

Feal +b) and e ate o Llans (2.9)

In three dimensional space, the position vector of a point
P (ab,c) is shown in Fig. 2.7 (b) and is represented by

r=a§+b;+clht and r=,/ a’4b”+7 .......... (2.10)

Example 2.1: The positions of two aeroplanes at any
instant are represented by two points A (2, 3, 4) and
B(5, 6,7) from an origin O in km as shown.in Fig. 2.8.
(i) What are their position vectors?

(ii) Calculate the distance between the two aeroplanes.

Solution: (i) A position vector ris given by

| F=al +B] ok
Thus position vector of first aeroplane A is

» A

OA=2i +3 j +4k

And position vector of the second aeroplane B is
OB=5i+6j+7k

By head and tail rule

: OA + AB=0B
Therefore, the distance between two aeroplanes is given by

AB=0B-OA=(5i+6j+7k)-(2i+3]+4k)

= (3i+3]+3k)

Magnitude of vector AB is the distance between the
position of two aeroplanes which is then:

AB = |/(3km)? + (3km)? + (3km)” = 5.2km

27

P(ab)

Fig. 2.7(a)

Plabc)

Fig. 2.7(b)

Fig. 28



J TRec -3

Let A and B be two vectors which are represented by two

- directed lines OM and ON respectively. The vector B is added

to A by the head to tail rule of vector addition (Fig 2.9). Thus
the resultant vector R = A + B s given, in direction and
magnitude, by the vector OP.

In the Fig 2.9 A,, B, and R, are the x components of the
vectors A, B and R and their magnitudes are given by the
lines OQ. MS, and OR respectively, But

OR =0Q + QR
or OR=0Q+MS
or R,=A, +8B, (2.11)

which means that the sum of the magnitudes of
X-components of two vectors which are to be added, is
equal to the x-component of the resultant. Similarly the
sum of the magnitudes of y-components of two vectors is
equal to the magnitude of y-component of the resultant,
that is

R,=A,+8, | oo B Uy

Since R, and R, are the rectangular components of the
resultant vector R, hence

R=Ri+R,j
or R=(A, +BJi+(A,+8B)j

The magnitude of the resultant vector R is thus given as

R= A +B, ) +(A+B,)} SRS N R

and the direction of the resultant vector is determined from
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Q= tan"BL: tan"(A_yﬂ
Ry (A + B, )

= st Ayt By)
and 6 =tan (——Ax"‘ o R s (2.14)

Similarly for any number of coplanar vectors A, B, C...., we
can write

R= [iA +B + G P B G P (2.15)

L(A+B,+C +....)
b=ty LT el St ol Rl 2.16
e Ak ) ] )

The vector addition by rectangular components consists of
the following steps.

Find x and y components of all given vectors.

| Find x-component R, of the resultant vector by
adding the x-components of all the vectors.

Find y-component R, of the resultant vector by
adding the y-components of all the vectors.

Find the magnitude of resultant vector R using

R= ,/R;‘ +R,F

Find the direction of resultant vector R by using

R
8 =tan” L
R

where 8 is the angle, which the resultant vector makes with
positive x-axis. The signs of R, and R, determine the
quadrant in which resultant vector lies. For that purpose
proceed as given below.

Irrespective of the sign of R, and R,, determine the value
, R

of tan E'— = ¢ from the calculator or by consulting

X

trigonometric tables. Knowing the value of ¢, angle € is
determined as follows.

Do You Know?

The Chinese acrobats in this
incredible balancing act are in
equilibrium.
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o

a) If both R, and R, are positive, then the resultant lies
in the first quadrant and its directionis 0 =¢.

b) IfR. is —ive and R, is +ive, the resultant lies in the
second quadrant and its direction is 6 = 180" -0,

¢) Ifboth R, and R, are —ive, the resultant lies in the third
quadrant and its direction is 6 = 180+ ¢ .

d) If Ry is positive and R, is negative, the resuLtant lies in
the fourth quadrant and its direction is 6 = 360~ 6 .

Example 2.2: Two forces of magnitude 10 N and 20 N
act on a body in directions making angles 30° and 60°
respectively with x-axis. Find the resultant force,

Solution:

Step (i)  x-components

The x-component of the first force = F,, = F, cos 30°
=10N x 0.866 = 8.66 N

The x-component of second force = Fa = F5 cos 60°

=20Nx05=10N
y-components
The y-component of the first force = F,, = F, sin 30°
=10Nx05=5N

The y-component of second force = Fa = F; sin 60°
=20N x0.866 = 17.32 N
Step (ii)
The magnitude of x component F, of the resultant force F
Fi=F, +F,
Fc=866N+10N=1866N
Step (iii)
The magnitude of y component £y of the resultant force F
Fy=Fiy+Fy
Fy=5N+1732N=2232N
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Step (iv)
The magnitude F of the resultant force F

F=JFZ+ F = J(18.66Nf + (2232N)" =29 N

Step (v)
If the resultant force F makes an angle 6 with the x-axis
then :
oGy A BRI e .
0 =tan F tan o tan™ 1.196 = 50°.

Example 2.3: Find the angle between two forces of equal
magnitude when the magnitude of their resultant is also
equal to the magnitude of either of these forces.

Solution: Let @ be the angle between two forces F; and
F., where F, is along x-axis. Then x-component of their
resultant will be

R,=F;cos 0° + F,cos B
R,=F; +F;cos0
And y-component of their resultant is

R, = F; sin (° + F sin0 Point to Ponder
R, = F; sinB ; md;“wm%w:xm
The resultant R is givenby  R*=R{ +R/ of abumpy-riding bus?
As R=F, =F=F
Hence F 2= (F + F cos0)? + (F sing)*
Or 0=2F?cosO+F? (cos’6 + sin°0)
or 0=2F? cosO+ F?
Oor cosf=-05
or 8 = cos'(-0.5) = 120

There are two types of vector multiplications. The product
of these two types are known as scalar product and vector
product. As the name implies, scalar product of two vector
guantities is a scalar quantity, while vector product of two

vector quantities is a vector quantity.
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Scalar or Dot Product

The scalar product of two vectors A and B is written as
A . B and is defined as

A.-B=ABcos® . .1 (2.17)

where A and B are the magnitudes of vectors A and B and
8 is the angle between them.

For physical interpretation of dot productof two vectors A and
B, these are first brought to a common origin (Fig. 2.10 a),

then, A.B = (A) (projection of B on A)

L or
A.B = A (magnitude of component of B in the direction of A)

=A (BcosbH)= ABcos 6
Similarly B.A=B (Acos @)= BA cos 0

We come across this type of product when we consider the
work done by a force F whose point of application moves a
distance d in a direction making an angle 6 with the line of
action of F, as shown in Fig. 2.11.

Waork done = (effective component of force in the direction
of motion) x distance moved
=(Fcosb)d=Fdcoso

Using vector notation

F.d = Fd cos 0 = work done

Characteristics of Scalar Product

L Since A.B=ABcos6 and B.A =BA cos = AB cos ).
hence, AB =B.A. The order of multiplication is
irrelevant. In other words, scalar product is
commutative.

2. The scalar product of two mutually perpendicular
vectars is zero. A.B = AB cos90° = 0

In case of unit vectors l.f and ﬁ. since they arc
mutually perpendicular, therefore,
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ij=jk=k.i=0 S (248)
- X The scalar product of two parallel vectors is equal

to the product of their magnitudes. Thus for parallel
vectors (0=07)

A.B = ABcos 0'= AB
In case of unit vectors

L) A A A

b i=1. )7k k=1 SN what should You'do?

and for antiparallel vectors (6=180°)
A.B = ABcos180° = -AB

4. The self product of a vector A is equal to square of
its magnitude.

A.A = AA cos 0° = A?
5. Scalar product of two vectors A and B in terms of
their rectangular components
AB=(A i +A, j+A k). (B, i +B, | +B, k)
or AB=AB +AB,+AB, ... (2.20)

Equation 2.17 can be used to find the angle between two
vectors: Since,

A.B=ABcosb=AB,+AB, +A.B,
AB,+AB +AB,

Therefore, cosl)=

2 i S

Example 2.4: Aforce F=2i + 3] units, has its point of

application moved from point A(1,3) to the point B (5,7).
Find the work done.

Solution: Position vector of point A is ry = i+ 3iand that

of pointBisr; = Si+7i
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Disp‘lacementcl=rg—rA=(5—1 ) ;+(7—3) ; =4i +4}

Work done = F.d = (21 +3]). (41 +4])

=8 + 12 = 20 units

Example 2.5: Find the projection of vector A=2 i -8 j +k
in the direction of the vector B= 3 - 4} - 12|:.

Solution: If 8is the angle between A and B, then A cos@
is the required projection.

By definition A.B=ABcos 0

Ar.:ose=1‘é—B =A B

Where é is the unit vector in the direction of B

Now B= (32 +(4)+(-12)2=13
Therefore, 6= L"g'_u")

The projection of A on B = (2 i -8} +k ). (_;3&_-4{2-&”

= 2 B)+(:8) (4)+1(-12) _ 26
13 13

=2

“Vector or Cross Product
The vector product of two vectors A and B, is a vector
which is defined as

AxB=ABsinon ... | (2.22)

where n is a unit vector perpendicular to the plane
containing A and B as shown in Fig. 2.12 (a). Its direction
can be determined by right hand rule. For that purpose,
place together the tails of vectors A and B to define the
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plane of vectors A and B. The direction of the product
vector is perpendicular to this plane. Rotate the first vector
A into B through the smaller of the two possible angles and
curl the fingers of the right hand in the direction of
rotation, keeping the thumb erect. The direction of the
product vector will be along the erect thumb, as shown
in the Fig 2.12 (b). Because of this direction rule, B x A
is a vector opposite in sign to A x B. Hence,

KB BiRk & = A s (2.23)

Characteristics of Cross Product

1 Since Ax B is nat the same as B x A, the
cross product is non commutative.

2. The cross product of two perpendicular vectors has
maximum magnitude AxB = ABsin90°n=AB n

In case of unit vectors, since they form a right
handed system and are mutually perpendicular
Fig. 2.5 (a)

ixj=k, jxk=1,kxi=]j

W

The cross product of two parallel vectors is null
vector, because for such vectors 0 = 0° or 180°
Hence

A x B = AB sin0°n = AB sin 180°n= 0

As a consequence AxA=0

Also ixi=jxj=kxk=0. .. (2.24)

4. Cross product of two vectors Aand B in terms of
their rectangular components is :

AXB = (A +A, j+A.k ) x (Byi +By | +B,k)

AxB= (AB.-AB,) f+(A,B,-A.Bz) ;"'(AxBy'AVBX)':
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The result obtained can be expressed for memory in
determinant form as below:

B ~. [

iz y Mgy =g

(&) "
-7 Ax B by Ay b
Fig. 2.12(c) B. B, B

5. The magpnitude of A x B is equal to the area of the
parallelogram formed with A and B as two adjacent
sides (Fig. 2.12 d).

Examples of Vector Product

i When a force F is applied on a rigid body at a
point whose position vector is r from any point
of the axis about which the body rotates, then
the turning effect of the force, called the torque

T is given by the vestor product of r and F.
T=rxF

ii The force on a particle of charge g and
velocity v in-a magnetic field of strength B is
given by vector product.

G

We have already studied in school physics that a turning

(T S ; o :
(T" K coni? effect is produced when a nut is tightened with a

G T TR L i f e 30 R T
o300 1 BT I¥ s n“!- A A
£ Rl i TS e T She sl O
: AT s PR Vo Ih

spanner (Fig. 2.13). The turning effect increases when you

push harder on the spanner. It also depends on the length

The nutis easy to tum with a spanner Of the spanner: the longerthe handle of the spanner, the
greater is the turning effect of an applied force. The
turning effect of a force is called its moment or torque and
Its magnitude is defined as the product of force F and
the perpendicular distance from its line of action to the
Itis easier stil if the spanner has a pivot which is the point O around which the body
long handle. ) (spanner) rotates. This distance OP is called moment
Fig. 2.13 arm /. Thus the magnitude of torque represented by t is

TEERL el (2.26)
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When the line of action of the applied force passes through
the pivot point, the value of momentarm / = 0, so in this case
lorque is zero.
We now consider the torque due to a force F acting on
a rigid body. Let the force F acts on rigid body at point
P whose position vector relative to pivot O is r. The
force. F can be resolved into two rectangular
components, £ sin 0 perpendicular to r and F cos#
along the direction of r (Fig. 2.14 a). The torque due to
F cos gabout pivot O is zero as its line of action passes
through point O. Therefore, the magnitude of torque due
to F is equal to the torque due to F sin® only about O.
It is given by

T =(Fsin®)r=rFsin0 ... (2.27)

Alternatively the momentarm / is equal to the magnitude of
the component of r perpendicular to the line of action of F
as illustrated in Fig. 2.14 (b). Thus

¢ = (rsin) F = rFsin0 v SRR
where ¢ is the angle between r and F

From Eq. 2.27 and Eq. 2.28 it can be seen that the torque
can be defined by the vector product of position vector r
and the force F, so

T=rxF

or CRER TSRS @)
Where (rF sin®) is the magnitude of the torque. The

direction of the torque represented by n is perpendicular
to the plane containing r and F given by right hand rule for
the vector product of two vectors.

The Sl unit for torque is newton metre (N m).

Just as force determines the linear acceleration produced
in a body, the torque acting on a body determines its angular

acceleration. Torque is the analogous of force for rotational’

motion. If the body is at rest or rotating with uniform
angular velocity, the angular acceleration will be zero. In this
case the torque acting on the body will be zero.

Fig. 2.14(a)

Fig. 2.14(b)



Example 2.6: The line of action of a force F passes
through a point P of a body whose position

vectorin metre isf-23+lA(.lfF= 2i -3 3 + 4l; (in newton),
determine the torque about the point ‘A'whose position

€% FPoint to Pondeér =

vector (in metre) is 2 | + j + k

Solution:

5 - The position vector of pointA=r, =2 i+ j +K

¥ *"'P’ - The position vector of point P=r2=3-23 +l; relative to O,
S . ~ The position vector of P relative to A is
Do you think the rider in the above AP=r=r—r,

AP =(i-2+k)-(2i+ | + k)=-i-3]
The torque about A =r x F 5

= (-1-3])x(21-3] +4k)

=-12i+4j +9k Nm

¢ - Vil ) by
LR R I R T T ate i =

i We have studied in school physics that if a body, under the
W action of a number of forces, is at rest or moving with
uniform velocity, it is said to be in equilibrium.

A body at rest or moving with uniform velocity has zero
acceleration. From Newton's Law of motion the vector sum
of all forces acting on it must be zero.

Stand ““"“"‘“"’“l and the side of  Thjs js known as the first condition of equilibrium. Using
Can hy:ut e the Sher ;; :;1‘ the mathematical symbol X F for the sum of all forces we

5
L
g
3
5
g

can write

5 e ST (2.30)
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In case of coplanar forces, this condition is expressed
usually in terms of x and y components of the forces. We
have studied that x-component of the resultant force F
equals the sum of x-directed or x-components of all the
forces acting on the body. Hence

R0 o (2.31)

Similarly for the y-directed forces, the resuitant of
y - directed forces should be zero. Hence

SE S0 T foean (2.32)

It may be noted that if the rightward forces are taken as
positive then leftward forces are taken as negative.
Similarly if upward forces are taken as positive then
downward forces are taken as negative.

Example 2.7: A load is suspended by two cords as
shown in Fig. 2.15. Determine the maximum load that can
be suspended at P, if maximum breaking tension of the
cord used is 50 N.

Solution: For using conditions of equilibrium, all the
forces acting at point P are shown by a force diagram as
illustrated in Fig. 2.16 where w is assumed to be the
maximum weight which can be suspended. The inclined
forces can now be easily resolved along x and y directions.

Applying ZF=0
T>cos 20 — T, cos 60= 0
Or 7:=1.88T;
As ~ Ty> T, .. Ty has the maximum tension
If T,=50 N, then T,=26.6 N

Now applying XF,=0
T, sin60° + T,sin 20°-w=0
Putting the values
50N x0.866 + 266 Nx034=w
or w=52N
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A concurrent force system in
equilibrium. The tension applied
can be adjusted as desired

Fig. 2.15




fSecond Condition of Equilibrium .

Fig. 217

Can You Do?

,‘.’:. 0 *,;

Let two equal and opposite forces act on a rigid
body as shown in Fig. 2.17. Although the first condition of
equilibrium is satisfied, yet it may rotate having clockwise
turning effect. As discussed earlier, for angular acceleration
to be zero, the net torque acting on the body should be
zero. Thus for a body in equilibrium, the vector sum of all
the torques acting on it about any arbitrary axis should be

zero. This is known as second  condition of equilibrium
Mathematically it is written as

=0 G 2 (2.33)

By convention, the counter clockwise torques are taken as
positive and clockwise torques as negative. An axis is
chosen for calculating the torques. The position of the axis
is quite arbitrary. Axis can be chosen anywhere which is
convenient in applying the torque equation. A most helpful
peint of rotation is the one through which lines of action of
several forces pass.

We are nowin a position to state the complete requirements
for a body to be in equilibrium, which are

() ZF=0 e TF.=0 and IF,=0
(2 - =t=o
When 1% condiion is satisfied, there is no linear

acceleration and body will be in translational equilibrium.
When 2““ oommbn is satisfied, there is no angular

‘acceleration and body will be in rotational equilibrium.

For a body to be in complete equilibrium, both conditions
should be satisfied, i.e., both linear acceleration and
angular acceleration should be zero.

; BRI = S e T
If & body is at rest, it is said to be in static equilibrium but if
the body is moving with uniform velocity, it is said to be
in dynamic equilibrium. Y
We will restrict the applications of above mentioned
conditions of equilibrium to situations in which all the forces

lie in @ common plane. Such forces are said to be
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coplanar. We will also assume that these forces lie in the
xy-plane.

If there are more than one object in equilibrium in a given
problem, one object is selected at a time to apply the
conditions of equilibrium.

Example 2.8: A uniform beam of 200N is supported
horizontally as shown. If the breaking tension of the rope is
400N, how far can the man of weight 400 N walk from
point A on the beam as shown in Fig. 2.187

Solution: Let breaking point be at a distance d from the pivot
A. The force diagram of the situation is given in Fig 2.19.
By applying 2nd condition of equilibrium about point A
Yr=0
400 Nx6m-400Nxd -200Nx3m=0
or 400 N x d = 2400 Nm — 600 Nm = 1800 Nm

d=45m

Example 2.9: A boy weighing 300 N is standing at the edge
of a uniform diving board 40m in length. The weight of the
board is 200 N. (Fig. 2.20 a). Find the forces exerted by
pedestals on the board.

Solution: We isolate the diving board which is in
equilibrium under the action of forces shown in the force
diagram (Fig. 2.20 b). Note that the weight 200 N of the
uniform diving board is shown to act at point C, the centre
of gravity which is taken as the mid-point of the board, R,
and R; are the reaction forces exerted by the pedestals on
the board. A littie consideration will show that R, is in the
wrong direction, because the board must be actually
pressed down in order to keep it in equilibrium. We shall
see that this assumption will be automatically corrected
by calculations.

Let us now apply conditions of equilibrium

ZF=0 (No x-directed forces)
LF=0 Ri+R;-300-200=0
Ri+R;=500 N ..()
It =0 (pivot at point D)
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-R,xAD—BOONxDB-ZOONxDC=O
—R,x1m—300Nx3m—200Nx1m=0
R,=-1100N=-1.1 kN
Substituting the value of R, in Eq. (i). we have
=1100 + R, = 500
R2=1600 N =1.6 kN

The negative sign of R; shows that it is directed downward.
Thus the result has corrected the mistake of our initial
assumption.

- SUMMARY

The arrangement of mutually perpendicular axes is called rectangular or Cartesian
coordinate system.

A scalar is a quantity that has magnitude only, whereas a vector is a quantity that
has both direction and magnitude.

The sum vector of two or more vectors is called resultant vector.

Graphically the vectors are added by drawing them to a common scale and
placing them head to tail, the vector connecting the tail of the first to the head of

the last vector is the resultant vector.

Vector addition can be carried out by using rectangular components of vectors. |f

Ay and A, are the rectangular components of A and B, and B, are that of vector
B. then the sum R=A+ B is given by

Re=A+B, | R=a,+8,

where R=\/R,2+ R,? and direction 0=tan" Rr

The vector that describes the location of a parlicle with respect to the origin of
coordinate systent is known as position vector,

The scalar product of two vectors A and B is a scalar quantity, defined as:
A.B = ABcos 6



« The vector product of two vectors A and B is another vector C whose magnitude is
given by : C = ABsind

lts direction is perpendicular to the plane of the two vectors being multiplied, as given
by the right hand rule.

« A body is said to be in equilibrium under the action of several forces if the body has
zero translational acceleration and no angular acceleration.

. For a body to be in translational equilibrium the vector sum of-all the forces acting on
the body must be zero.

. The torque is defined as the product of the force and the moment arm.

. The mament arm is the perpendicular distance from the axis of rotation to the
direction of line of action of the force.

« For a body to be in rotational equilibrium, the sum of torgues on the body about any axis

must be equal to zero.
" QUESTIONS

2 1 Define the terms (i) unit vector(ii) Position vector and(iii) Components of a vector.

' 2 The vector sum of three vectors gives a zero resultant. What can be the orientation
of the vectors?

Vector A lies in the xy plane. For what orientation will both of its rectangular
components be negative ? For what orientation will its components have opposite signs?

7 4 If one of the rectangular components of a vector is not zero, can its magnitude be
zero ? Explain,

2.5 Can a vector have a component greater than the vector’s magnitude?

2 & Can the magnitude of a vector have a negative value?

o

.7 If A + B = 0,What can you say about the components of the two vectors?

2.6 Under what circumstances would a vector have components that are equal in
magnitude?

NN

.9 Is it possible to add a vector quantity to a scalar quantity? Explain.
2.10 Can you add zero to a null vector?
11 -Two vectors have unequal magnitudes. Can their sum be zero? Explain.

' 12 Show that the sum and difference of two perpendicular vectors of equal lengths are
also perpendicular and of the same length.
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13 How would the two vectors of the same mag'nitude have to be oriented, if they

were to be combined to give a resultant equal to a vector of the same magnitude?

214 The two vectors to be combined have magnitudes 60 N and 35 N. Pick the

N

N

R

-—
o

N
o

N

correct answer from those given below and tell why is it the only one of the three
that is correct.

1100 N 70N 20N

1% Suppose the sides of a closed polygon represent vector arranged head to tail.

What is the sum of these vectors? .

16 Identify the correct answer.

Two ships X and Y are travelling in different directions at equal speeds. The actual
direction of motion of X is due north but to an observer on Y, the apparent direction of
motion of X is north-east. The actual direction of motion of Y as observed from the
shore will be

(A)East (B)West (C)south-east (D) south-west

A harizontal force F is applied to a small object P of mass m al rest on a smooth
plane inclined at an angle 9 to the horizontal as shown in Fig. 2.21. The magnitude of
the resultant force acting up and along the surface of the plane, on the object is

a) FcosO -mgsin @

b) Fsing ~mg cos f e P
€) Focos0+mgcosg

d)  Fsin8+mgsing

Fig. 2.21
€) mgtang »

17 If all the components of the vectors, A; and A, were reversed, how would this alter

A xA;?
15 Name the three different conditions that could make AixA;=0.
¢ Identify true or faise statements and explain the reason.
a) A body in equilibrium implies that it is not moving nor rotating.

b) If coplanar forces acting on a body form a closed polygon, then the body is said
to be in equilibrium.

O A picture is suspended from a wall by two strings. Show by diagram the
configuration of the strings for which the tension in the strings will be minimum.

—>

Can a body rotate about its centre of gravity under the action of its weight?
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NUMERICAL PROBLEMS

Suppose, In a rectangular coordinate system, a vector A has its tail at the point
P (-2, -3) and its lip at Q (3,9).Determine the distance between these two points.

(Ans: 13 Units)

A certain corner of a room is selected as the origin of a rectangular coordinate
system. If an insect is sitting on an adjacent wall at a point having coordinates
(2,1), where the units are in metres, what is the distance of the insect from this
corner of the room?

(Ans: 2.2m)

What is the unit vector in the direction of the vector A=4 €+3 i?

A -

(Ans: (‘”;3” )

Two particles are located at r, =3 f+ 73 andr; =-2; + 3} respectively. Find both the

magnitude of the vector(r, r;)and its orientation with respect to the x-axis.
[Ans: 6.4,219°]

If a vector B is added to vector A, the result is 6i + j If B is subtracted from A,
the result is 4 i +7 ; What is the magnitude of vector A?

(Ans: 4.1)
Given that A =2 iA+3§ and B =3 ;-4 ; find the magnitude and angle of
(a)C=A+B,and(b) D=3A-2B.
(Ans: 5.1, 349°; 17 90°)

Find the angle between the two vectors, A =5 i+ iand B=2i+4 j
(Ans: 527)

Find the work done when the point of application of the force 3; +2i moves in a
straight line from the point (2,-1) to the point (6,4).

(Ans: 22 units)



.
.9

Show that the three vectors i'+3+k.2i. -3} + k and 4u:+}-5fc are mutually
perpendicular.

0. Given that A = f—2}+3|2 and B=3 |4 k find the projection of

A on B.
9

ANS; ——

(Ans: -2)

Vectors A.B and C are 4 units north, 3 units west and 8 units east, respectively.
Describe carefully (2)A x B (b)AXxC (c)BxC

[Ans:(a)12 units vertically up (b)32 units vertically down (c) Zero]

*. The torque or turning effect of force about a given point is given by r x F where r is the

vector from the given poaint to the point  of application of F. Consider a force

F= -3f+}+512 (newton) acting on the point 73+33+§ (m). What is the torque
inN m about the origin?

[Ans: 14i-38 j+16k Nm)|

3. The line of action of force, F = | -2 ; passes through a point whose position

vector is (-}H; )- Find (a) the moment of Fabout the origin, (b) the moment of F

about the point of which the position vector is |+k

[Ans: (a)2;+i+l:,(b)3|;]

The magnitude of dot and cross products of two vectors are 6vV3 and 6
respectively. Find the angle between the vectors
(Ans: 30)

A load of 10.0N is suspended from a clothes line. This distorts the line so that it
makes an angle of 15° with the horizontal at each end. Find the tension in the
clothes line.

[Ans: 19.3N]
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A tractor of weight 15,000 N crosses a single
span bridge of weight 8000N and of length
21.0 m. The bridge span is supported half a
metre from either end. The tractor’s front wheels
take 1/3 of the total weight of the tractor, and the
rear wheels are 3m behind the front wheels.
Calculate the force on the bridge supports when
the rear wheels are at the middte of the bridge
span.

(Ans: 12.25 kN, 10.75 kN)

A spherical ball of weight 50N is to be lifted over
the step as shown in the Fig. 2.23. Calculate the

minimum force needed just to lift it above the floor.

(Ans: 26N )

A uniform sphere of weight 10.0 N is held by a
string attached to a frictionless wall so that the
string makes an angle of 30° with the wall as
shown in Fig. 2.24. Find the tension in the string
and the force exerted on the sphere by the wall.

(Ans: 11.6 N, 5.77 N)
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