ez-?fd‘g}fvj‘ﬂb?‘*‘f

Complex Numbers

1.1 Complex Numbers and Geometrical
Representation of Complex Number

We are already familiar with the system of real numbers. But the system of
real numbers is not sufficient to solve all algebraic equations. Thus, real numbers
provide inadequate solutions when we have to find the solution of the
algebraic equations like x? =—1,x*+4 =0, etc., because no real number
satisfies these equations. Similarly, there are so many other equations like
x2+x+1=0, x>+ 5x+ 10 =0 which have no real roots. To overcome this
inadequacy of real numbers, imaginary numbers were introduced. Later on,
complex numbers were defined. The relationship of numbers is shown in the
following diagram.

Complex Numbers

Reallnumbers Imaginary numbers
Irrational numbers Rational numbers
v v
Fractions Intelgers
|
¥ y ¥ ¥
Vulgar (cpmmon) Decimal  Negative Zero Positive
fractions fractions  integers integers

1.1.1 Recall complex number z represented by an expression
of the form z = a + ib or of the form (a, b) where a and b

are real numbers and i = v—1

A complex number is the sum of a real number and an imaginary
number. It is represented by an expression of the form a+ib or (a,b),



where a and b are real numbers, and i’is called imaginary unit and i = v—1.
Complex number is usually denoted by z.

Note: The set of complex numbers is denoted by Ci.e., C={(a,b) | a,b € R}.

1.1.2 Recognize a as real part of z and b as imaginary part(of.z

As we have mentioned (a,b) is a complex number. In this complex
number ais called real part and b is called imaginary part. Real and imaginary
parts of complex number z are denoted by R.(z) and ,,,(z) respectively.

For example, in the complex number z = (3,2), 3 is real part and 2 is
imaginary part.

1.1.3 Know the condition for equality of complex numbers

Two complex numbers are said to be equal if and only if they have same
real parts and same imaginary parts.
i.e., Two complex numbers z; =a, +ib; and 2z, =a, +ib, are equal iff
a; = a, and by, = b,.
Example: Which of the following pairs of complex numbers are equal.
i)z, =(6-1)— (2 x23)i and z,=(7-2)+6(-1)
(ii) z; = 23 — (23 — 1)i and z,=(10—-2)—-(32-2)i
Solution: (i) z; =(6-1) = (2% 3)i and 2z, =(7-2)+ 6(\/—_1)
or z, =5=06i and Z, =5+ 60
Here z; # z, because imaginary parts are not equal.
(i) zi=23—(23-1)i and z,=(10-2)— (32 -2)i
or z7=8—-(8—-1)i=8-7iandz, =8—-(9—-2)i =8—-7i
Here z; = z, because real and imaginary parts are equal.

1.1:4  Carryout basic operations on complex numbers

Basic operations on complex numbers are addition, subtraction,
multiplication and division.

(i) Addition of Complex Numbers
Sum of two complex numbers z; = a + ib and z, = ¢ + id is obtained by
adding their real and imaginary parts respectively.
ie. zy+z,=(a+c)+ilb+d)=(a+c, b+4d)
Hence (a,b) + (c,d) =(a+¢, b+d)



Example 1. Example 2.

Simplify: (3 + 7i) + (6 + 9i) Simplify: (2,3) + (1,-6)
Solution: Solution:

B+7i)+(6+9i) =9+ 16i 2,3) + (1,-6) =(3,-3)

(ii) Subtraction of Complex Numbers
Difference of two complex numbers z; =a+ib and z, =c+id is
obtained by subtracting their real and imaginary parts respectively.
ie.,z1—z,=(a+ib)— (c+id)
=(a@a-o)+ilb—d)=(a—c,b—4d)
Hence (a,b) — (c,d) = (a—c, b —d).
Example 1. Simplify:(6 + 5i) — (4 + 3i) Example 2. Simplify: (7,8) —(5,6)

Solution: (6 + 5i) — (4 + 3i) Solution: (7,8) —(5,6)
=6+5i—4—-3i =(2,2)
=2+ 2i

(iii) Multiplication of Complex Numbers
Let zy = a+ib and z, = c + id, then
2,25 = (a+ib)(c +id)
=ac +i%bd + iad + ibc
= (ac — bd) + i(ad + bc) = (ac — bd,ad + bc)
Hence (a,b)(c,d) = (ac — bd, ad + bc)
Example 1. Find z; z,, where z; = (4,5) and z, = (6,7)

Solution:
z;=(45) and 2z, =(67)
712, =(4°6—-5-7,4-7+5-6)
= (24— 35, 28 + 30)
=(—11,58)
Example 2. Find z; z,, where z; =1+ 5i and z, = 4 + 3i
Solution:

71 25 = (1 + 5i)(4 + 3i)
=4+ 3i + 20i + 15i2
=4+4+23i—15 (~i2=-1)
=—-11+23i
(iv) Division of Complex Numbers
Let 2z, =a+iband z,=c+id where 2z, # (0,0)
z1 a+ib a+ib c-id
Then, — = — = — X -
Zy c+id c+id c—id
_a(c—id) +ib(c—id)
 (c+id)(c—id)




ac — iad + ibc — i*bd

c2 — 242
ac — iad + ibc + bd

— 2 _ _

B c? +d? G D

_ac+bd +i(bc —ad)

B c2+d?

ac+bd+_bc—ad_<ac+bd bc—ad)
2+ ‘vz \Gra2 e+ a?
ac+bd bc—ad)

2+d*’ c2+d?

Hence (a,b) = (¢,d) = (

Z
Example 1. Find z_1 where z; =3 —7iand z, =2 + 60

2
Solution:
zy 3-7i 3-7i 2-6i
Here, — = - = - X -
Zy 2+61 2+61 2-61

6 —18i — 14i + 42i?

4 — 362
(6 —42) + i(—14 — 18) _
- 4+36 [ i#=-1]
-9 4
~10 'S

z
Example 2. Find z_l when z; = (1,—-3) and z, = (2,5)
2

Solution:
z, (1,-3)
z (25
_ ((1)(2) +(=3)5) =3)(@) - (1)(5)>
@2+6G)32 T @2+ 5)?

et
~\29 729
1.1.5 Define Z = a — ib as the complex conjugate of z=a + ib

If z=a + ib then the conjugate of z, denoted as Z, is defined by Z = a — ib.
Example:

(i) The conjugate of z=5+2i iszZ=5—-2i

(ii) The conjugate of z = (7,-9) is z = (7,9)

(ii)  The conjugate of z = (3,0) is Z = (3,0)



1.1.6 Define |z| = Va2 + b? as the absolute value or modulus of
a complex number z = a + ib

The absolute value or modulus of a complex number z=a+ib is
denoted by mod (z) or |z| or |a + ib| and is defined as

|z| = |a + ib| =/ a? + b?

Example: Find modulus of the following complex numbers:
6+ 8i and 5—iV7

(i) v z=6+8i
~ |zl =62 + 82
=36 + 64
=100
=10
(i) =~ z=5-iV7
izl = |52 + (—V7)

=V25+7
V32
4
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)

1.1.7 Geometrical\representation of complex number z as a

pair of feal-numbers (a, b). Complex Plane

Y z=atib

. . Almaginary axis = P(a,b
be represented geometrically by the point B o it (@.b)

The complex number z=a+ib can

whose cartesian coordinates are (a,b) in a
plane where real part of z is taken along
x-axis (real axis) of the plane and imaginary

part of z is taken along y-axis (imaginary X705 :
axis). This plane is called Argand diagram or Real axis
complex plane.

In the figure 1.1, the complex number Y.

z = a + ib is represented by the point P(a, b)
where a = |0A| and b = |0OB]. (Fig. 1.1)



1.1.8 The order relation of complex numbers

Real numbers can be represented in either increasing or decreasing
order. Numbers on the right side are greater than those on the left on a
number line. Let A,B,C and D are the points representing real numbers on
number line as shown in the figure (1.2a). They have increasing and
decreasing order.
R

"2 A 1B O Cc 1D 2

(Fig.1.2a)

On the other hand, number line cannot represent all complex numbers.
The complex numbers z,z,,2s, 24,25, 25, 2; €tc are . \maginary axis
represented on the plane but cannot be written in
increasing or decreasing order because all of them
do not lie on the same line as shown in figure (1.2b). <« » Real axis
So, the complex numbers cannot be arranged .
in an order but moduli of complex numbers are real Zy
numbers and can be written as increasing and
decreasing order on a number line. Hence there is no (Fig. 1.2b)
order relation for all complex number but their
moduli follow order relation.

1.1.9 Vector representation of complex numbers

, Y,
We represented a complex number z =a + ib as *

the point P(a,b) in the complex plane. The complex P(a,b)
number (a,b) is interpreted as vector whose initial
point is O and terminal point P as shown in Fig 1.3a. b

The length of the vector OP is the distance from the tail ¢

O of the vector to the tip P. OQO«—a —>» X
(Fig. 1.3a)

......................

The vector representing the complex number RN R
z = —3 + 4i is shown in Fig 1.3b. [ SO AR
P A

Y

(Fig. 1.3b)



Example: What are the lengths of the vectors representing the complex
numbers
z1=-34+4i and 2z, =2-7i7?
Solution:
Here |Z;|=vV9+16=5
and |Z,| =vV4+49 =53 =728

The lengths of the vectors that represent z; and z, are S and 7.28 units

| Exercise1.1 )

1.  Evaluate: (i) i (=i'2) (i) (=)0 (=) (i) () - (=)™

respectively.

2. For what value of n,i" is equal to 1, i,—=1 or —i, where 1 <n < 4

3.  Simplify the following:
M (-6,3) (4-2) i 64 +(22)

(i) (2,3) = (4,5) (iv) (6450 — (4+30)

W) (5—60)+B+4)=Gi-7) () (4+5)6+7)

(vii) (7 + 4i)~+ (8+ 50) (viii)  (5,—6) + (4,8) — (3,-2)
4. Simplify:
(i) @2=0D* (i) (=1 — iV3)? (iii) (=1 4 iV3)? (iv) (1 +0)3
\2+i 1+ 2-i (2402
(v) N, vi) 1_—1 . 1_—1 (vii) T (wiii) (2-1)2

Show that z =1+ satisfies the equation z2 —2z+2 =0

Find the conjugate and absolute value of the following:

(i) 4 + 5i (il) =1 4 7i (ii) V3i

(iv) V7 — 3i (v) —3—4i (vi) (5 — 4i)?2
2 [-9 .o (A+D(1+20)

(vii) 3~ {76 (viii) BT



Find real and imaginary parts of:

N . . V5
(i) 2i(3—=50) (ii) N
8. If z = x + iy where Re(z) = 0 and |z| = 2 then find Z.
9. Solve the following complex equations:
1) O,y)(2,3)=(-47) (ii) (x + 3i) = 2yi
10. Represent the following complex numbers on complex plane:
i) (2-3) (i) (3,4) (i) (~5,7)
(iv) (=6,-2) (v) (0,6) (vi) (=5,0)
11. Find the length of vector representing the complex numbers.
, _ .7 8, o1+ S 1+3i
(i) =5+ 2i (ii) 3 + gl (iii) ﬁ (iv)

1.2 Properties of Complex Numbers

1.2.1 Describe algebraic properties of complex numbers (e.g.
commutative, associative ( and distributive) with
respect to ‘+’ and ‘x’

(i) Commutative property w.r.t. addition
Let z; and z, are two complex numbers then commutative property with
respect to addition is defined as z; + z, = z, + z;.
Example: Let z; =2+ 3i and z, = 4 + 5i, then verify commutative property
with respect to addition.
Verification: We have to verify that z; +z, =z, + z;
LHS =z, + z,
=243i+4+5i
=6+ 8i
RHS= +2z
=4+5i+2+3i
=6+ 8i
«+ LH.S =RH.S
« commutative property w.r.t addition is verified.

(ii) Commutative Property w.r.t. Multiplication

Let z; and z,, are two complex numbers then commutative property
under multiplication is defined as z;z, = z,z7;.
Example: Let z; =4 + 5i and z, = 3 + 2i then verify commutative property
with respect to multiplication.
Verification: We have to verify that z,z, = z,2;
LHS= 22z,=(45)3,2)=0@4x3-5%x24x%x2+5x%x3) = (2,23)



RH.S= 2z,z,=(3,2)(45) =(3x4-2x52x4+3x%x5)= (2,23)
« LH.S = RH.S
~ commutative property w.r.t. multiplication is verified.

(iii) Associative Property w.r.t. Addition

Let =z, z, and 2z; are three complex numbers, then associative
property under addition is defined as:

(z1+22) + 23 =21 + (2, + 23)

Example: Let z; =4 + 5i, z, = 3 + 2i and z3 = 2 + 7i then verify associative
property w.r.t addition.
Verification: We have to verify that (z; +z,) + 23 = z; + (2, + 73)
LH.S =(z; +2,) + z3

={(4+5)+@B+2D)}+ 2+ 70)

=7+7i4+2+7i

=94 14i
RH.S =2z + (2, + 23)

=@+5)+{B+2)+2+7i)}

=44+5i+5+9i

=94 14i
+ L.H.S = RH.S
-~ associative property of addition is verified.

(iv) Associative property w.r.t. Multiplication
Let 2z, z, and z; are three complex numbers, then associative
property under multiplication is defined as:
(2122)23 = z1(2223)
Example: Let z; =2+ 3i, z, =4+ 5i and z3 = 1 + i then verify associative
property w.r.t multiplication.
Verification: We have to verify that (z;2,)z; = z,(2,23)
L.H.S =(z,23)z3
={2+3)-4+5)}- 1+
=(8+10i+12i —15)(1 +1i)
=(=7+220)-(1+10)
=-7-7i+4+22i—-22
—29 + 15i
R.H.S = z,(z,23)
=24+3)-{4+5) - (1+i0)}
=(24+30))(4+4i+5i—-5)
=24+30)-(-1+9)
=—-2+18i—-3i—-27



=—29 +15i
© L.H.S = RH.S
~ associative property of multiplication is verified.

(v) Distributive Property of multiplication over addition

Let 2z, z, and 2z; are three complex numbers, then distributive
property of multiplication over addition is defined as:

721(zy + 23) = 2125 + 7123

Example: Let, z; =2+43i,z, =4+ 5i and z; =1+ i then verify distributive
property of multiplication over addition.
Verification: We have to verify that z,(z, + z3) = 212, + 2,23
L.H.S =z,(z, + z3)

=2+3D{@+5)+1+10)}

= (2+3i)(5+6i0)

=10+ 12i +15i—18

=—-8+27i
RH.S =zz, + 7125

={2+3)-@+5)}+{2+3)-A+i)}

=(8+4+10i+12i—15)+ (2+2i+3i—3)

= (=7 +220) + (-1 + 50)

=—-8+27i
- LLH.S = RH.S
-~ distributive property of multiplication over addition is verified.

1.2.2 Know additive identity and multiplicative identity for
the set of complex numbers

(i) Additive identity

Let z=(a,b) be any complex number then there exists a complex
number (0,0) such that,

z+(0,0) =(a,b) +(0,0) =(a,b) =z

and (0,00+z=1(0,0)+(a,b) =(a,b) =z
Thus, (0,0) is additive identity in set of complex numbers.
(ii) Multiplicative identity

Let z = (a,b) be any complex number then there exists a complex
number (1,0) such that,

z(1,0) =(a,b) (1,0) = (a,b) =z

and (1,0) z = (1,0)(a,b) = (a,b) = z
Thus, (1,0) is multiplicative identity in set of complex numbers.



1.2.3 Find additive inverse and multiplicative inverse of a
Complex number z

(i) Additive Inverse of Complex Numbers
A complex number (c,d) is called the additive inverse of the complex
number (a,b) if  (a,b) + (c,d) = (0,0).
5 (a,b) + (c,d) = (0,0)
(a+c,b+d)=(0,0)

= a+c=0 and b+d=0
= c=—-a and d=-b
Therefore, (c,d) = (—a,—b)

So, the additive inverse of a + ib is —a — ib

Note: (i) Additive inverse of (0,0) is (0,0).
(ii) Additive inverse of (a, b) is (—a, —b).

Example:
(i) The additive inverse of the complex number 6 — 4i is —6 + 4i.
(ii) The additive inverse of the complex number -14i is 14i.

(i) Multiplicative Inverse of a complex number:

The multiplicative inverse of a non-zero complex number z, denoted
1

as z lor . is a complex number such that
zz7l=z"12=(1,0)

1
As the multiplicative inverse of a complex number z is — where
z

z #(0,0)
1 1 1 a—-ib , o _
0,— = — = — X — (By Rationalizing the denominator)
z a+ib a+ib a-ib
_ a—ib
" (a+ib)(a—ib)
_a—ib a ib
T a?+b2 a2+b%2 a?+b2?
Hence the multiplicative inverse of a complex number (a, b) is (LZ,_—bz)
a’+b“ a’+b
Example 1.

Find the multiplicative inverse of a complex number z =5 + 3i
Solution: + z =15+ 3i

1 5 -3 B 5 -3\ (5 -3
tET ((5)2 32 G+ (3)2) - (25 1925+ 9) - (ﬁ'ﬁ)




Example 2. Find the multiplicative inverse of complex number z = 4
Solution:
z =4 or (4,0)

4 4 0 _ (1
s ((4)2 +(0)2 (42 + (0)2> - (4 '0)
Example 3. Prove that (
where (a,b)# (0,0).

2 ﬁ) is the multiplicative inverse of (a, b)
a a

Proof:
@b) < a -b )_ a® —b? —ab N ab '\ . [a*+b? o) = (10
@ a?+b%"a2+b2) \a2+b? a2+b%"a?+b? a?+b?) \a?+b?’ =10
. a -b
ie., (a2+b2 , a2+b2) (a,b) = (1,0), hence proved.

Note: The multiplicative inverse of (0,0) does not exist.

1.2.4 Demonstrate the following properties
(@) |zl = |-zl = |zl = |-ZI,
(ii) Z = z,2Z = |z|?, z; & Zp=Z) + Z5.
(iii) Triangle inequality/of complex numbers

o — — V4 Z1
(iv) 2,2, = 7Z; zz,(—l-) =1z, #0

22 z2

Property (i) |z| = |-z| = |z| = |-Z|
Proof: Let .z=a+ibthen |z| =|a+ib|=+/(a)?+ (b)2=Va?+Db?...(a)
and |-z| = |[—a — ib| = \/(—a)? + (=b)2 = Va? + b2 ... (b)
Aslo, |z| = |a —ib| =/(a)? + (=b)? = Va? + b2 .. (©)
and |-z| = |=a+ib| = /(—a)? + (b)? = Va? + b2 ... (d)
From the results (a), (b), (c) and (d), we get

lz| = |—z| = |z| = |-Z| , hence proved.
Property (ii) (@) Z=z (b) zz = |z|?, (© z,+2,=2,+7,
(@) zZ=12z
Proof:

Let z=a+ib then Z=a—ib
Now, Z=(Z)=(a—th)=a+ib=2z
Thus it is proved that Z = z
(b) 22 =lal?
Proof: Letz=a+ibthenz=a—-ib
Now, zZ = (a + ib)(a — ib) = a® — i?b? = a? + b? ...()



and |z| = |a + ib| = Va? + b2

So, |z|? =|a + ib|? = a? + b?

From (i) and (ii) we have,

zZ = |z|? , hence proved.

() 2tz =721+7;

Proof: Let 2z, =a+ibandz,=c+id

LHS=z+tz,=(@+h)+(c+id)=(@+c)+ub+d)
=(a+c)—i(b+d)

Thus z;+2z,=(a—ib)+ (c—id) ...(1)
Now, RH.S=2z;+7z,=(a+1b) + (c +1d)
Thus Z1+ 2, =(a—ib) + (c—id) ...(ii)

From (i) and (ii), we have z; + z, = Z; + Z,, hence proved.
Property (iii)
Triangle Inequality of complex numbers:
Ifz;,z, € (€, then |z,| — |z,| < |24 + 23| < |z1| +z,|, which is called Triangle
inequality.
Geometrical Proof
Let z; = x; + iy; and z, = x, + iy, be represented by vectors 0731 and
O—Pz) respectively as shown in (Fig 1.4)
Considering the figure, by completing the parallelogram OP; P; P,.
In AOP,P;, OoP, =z, +12,
Since sum of the lengths of any two sides of a triangle is greater than the
length of the third side.

(07| + [0F3| = [oF; (+ 77, = OF)
So |z1| + 12| = |21 + 25|

...(1) YA
Again, in AOP; P,
|OP,| + |P,P;| = |OP;|
= |P,P;| > |OP;| — |OP,|
= 1Zq — Z2| = |z1] — |2z2]
= |z1] = 22| < |21 — 25|
Replacing z, by —z, we get
|z1| = |=22| < |21 — (—2)|
= |le_|22|S|Z1+Zzl (11) o

Combining inequalities (i) and (ii), and rearranging
1z1]| = |22] < |21 + 25| < 74| + |25, Vz,,Z, € C. Hence proved.



Proo_f: (a) Z1Zy = z -

Let zi=a+ibandz, =c+id
then 2z;z, = (a+ib)(c+id)
or 2,2, = (ac — bd) + (bc + ad)i

L.H.S =71z, = (ac — bd) + (bc + ad)i = (ac — bd) — (bc + ad)i ... (i)
R.H.S =7, z; = (a — ib)(c — id) = (ac — bd) — (bc + ad)i (ii)
From the results (i) and (ii), we get Zz;z; = 7;.7Z,, hence proved.
Proof: (b) (2—1) = z:l , Zo # 0 where, zy =a+ib and 2z, =c+id.
2 2

N 21_a+ib_a+ibxc—id_(a+ib)(c—id)

o z, c+id c+id c—id c? +d?
Thus Z _ (ac+bd)+i(bc—ad)

Zy C2+d2
LHS = (Z_1> _ (ac+b(21) + i(bc—a;l) \ (ac+b;l) _ l.(bc—atzi) ()
%2/ c24d”  c?hd c?+d c2+d
RHS=Z2_ a—ib _ a=ib _ c+id

Z; c—id _c—id " c+id
_(a—ib)(c+id) ac+iad—ibc— i’bd

c?+d? c2+d2
(ac+bd) (ad—bc) (ac+bd) i(bc—ad) )
- cz+d? ' c2+d? = c2+d?2 | c2+4d2 .. (i)

From (i) and (ii), we get (2—1) = 2:1 . Hence proved.
2 2

1.2,5{ Find real and imaginary parts of the following type of
complex numbers

Type I: (x +iy)",
x1+iy1 n

Type II: ( - ) , Xp +iy, # 0 where, n =41 and +2
X2+1ly>y

Type: (I) (x +iy)"™ where n =11 and +2
(a) Let, n=1

then x+iy)"= (x+iy)l=x+iy
Here, x is real part and y is imaginary part.



(b)  Let, n=—1

_ o 1 1 x—iy _ x—liy x—ty
n _ 1_ = = =

then (x+iy)"=x+iy)™" = Xty iy Sx—iy x2—i%y2  x%+y?

Thus, (+iy) = e =7 "

X212 T X2yl xZ4y?

Here, m is real part and — ﬁ is imaginary part
(c) Let,n =2
then (x+ i) = (x +iy)? = x2 + 2xyi + i%y? = (x? — y?) + 2xyi

Here, real part is x? — y2 and 2xy is imaginary part.
(d) Let,n=-2
B 1
(x +iy)2  x2+ 2xyi +i2y?
1 3 {(x?—y?)—2xyi}
(xz—y2)+2xyi - {(xz—y2)+2xyi}><{(x2—yz)—nyi}
(x?—y?)—2xyi  (x*=y?) — 2xyi

(x+iy)? =

= (2 —y2)2 + 4x2y2i2 . (x2 + y2)2
N—2 _ x*-y*  2xyi
Thus; (x + ly) - (x2+y2)2  (x2+y?2)2
2_.,2
Ty . 2xy . . .
Here, ———— is real part and ————— is imagina art.
(x2+y?)?2 P (x2+y2)2 gihaty b

Example: Find the real and imaginary parts of the following complex numbers:
(i) 2=50)% (i) B3—4i)7?
(i) Solution:
(2 =50)% = (2)2—2(2)(50) + (5i)? = =21 — 20i
Therefore, real part is —21 and imaginary part is —20.
(ii) Solution:
1 3+4i 3+4 3 4

— 4" = = S —
G- =3 37a~ 25 ;BT
3 4

we have real part > and imaginary part Pt

Note: We can solve the above example directly by using the derived formula
as done below.

(i) real part = x? —y?2 = (2)? = (-5)?=4-25=-21
and imaginary part = 2xy = 2(2)(-=5) = —20.
X 3 3

.. 3
(i1) real part = o i (3)2+(_4)2 = 9316 = 7%




-y ___ (=Y 4 _ 4
x24y? T (3)24(—4)?  9F16 7 25

and imaginary part =

L\
X1+1y1
Type: (II) (—) , X3 +iy, #0 wheren =41 and +2
Xo+1Y>o
For n=1
(x1 + iyl)" 3 <x1 + iy1)1
X, +iy,)  \xy +iy,
_xtiy, -y, (a0 +iyg)(e —iy,)
= . —= = >
X t+iy, X3—1y, (x2)2 —1i y%
_ %X — (Y, —xay)i— CDyyy, - (axe +y,¥,) — (ay, — X2y,
X5 +3 X5+ Y3
(x1X2+Y1Y2) —(x1Y2—=%2¥1) . .
Here, ) an 5 32 are the real - and imaginary parts
xX2tY2 xX21Y2
respectively.
For n=-1,
(x1 + i)ﬁ)n _ (x1 + i)"l)_1 1 iy, xp+iy, e y1
Xp+iyy)  \p+iyy) Xty CaxgHiyr xtiy x =iy
X9 +iy,
_ X1x + (xlyz - Xzyl)i - (_1)}’1}72 _ X1X2 + VY, " (x1y2 _x2y1)i
@pz=i’y} x5 + 3 x5 + 3
X1X2+Y1Y2 . (X1Y2—%2¥1) . . .
Here, ———— —is real part and ———— is imaginary part.
X1ty X1ty1
For n=2

. L2 . o .
(x1 + l)’1)n _ <x1 + l}’l) 2 (x1 + iyp)? _ (x1)? + 2x 310 + i%yf _ X+ 2xy 10 + (—1)yf
X, + 1y, Xy + 1Y, (o +iy2)? ()% + 26050 + 12y ()% + 2x20,1 + (=1)y;3
_ (xZ = yf) + 2xy 41 _ {(x2 — y2) + 221y, 1M (x% — ¥2) — 2x, 7,1}
(%2 —y2) + 2x,50 {(x5 —y3) + 2x,y,iH{(x% — y2) — 2x,),1}
{OF =y (xF = y3) + Axyy1x0y.} + {200y (6F — ¥3) — 2%y, (xf — yi)}i
X5 +yy = 2x3y5 +4x3y;
(x%—y%)(x%—yzz)+4x1y1x2y2
2.,.,2)2
(x3+y3)
2x1y1 (x5 =y3)—2%2¥2(xF-¥1)
214,2)2
(x3+v3)

Therefore, the real part is

and the imaginary part is

Forn=-2

<x1 + iyl)" _ <x1 + iyl)‘z _Gatiy)? Gotiy)? | (o) +20y,i+i%y
Xy + 1y, Xy + 1y, (2 +iy)™2 (xg +iy1)? ()2 + 2xpy10 + i2yf




2+ 200y, + (—1)y3 (¥ —yE) + 2x2y,

S D2+ 2uy i+ (DY (xF —y2) + 22y,
{(x% -y3)+ 2x2y,i} {(x% - %) - 2x1y,i}

{(xd = 92) + 220, 8} {(xF - ¥2) — 2213, 1)
(= 93) (38— ¥3) + 4ay 120y, + {200y, (6] — v2) — 200y, (6 = ¥3))i

(xt + vt — 2x2y% + 4x2y?)

(x2-y3)(x3-y3)+4x1y1%2Y>

Therefore, the real part is

(x2+y2)°

2x2y2(x%—ylz)—leyl(x%—yzz)

and the imaginary part is

(x2+y2)°

Example: Find the real and imaginary parts of the following.

o (5 e(E)

—i\2
(i) Solution: (2 l,)
4-31

4 — 4i + 2

T 16 — 24i + 9:2
34

T 7 —24i
_3—4i T7+24i

= X
7—24i 7+ 24i
_21+72i—28i+96

49 +576
117+ 44i

625
L 117 44

=625 T 625"

117 . . 44
So, real part = &7t and imaginary part = &7

-2
1 —
(i) Solution: (—‘)

2—i

2 —i\?
:(1—i>
4 — 4 + i?
T1-2i+i2

_3—4i
=20




_3—4

—2i [
_4+3i
)
=2+ 3
So, real part = 2 and imaginary part = 3

5
Note: We can also solve the above example by using the derived formulas.

| Ezerciselz )

Let 2z =3-4i Z;=4+5i and z3=-5+46i
Verify the following:
(i) Addition of complex numbers is commutative
(ii) Multiplication of complex numbers is commutative
(iiij  Addition of complex numbers is associative
(iv)  Multiplication of complex numbers is associative
(v) Multiplication of complex numbers is distributive over addition.
2. Ifz,z; and z, are complex numbers then prove that:
(@) z+ 7z is real. (b) z—Zz is imaginary.
(€) 121 * zo| ="|z1l] 2, |
3. Find the additive inverses of the following complex numbers:
(i) 3 + 5 () 6—5i (i) (11,0)  (iv) (% 6)
W (557), 't (05)
4. Find the multiplicative inverses of the following complex numbers.
(i) 3+5i (ii) 8i (iii) (10,4)  (iv) (12,=7)
M 80 ) (07)
5. Find the additive and multiplicative inverses by definition of the
following:
(i) (2,3) (if) (—=4,5)

6.  Verify the following properties with z =4 — 3i,z; =3 —2iand z, = 2 + 3i

@) |4=|-2=l2=|-4 ()z=z (iii) 2 Z = |2*

S

o — - _ n(Z
(ivVz; +2z, =72, + 7, (V) 2125, = 71 7, (vi) (i) = -



7. If z; =3—2i and z, = 2 — 3i then express the following in the form of
a+ib.
. Z1Z2 . 2122 ... 2122
(i) - (i) = (i)
Also verify Triangle inequality of complex numbers.
8. Find real and imaginary parts of each of the following by using any
method:

() (VZ+1i)" (i) (1—v5i) (i) (V3 — )" (iv) (20 —=4/3)
1\ 1 344072 (3i-2\ 2
) (4i—5) (vi) (5i—4) (vi) (2—31’)

1.3 Solution of complex equations

In this section, we shall find the solution of equations with complex
coefficients by using different methods.

1.3.1 Solve the simultaneous.lihear equations with complex

coefficients. For example,
52— B+idw=7—1i
2-Dz+2iw=—1+i

Example: Solve 52— @B+Dw=7—1i
Q=Dz+2iw=—-1+i
Where w and z are complex numbers.
Solution:
Here, Linear equations are
52— B+iw=7-1i ...(1)
2-Dz+2iw=-1+i ...(ii)
In order to equate the coefficients of z, we multiply equation (i) by (2 — i) and
equation (ii) by 5.
2-5z-2-D@B+Dw=2-D(7 -1 ... (iii)
52—-i)z+5x%x2iw=5(-14+1) ...(iv)
Subtracting equation (iv) from equation (iii), we get
—w(7 4+ 9i) = 18 — 14i
18—14i _ (—18+14i)x(7—9i) _—126+162i+98i+126 _ _ .
WE o T 7+(-9) 130 =2
Now substituting w = 2i in equation (i),
we get 52— 3+)2i=7—-1i

or



5z—-6i+2=7-1

- _ 5450
=75
= z=1+1

Thus,w=2i and z=1+1.

1.3.2 Represent Polynomial P(z) as a product of linearfactors
For example: (a) z?> + a%? = (z+ia)(z — ia)

b) z3-3z24+z+5=(z+1)(z42% i)(z—2+10)

(a) z2+a? =22 - (-1)a? = z2 —i%a? = (2)? — (ia)?
=(z—-ia)(z+ia)

Thus, factors of z? + a? are (z — ia) and (z + ia).

(b) Let p(z) = z3 —3z% + z+ 5 is a polynomial.

The factors of 5 are +1 and +5.

Here, p(z) =z3 -3z +z+5

For z=1 p(1)=(1)%=3)%+ (1) +5 £0

For z=-1, p(=1)=(=1)3=3(-1)%+(=1)+5 =0

As, z=-1, so, (z+1)is afactor of p(z) =2z%—32z2+2z+5.

By synthetic division

- lJ 1 -3 1 5

we get (23 —3z2+z+5)+(z+1)=(22—4z+5)
Hence, (z3-322+2z+5)=(z+1)(z? -4z +5)
Now we can easily find the factors of z2 — 4z + 5 by using quadratic formula.

In order to find the factors of z2 —4z + 5, let z2 — 4z +5 = 0.

Here, a =1, b= -4 and c =5, by using quadratic formula
—(—9) +/(49)?-4(1)(5) 4+V16—20 4+V—4 .
.= 2(D) - 2 =T T




Thus,z=2+iandz=2—-iorz—2—i=0andz—2+i=0
Hence the three factors of the given polynomial are(z+ 1),(z—2—1i) and
(z=241)

1.3.3 Solve quadratic equation of the form
pz2 + qz + r = 0 by completing the squares,(where
D, q and r are real numbers and z a complex\number
For example: Solve zZ2 —2z+5=0
=(z-1-2)(z—-1+2) =0
=z=1+2i,1-2i
We recall the method of completing the squares by solving the following

standard form of quadratic equation.
The quadratic equation in standard form is:

pzZ+qz+r=0 Vp,qr€R
= pz?+qz=-r (Shifting constant on R.H.S)
= z% + %z = —S (Dividing by the coefficient of z?2)
242 (L)z 4 (L) = T 4+ (L) ing (L)
= (2)°+2 (zp)z + (Zp) === + (Zp) [Adding (Zp) to
both sides]
2 T 2 2 —apr
SN A it A . ks
2p p 4p 4p
2_ lq%2—4pr
z+ Zi =+ 4 gpr =+ 1 5 P (Taking square root)
gY@ TAer a4 —aEyei-dpr
- 2p 2p 2p

Example: = Solve z?—2z+ 5 = 0 by completing square method.
Solution: We have z2—-2z+5=0

or z?2—2z=-5
By adding 1 on both sides
we get z2—2z4+1=-5+1
= (z—-1%*=-4
By taking square root of both sides
z—1=+V-4
z—1=22i

z=1+2i



ii.

iii.
iv.

vi.

vii.
viii.

Solve the following simultaneous linear equations with complex
coefficients for w and z.

() 3z+@+Dw=11—i (i) 22+ @+Dw=9—1i
R-Dz-w=-1+i B-idz—iw=-1+1i

Write the following polynomials as the product of linear factors:

(i) z? + 81b? (ii) z3 + 322 + z— 5  (iii) 422 + 9b?

(iv) z3 + 322+ 42+ 2 (v) z3 — 722 + 19z — 13

(vi) z3 4+ 322 + 19z + 17 (vii) z3 — 3z% + 4z — 2

Solve the following quadratic equations by completing the squares,
where z is a complex number.

(i)22_4Z+5=0 (id) z2+12z+52=0
(iii) 34z% — 6z = —1 (iv) z2 — 62+ 34 =0
(v) z2—6z=-13 (vi) z2 + 64 =10

Review Exercise 1 )

1. Select the correct option.
For any complex number z, |z| is equal to

(@) |z| (b) |=z| () |-zl (d) all of these

If z; and z, are any two complex numbers, then

(@) lz1 + z2| < lzy| + 12| (b) |z + 22| < |z1] + |22

(©) |z1 = zz1 < 24| — | 2, (d) 21 + 22| = |z1] + |z,]

If z=3i—4,thenz+7 = ---——---- (@8 (b)—=3i (c)—8 (d)3i-8

Ifa>0and b <0,then (a)ab>0 (bJab<0 (c)ab=0 (d) all of these
If nis an even integer, then (i)" is equal to:

@i (b)-i (clor—1 (d)ior—i

If z is any real number x, then its conjugate is:

(@) x (b) —x (c) xi (d) —xi

(—1)% is equal to: @i (b)-i (1 (d) -1
If z=(0,1) then z2 is: @1 (®-1()i (d)-i
The product of two conjugate complex numbers is:

(@) A real number (b) An imaginary number
(c) Always zero (d) Not defined

241 1
Real part of < is equal to: @1l M2 (-1 (d >



xi.

xii.

xiii.

xiv.

XV.

xvi.

xvii.

xviii.

Xix.

The plane on which complex numbers are shown is called:

(a) Coordinate plane (b) Complex plane

(c) Cartesian plane (d) Real plane

The modulus of a complex number z = x + iy is the distance of P(x,y)
from:

(@) x — axis (b) y — axis (c) Origin (d) (x,y)
Ifzy, =2+3i, z,=1—ithen |z,2,| = -
(a) V13 (b) V26 (c) V15 (d) 26

If |x + 5i| = 3, then xis equal to :(a) +4 (b)+4i (c)t£22i (d)None of these
Multiplicative inverse of (3,4) is:

@) (%%) ®) (75:75) (©) (555 ;g“) @ (1,0)
If z=-3i+4,thenz = ~—————-—--——--

(@-3i—4 (b)-3i+4 (c)3i+4 (d) 3i — 4

Real and imaginary part of i(3 — 2i) are respectively:

(a) 2& — 3 (b) 2&3 (c)3& —2 (d)—3 & —2
Ifz=a+ib, then |z|=: ------=-=---=-
(@) Va—b (b) Vaz — b2 (c) VaZ + b2 (d) Va—-»b
(w)“ e
1-i
(a) —1 (b) 1 () i (d) =i
The value of i77is: ~===--------—-
(a) 1 (b) i (c) -1 (d) —i
Simplify:
@) (5 — 6i) + (5i) + (7 + 60) (i) (4 =10+ (-9 +60)
(i) (9 + 11i) — (3 + 50) (iv) (=2 = 15i) — (—12 + 130)
(v) (-3 + 2i)(3- 8i) (vi) 3-1)(4 + 3i)(5- 2i)
4-i 8+61
(vii) . (viii) -
6—31 6—21

(a) Find each of the following:
(i) zforz=3-15i (ii)z —z,forz; =5+i and z, =-8+3i
(iii)z;z; forz; = —10+5i,z, =5 — 10i

z
(iv);for z=15-3i (v)z; —Z,forz; =5+ 4iand z, = -8+ 5i

(b) Find absolute value of the following complex numbers:

)3 6 D 6430 (i 6+3i N
(i) i (ii) i (iid) T (iv) T




Find the values of x and y if:

(i) 5x + 3iy = —x + 2iy (ii) x%2 — 7x + 9iy = iy? + 20i — 12
Find real and imaginary parts of the following:
. ... 3z+i
(i)z=i—-42i-3 (i) forz=3+2i
z+4
Find the additive and multiplicative inverse of each of the following:
(i) 3-7i (ii) 241 (iii) -2 —5i
1 3
(v) S+3i v) —4 +/7i (vi) 3 +4i

Solve the following equation:

z2—-(2-3i)z—-5+i=0
Verify the following:
(i) (2+3i)>=-5+12i (ii) 2(5 —20)%2 =42 — 40i
i) z2+i=(EZ-D(E*+iz—1).
Solve the quadratic equations by completing the squares.
(i)z2—=5z+7=0 (i) 222 = 62+ 9 = 0 (iii) 4z2 +25 =0
(iv)z2 —10z+ 41 =0 (V)4z2+4z+5=0



