TRIGONOMETRIC
IDENTITIES OF
SUM AND DIFFERENCE
OF ANGLES

10.1 Fundamental Law of Trigonometry

10.1.1 Recall trigonometric ratios

We have already studied trigonometric ratios in B
pervious classes. Let us recall. “The ratios of the lengths of

sides of a right-angled triangle, are called trigonometric c a
ratios.”

There are six trigonometric ratios, namely sine, A ]
cosine, tangent, cotangent, secant and cosecant. These six A 7% ig 10%

trigonometric ratios are abbreviated as sin, cos, tan, cot, sec,
and cosec.
Consider a right-angled triangle ABC in which m < C=90° and
m < A =0 as shown in Fig. 10.1.
Trigonometric ratios for acute angle 0, are defined as under.
length of opposite side of 6 a

1. sinB = -
s length of hypotenuse c
length of adjacent side of 6 b
2. cosO'= =-
length of hypotenuse c
length of opposite side of 6 a
3. tanB = - - =—
length of adjacent side of 6 b
length of adjacent side of 6 b
4. cotB = — =—
length of opposite side of 8 a
length of hypotenuse c
5. secH = - - =
length of adjacent side of 6 b
length of hypotenuse c
6. cosec =

length of opposite side of 6 ~a
We have also studied in previous class that these ratios become
trigonometric functions when 0 is any real number representing measure (in



radians) of an angle in standard position in unit circle

and P(x,y) be any point on the circle as shown in P, y)
Fig. 10.2. 0,
. . . y
Trigonometric functions for any angle 6 are 0 "
o x A X

defined as under.

sinf =y, cosO =x,
tanG:X, c0t9=£,
x y
Fig. 10.2
sec6=1, cosec9=1. £
x y

Where mOA = x and mAP = y in right angled AOAP.

10.1.2 Use distance formula to establish fundamental law of
trigonometry
e cos(a—fB) = cosacosf+ sifl ousin 3
and deduce that
e cos(a+ B) = cosacos B +)sin asinf
e sin(a+ ) = sin acoes/B i cos a sin B

_ tana + tan f
° tan((x + B) ~ 1Ftanw« tan B

Recall that the distance between the two points P;(x,y;) and P,(x,,V,)
is found by the formula known as distance formula:

|PyP,| = \/(xz —x1)%+ (V2 —y1)?

Fundamental Law cos(a — ) = cosa cosf + sina sinf

Consider a unit circle with centre at O(0,0) as shown in Fig 10.3.
Let P(cos 3, sin B) and Q(cosa,sina) be any two points on the unit
circle.
Then by using distance formula

[PQ| = /(cosa — cos B)2 + (sina —sin B)2  ...(i)

Now rotate the axes so that the positive ' X
direction of the x-axis passes through the point P(cos B, sin p)
P. Then with respect to this coordinate system, 5o B/// roo
the coordinates of P and Q, respectively become /o7 > X

(1,0) and (cos (a—B),sin (a—B)) as shown in
Fig 10.4. /

(cos a, sin a)

/




|PQ| = \/[cos(a —B) —1]? + [sin (a — B) — 0]% ...(ii) i

Hence, by comparing equation (i) and (ii) 7

we get, /(cosa — cos B)2 + (sin a — sin B)2
= [cos(a—B) — 1]? + [sin (a — B) — 0]
Squaring both sides

(cos a— cos B)? + (sina — sin B)?

/
(cos (a—), sin (0—P))Q

Fig. 10.4

= [cos(a — B) — 1]? + sin?(a — B)
or (cos?a + sin%a) + (cos?P + sin?B) — 2(cos a cos B + sina sin B) =

[cos?(a—B) + sin?(a—B)] — 2cos(a—B) + 1
= 2—2(cosacosPB+sinasinfB) =2 —2cos (a—P)
So, cos (o — B) = cos a cos B + sin a sin 8 I |
This law is called fundamental law of trigonometry.
Example: If cosa = %, cos B = g and o, p are in the first quadrant. Find

cos (a— ).

Solution: We know cos?a + sin a = 1

= sina = +V1 — cos?a

o T

sin a =§ (since a is in the first quadrant).

Again from cos?f +sin? f = 1,

we have sin = +./1 — cos?

_ 3\ _ 1
=4 |1- (T) = i? .
sinf3 = % (since B is in the first quadrant)
Now, cos (o — ) = cos acos B+ sin asin B
13, 31_43

Deductions from the Fundamental Law
Using the above identity (I), we deduce some other identities.

Taking a = 0 in ()
We get, cos(0 — B) = cos 0 cos B + sin 0 sin 8



= | cos (—B) = cos B | [ cos0=1,sin0 = 0] |

Again, putting a= g, we have

cos (g - B) = cos% cos 3 + sing sin 3

So, cos (g - B) = sin 3 [ cos% =0, sing = 1] ...ii
Taking - for B in (ii), we have

cos (g - (—B)) = sin(—P)
= cos (B - (- g)) = sin (—f)
= cos 3 cos (— g) + sinf3 sin (— g) = sin (—f)
= cos B (0) + sin B (—1) = sin (—PB)
So, I sin (—B) = —sin B I ... dii
Now, tan (—0) = sin(=8) _ —sin®__ 10

cos (—0) ~ cos O T

So, tan(— 0) = —tan© ...iv

cos (—0) .cos®

Again, cot (—0) = Sin (—8) — —sin 6~ cot®

So, cot(—0) = —cotO LV
We know that cos (g N 9) =sin®6

So, cos [g — (g — 6)] = sin (g — 6)

= sin (g - 9) =cos O ...vi
Now, tan (g - 9) = ::; %:2)) = (S:?Ifg = cot 0.

So, tan (g - 9) = cot0 ...vii
Also, cot (g — G) = :); ((%g:g)) = zg;g =tan©

So, cot (;—T — 9) =tan 0 ...viii
Similarly, cosec (—0) = —cosec 0

and sec(—0) =secH

Also cosec (g - 6) =secB

and sec (g - 9) = cosecH



Deduction of cos(a + ) = cosacos 3 — sinasin 8

By Fundamental law

We have cos(a— ) = cos acos B + sin asin f3
and by putting —B for B, we have
cos(a + B) = cos acos (—B) + sin asin(— B)
But sin(—B) = —sinf and cos(—f) =cosf.
So, Icos(a+B)=cosacosB— sinasinBI LI

Deduction of sin(a + ) = sin acosf + cos a sinf§
Since cos (;—I - 9) = sin 0, therefore by putting (a + §8) for 0,
we have sin(a + B) = cos E — (o + B)] = cos {(g - a) - B}

= cos(E—a).cos B+sin(E—a).sin B
2 2

So, sin (a + ) = sin acos B+ cos « sin ... III

By putting — for B in (III),
we have sin (a — ) = sin acos (—f) + cos « sin (—f)

i.e., sin (a — B) = sin. acos f — cos a sin f3 LIV
Example 1. Find the value of sinén without using tables or calculator.
Solution: sin%n = sin (g + %) = sin%cos% + cos%sin%
By using values,
7 v3i 1 1 1

We get, SIHEHZTIE-I_E.E

_ V3 1

AR

V341

C2v2

Example 2. Without using tables or calculator, find sin15°.
Solution:  sin 15° = sin (60°- 45°) = sin 60°cos 45°— cos 60° sin 45°

By using values, sinl5°=+%:——-5" =



sin (a+p)

Example 3. Prove that: =tan a + tan ; (cos a # 0,cos B # 0).

cos acos f3
Proof:
LHS = S
cosacos 3

sin acos P + cos asin 3

cos acos f3
sin ¢ sin
"~ cos a cos P
= tana + tan
= R.H.S
+ L.H.S=RH.S
_ sin(a + )
" cosacos B
Hence proved.
Example 4. Show that:

sin (180° +6) = —sin 0.

= tana + tan f3

Solution:
L.H.S = sin(180° + 6)
= sin 180°cos © + cos 180° sin O
= (0) cos O+ (—1)sin 6
= =sin® = R.H.S
So, L.H.S = R.H.S, hence shown.

tana + tan
1+tan a tan f
sin (a+)

cos (a+f)

_sin acosB+cos a sinf

Deduction of tan(a + ) =

We know that tan(a + ) =

" cos acos P —sin a sinf
Dividing the numerator and the denominator by cos acos § # 0,

tan a+tan 3

we have tan(e+B) = T an g

Again putting —f for 8 in (V),

We get, tan(a — ) = —1tirt1;1':i‘:r$(__ﬁé)

tan a — tan 3
" 1+tanatanp




tan(a — B) = tan oa—tan 3

1+tan atan B

1
tan (a+pB)
1
" tan a+tan
1—tan atan 3

Now, cot(a+B) =

_1—tanatan

" tana+tan B
11
cot a " cot B _ COt(XCOtB— 1
1 1 cota+ cotP
cot a cot 3
__cotacot—1
So, cot(a+ ) = cot a+ cot

Again putting —f for § in (VII), we have
cotacot(—B) —1

cot(a—B) =
( B cota + cot(—B)
—cotacotf—1
~ cota— cotf
cot a cot B+1
So, cot(a —B) = cot B—cot a

Example 1. Prove that tan(270° — 6) = cot0
Proof: L.H.S = tan(270° — 0)
_sin(270° - 6)
7 cos(270° — 0)
_ sin270°cos @ —cos 270°sin 6
"~ €0s270°cos 0 4 sin 270°sin 0
_ (=1)cos® —(0)sinb
" (0)cosB + (—1)sin®

...VI

.. VII

...VIII

__ —cosb
~ —sinb
= cot0
=R.H.S
Example 2. Without using tables or calculator, find the value of tan75°.
Solution:
Here, sin 75° = sin (30° + 45°) = sin 30°cos 45° + cos 30° sin 45°

By using values



/3

1
Ztz
1 3
AR
_1+43

2V2
and cos 75° = cos (30° + 45°) = cos 30°cos 45° — sin 30° sin 45°

By using values,

N[ =

We get, sin 75° =

Sl

We get, cos75°=§-\/i§—%-\/i7
V31
T 2V2 2v2
_V3-1
2V2
Now, tan75° = s:)r; ;15__;
1+V3

_ 22 _\B41 242
S B-1 - 2vZ V3-1

22
So, tan75° = g—ti—
Example 3. Find the value of cot%n without using tables or calculator.
. 1 n m _ cotzcotz+l
Solution: COtET[ = cot (§ — Z) = m
1
—.1+1
By using values, cot5 = B—l
V3
_1+V3 V3
V3 V3-1
s A V3+1
0o, cot—T =
12° V3-1
Exercise 10.1 )
1. Prove that:
(1) cos(360°+ 0) = cosH (i) sin(180° 4 6) = —sin©

(iii) tan(180° — 6) = —tan© (iv) sin(270° —0) = —cos©



(v) cot(270° + 8) —tan 6 (vi) cot(270° —6) = tan 6
(vii) cosec(360° — 0) = —cosecB (viii) sec(360° — 8) = secH
2. Evaluate the following.

(i) sin 150° cos 300° + sin300° cos150°

(i1) c0s 19° cos 11°- sin19°sin11
3. Verify that:

()  cos75°= f—le (i) cos(180° +45°) cos(180° — 45°) = 5
4. Without using tables or calculator. Find the values of:

(i) sin75° (i) tan 105°  (iii) cos 165° (iv) sin 255°

() tans—n (vi) cosls—n (vii) sinzg—7r (wiii) cos—z—SE

12 12 12 12

5. Prove that:

. sin(a+p)+sin(a—p) ....cos(a+p)+cos(a—PB)

M) cos(a+B)+cos (a—P) = tana (i1 sin(a+p)+sin (a—pB) = cotx
6. Prove that:

(i) sin(a + B) sin(a — B) = sina —sin?p

(ii) cos(a + B) cos(a — B) = cos?a —sin?B

7. Prove that: cos (a+ ) + cos(ax — ) = 2cos a cos 8
8. If sina = % and sinf} = % where 0 < a < % and 0 < f < % then find:
(i) cos(a+ B) (ii) tan(a+ ) (iii) cot(a —B)  (iv) cos(a — B)
(v) sin(a + B) (vi) sin(a—B)  (vii) cot(a+B)  (viii) tan(a — )
Also find quadrants of angle (a + ) and (a — )

10.2 Trigonometric Ratios of Allied Angles

10.2.1 Define allied angles

A group of angles is said to be allied angles of basic agnel 6, if sum or
difference of any two of them gives the integral multiple of 90° or % radian.

So, the angles of measure of 90° + 6,180° + 6,270° + 6,360° + 6 are allied
angles to basic angle 6.

Note: The General formula to produce allied angles is n(90°) £ 6° or in radians

T T
n(i)iewherenEZand0<9<7

Example: Generate all allied angles if 6 = 30°.
Solution: We use n(90°) + 6, to generate allied angles for all integers.
If n is non-negative integer




For n =0, we have 0 + 30° = +30°
For n =1, we have 90° + 30° = 60°,120°

For n = 2, we have 180° + 30° = 150°,210° and so on

If n is negative integer.

For n = -1, we have —90° + 30° = —60°,—120°

For n = -2, we have —180° + 30° = —150°,—210° and so on.
Hence all allied angles are +30° +60° +120° +150°,+£210°, ...

10.2.2 Use fundamental law and its deductions~to derive
trigonometric ratios of allied angles
Express asin0 + bcos® in the form tsin(0 + @) where
a=rcospand b =rsingd

Trigonometric ratios of allied angles in all four quadrants are given in
the following table. Some of which are obtained from section 10.1.2 and the
following solved examples. Remaining proofs are left as an exercise.
Example 1. Prove that sin(90° + 8) = cos 6
Proof: L.H.S = sin(90° + 0)

= sin90° cos 6 + cos 90°sin B
(1) cos 6+ (0)sin®

= cos O

=R.H.S
Example 2. Prove that cos(180° —6) = —cos 0
Proof: L.H.S = cos(180° — 0)

= c0s 180° cos 0 + sin 180°sin 6
=(—1)cos0+ (0)sind

= —cos

=R.H.S
Example 3. Prove that tan(360° —8) = —tan 6
Proof: L.H.S = tan(360° — 0)

_ tan 360° —tan O

" 1+tan360°tan®
0—tan®

“1+0xtan®
= —tan0

=R H.S




Trigonometric ratios of Allied angles in all the Four Quadrants

—0 (4t* Quadrant) 90° — 0 (1st Quadrant) 90° + 6 (274 Quadrant)
sin (—6) —sin® sin (90° — 0) cosO sin (90° + 6) cosO
cos (—0) cosf cos (90° —0) sinf cos (90° + 0) —sin®
tan (—0) —tan6 tan (90° — 0) cotb tan (90° + 6) —cot6
cosec (—0) —cosecH cosec (90° — 8) secB cosec (90° + 6) sec
sec (—6) secO sec (90° — 6) cosecd sec (90° + 8) —cosecO
cot (—8) —cotf cot (90° —0) tan6 cot (90° 4+ 0) —tan6
180° — 6 (274 Quadrant) 180° + 0 (34 Quadrant) 270° — (3. Quadrant)
sin (180° — 0) sinf sin (180° + 0) —sin@ sin (270°—8) —cos6
cos (180° —0) —cos0 cos (180° + 0) —cos6 cos (270° — 0) —sin®
tan (180° — 0) —tan@ tan (180° + 0) tan@ tan (270° — 0) cot6
cosec (180° — 6) cosec cosec (180° + 6) —cosecH cosec (270° — 6) —secH
sec (180° — 6) —secH sec (180° + 6) —secO sec (270° —0) —cosecH
cot (180° — 6) —cotf cot (180° + 6) cotd cot (270° — 0) tan6
270° + 0 (4th Quadrant) 360° — 0 (4th Quadrant) 360° + 0 (1st Quadrant)
sin (270° + 0) —cos6 sin (360°—8) —sin® sin (360° + 0) sinf
cos (270° + 6) sin® cos (360° = 0) cos cos (360° + 6) cosB
tan (270° + 0) —cot® tan (360° —0) —tan6 tan (360° + 0) tan@
cosec (270° + 6) —secH cosec (360° — 0) —cosecH cosec (360° + 6) cosec
sec (270° + 8) cosecO sec (360° — 8) secB sec (360° + 8) secB
cot (270° + 0) —tan6 cot (360° — 0) —cotO cot (360° + 6) cotb

Example 1. Find the values of
(i) cos 495° (ii) sin 1230° (iii) tan (—1590°).

Solution:
(i) cos 495° ='cos(360° + 135°)
= cos 135°
= cos(90° + 45°)
= —sin45°
1
V2
(ii) sin1230° = sin(3x 360 + 150)°
=sin150°
= sin(180° — 30°)
. 1
= sin30° = 5

(iii) tan(—1590°) = —tan1590°
= —tan(4 x 360 + 150)°
= —tan150°




= —tan(180° — 30°)

= —(—tan30°)
= tan 30° =\/i§

Example 2. Without using the tables or calculator, find the values of:
6cot62°  tan70°

+
tan28° 2cot20°

(i) cosec(—870°) (ii)
Solution:
1 1
i —_ %) = =
(i) cosec(—870°) = 5570 = sms70°
1
~ =sin(720°+150°)
. S
—sin150°
__ 1
—sin (90°+60°)
1
"~ —cos 60°
=-2
6cot62° tan70°  6cot (90°=28°) tan (90°-20°)

(i) + =

tan28° 2cot20° tan 28° 2cot20°

tan 28° cot20° . B
= 6fan28° T 2corzoe | tan (90° —8) = cotf]

=6 +% = % [ cot (90° — 6) = tan6]
. 3cot(90°—0)  2sin®
Example 3. Prove that: ond cos (90°—0) — 1
Solution:
_ 3cot(90°=B)  2sin® _ ,tan® _ sin® B o O\ — o
L.H.S = tan® cos (90°—0) — 3tan9 sin@ [ cos (90° — 8) = sinf]

=3-2=1=RHS [~ cot(90°—0) = tand]
Express asind + bcos0 in the form rsin(0 + @)
where a = rcosp and b = rsing

Let a =rcos® and b = rsin@.
Now by putting values of a and b in asiné + bcos6
we have, a sin® + b cos® = rcos@.sinb + rsin@. cosd
= r (cos@.sinB + sin@. cosO)
=rsin (0 + @) [By using identity]

Thus asin® +bcos6 = rsin (60 + @)




Example: Express 4sin 0 + 3cos0 in the form rsin(6 + @), where 6 and @ are in
the first quadrant.

Solution:

Since, 6 and @ are in the first quadrant, therefore, all trigonometric functions
have positive values.

Let 4 = rcos® ...(1)
and 3 =rsin® ...(2)
Squaring both sides of equations (1) and (2), and then adding
We get 42 4+ 32 = r2(cos?@ + sin?@)

= 25=r2x1

= r=>5
Therefore, cos@ = % = % and sing = % = %

Now, 4sin 0+ 3 cos 6 = rcos @ sinf + rsin @ cos 0
= r(sinB cos® + cosB sin 0)

= 5sin(0 + 0); where, cos® = % and sin@ = %
Exercise 10.2 )

1. Generate all allied angles if

(i) 0 = 60° (ii) 0 = 50°

Show that: sin (90°-0) cos(90°-6)

ow that: cosec(90°—0) = sec(90°—8)

3. Evaluate the following without using calculator.

@)  sin (6759 (i)  tan (257") (i)  cosec(2130°)

. sec 55°  sin 48° sin 56°  cot37° o

(iv) cosec 35°  cos 42° v) %0538 " tan53 V2sind5
4. Show that:

o_pgy = L -
cos(45° —0) = ﬁ(cose + sin0)

5. Express the following in the form rsin(8 + @) where 6 and @ are in the

first quadrant.

: : . YER 1

(i) 15sin0 + 8cosH (i) - sinb + 2 cosf

(iii) sin® + cosO

tana cos (90°—a)
Prove that: - =
cot (90°—a) sina

If A+ B+ C = 180° then prove that
tanA+tanB+tanC = tanAtanBtan C



10.3 Double, Half and Triple Angle Identities

10.3.1 Derive double angle, half angle and triple angle

identities from fundamental law and its deductions

(a) Double angle identities for sin20, cos20 and tan20

We know that sin (a + B) = sin acos B+ cos a sin f3
Taking a= =0, we get
sin20 = sinO cos® + cosO sin6

ie., I sin20 = 2 sinf cosb I ... (1)

We know that cos (o + ) = cosacosp— sin asinf
Takingo = =8

We get, cos 20 = cos?0 — sin%0

By using sin?8 + cos?6 = 1, we get

€0s20 = 2cos2 08 =1

or
cos20 = 1 — 2 sin?0
. . tana+tanf
Again, we know that tan(a + ) = T—tanatanf
Taking a= (=0, we have
tan26 tan0 + tan 0
n2g = ————
S 1—tanBtan®
. 2tan6
1.€., tan26 = m

sin20 cos20

E lel. P hat: - =
xample rove that snB  cosp _ S€€ 0

Solution: LH.S = M _ cos28
sin® cosO

2sind cos®  2cos? H—1 )
= "8 coso [By using (1) and (2)]
2cos?0—1
coso
_ 2cos®6—2cos’ B +1

coso

= 1 =secb=R.H.S
coso

= 2 cosO —

. (2)

.. (3)




tan26+cot26
cot20—tan20
_ tan26+cot20

" cot20—tan20

sin26 | cos20

cos 20 + sin 20
cos26 sin26
sin20  cos26

sin® 20+cos2 20
sin 20 cos 26
cos220—sin® 20
sin 26 cos 20

Example 2. Prove that: sec46 =

Solution: R.H.S

1
"~ cos220 —sin%0
_ 1
" c0s220 — sin220
= = 40 =L.H.S
cos40 Se¢
. i ) 0 0
(b) Half angle identities for sin 22 €Os and tan >
We know that cos 26 = cos? 0 — sin?0
=1 — 2sin%0

5]
Putting > for 0, we have,

cosf=1-— Zsinzg

2
= ZSinZg= 1—cosB
A . 260 _ 1—cosb
sin? 5 = —
. 1—cos 6
= smz =+ >
We know that cos 260 = cos? 6 — sin?0
= 2cos?0—1

7]
Putting Y for 0, we have,
cosf = ZCOSZg— 1
= 2coszg=1+cose

N COSZQ __ 1+cosB
27 2

- (1)




So, cos— =+

. 0
. Sin 1-cosO
From (1) and (2), by division, we have, 5=
cos 14cos6

) 9_ 1 — cosb 1+ cosbO
or an 2 1+ cosb 1+ cosO

_ V1—cos?0
"~ 14 cosH
_ sinf
" 1+ cosH
So,
tanD = S8 (wh 0% —1) 3
ans =15 where cos ...(3a)
¢ o sin?@
or an 2 sin® (1+cosh)
_ 1—cos?8
"~ sin@ (1+cosH)
__1—cosb
~.sin@
6 1-cos6 .
So, tan— = — (where sin® # 0) ... (3b)
2 sin@

2

Example 1. Show that (sin g— cos g) =1—sinB

Solution:
2

— (sin @ — cos ®) = sin?® + cos2® — 26in @ cos ©
L.H.S—(sm2 cos 2) = sin 2+cos > Zsmzcos2

=1— 2si 0
= sin 2cos 5
=1-sin6 = R.H.S

Example 2. If sinf = % and 0 <0 < g then, find the values of
(]

(i) cos> (ii) sins (iii) tan

2 2
Solution:
v 0 is in 1st quadrant

5 cos® =+v1-—sin20



0

(i) tang=1re——s

X

Example 3. Find the value of sin 15°.

o

Solution: sin 15° = sin 33

_ 1 — cos 30°
- 2




(c) Triple angle identities sin30, cos30 and tan30

We know that
sin (a+ ) = sin acos B+ cos a sin
By using a=20and =60, weget
sin(20 + 0) = sin26 cosB + cos20 sind

= (2sin® cos 8)cosO + (1 — 2sin?0)sind

= 2sinB cos?0 + sinB — 2sin30

= 2sinB (1= sin%0) + sinB — 2sin30

= 2sinB — 2sin36 + sin® — 2sin>0

sin30 = 3sin® — 4sin®0

Similarly, cos (o + B) = cos acos $—sin a sin
By using, a=20and =60, weget
c0s 30 = cos20cosB—-sin26sind
= (2c0s%06-1)cos -2 sin B cos B sin O
=2c0s30- cos 8 —2sin®Ocos O
= 2c0s30-cos0-2(1 — cos?0) cos O
= 2c0s30-cos 0 -2 cos O + 2cos30

c0s30 = 4 cos® 6-3cosO

_ tana+tanf
We also know that, tan (a+ ) = T_tanatanf
By using, a=20 and B =806, weget
tan 30 = tan 20 + tan 0
ansv= 1—tan20tan®
2tanf
_ Ttan?0 +tan 6
- 2tan@

" 1—tan20 tang

(1)

. ()



Example:

2tan 6+tan 8(1—tanZ0)

1—tan?6

(1—tan2 6)—2tan2 0

1—tan?0

tan 36=

3tan6—tan30

1—3tan20

Solution:
L.H.S = cos50 = cos(26 + 36)
= co0s 26 cos 36 — sin26sin36
= (2c0s20 — 1)(4cos306-3cosB)— (2sind cos B)(3sin6 — 4sin30)

= (8c0s°0 — 6c0s30 —4c0s30 +3c0s0)—cosB(6sin?6 — 8sin?0)

= (8c0s°0 — 10cos30 +3cos0)— 2cosOsin?6(3— 4sin?0)

= (8c0s°0 — 10c0s30 +3cos8)— 2c0sO(1 — cos?0){3 — 4(1 — cos?0)}

11.

13.

.(3)

Show that cos560 = 16co0s®0 — 20cos36 + 5cos0

(8c0s°0 — 10cos30 +3cosB)— (2cos0 — 2c0s30)(3— 4 + 4cos?0)
(8c0s®0 — 10c0s30 +3cosB)— (2cos8 — 2cos30)(4cos?8 — 1)

= (8c0s°0 — 10cos30 +3cosB)— (8cos30 —2cosB — 8cos°0 + 2cos30)
=8c0s°0 — 10c0s30 +3c0s® —10cos30 +2cosO + 8cos°H

= 16c0s°0 — 20c0s30 + 5cosO

=R.H.S

7 Exercise 10.3 )

Prove the following identities:

sin20 cos 20 5
— = secC
sin O cos 0
1—tan2a
cos2a = ——
1+tan“a
cosec2 O = 2sech
2 secO-1
20_
c0s20 = cotze 1
cot“0+1

cos40 = 8cos*0 — 8cos 0% +1

2 tana

sin2a = ———
1+tan?«a

tan4 0 =

4 tanB(1—tan20)

tan40—6tan206+1

cotf—tan©

cot206 = >

,0 tanB-—sinH

tan” 5 = Gno+sino

sin40 = 4sin B cos 6 cos 20
2
(cosg— sing) =1-—-sin®
2 2

tan% = cosecX — cot (X
sin ©+sin 20

14+cosO0+cos 260

= tan O

secO = 5

[E]
Coti_ tani



sin3a  cos3a sin4® cos40

15. - - =2 . - - = sec26

sina cosa sin20  cos26
17. Evaluate the following

(i) tan22.5° (ii) cos 15°
18. Ifcosb = %4 and g < 6 < m then find the following:

o . 0 .. 0 0 . . .

(i) siny (i1) cosy (iii) tan (iv) sin26 (v) cos28 (vi) tan26
19. Ifsinf = % , where 0 < 6 < g then find the following:

() sing (i) cosy  (ii) tany  (iv) sin28 . (¥).cos26 (v tan26
20. IfcosB = % , Where 0 < 6 < g, then find the following:

(i) sin30  (ii) cos 36 (iii) tan 36
10.4 Sum, Difference and Product of sine and cosine

10.4.1 Express the product (of sines and cosines) as sums or
differences (of sines'and cosines)
We know that sin (a4 B) = sina cosp + cosa sin B

sin (oo =B) = sina cosp — cosa sin B
Then by adding and subtracting, we get

sina cosp = %[sin (oo +B) + sin (o — B)] ..-(1)
and cosa sinp = % [sin (o0 +B) — sin (a0 — B)] ... (i)
Similarly, from cos (o + ) = cosa cosp — sina sin 3

cos (o —PB) = cosa cosp + sina sin .
by adding and subtracting, we get

cosa cosP = % [cos (o + B) + cos (o —PB)] ... (iii)

and sina sinf} = —% [cos (o +PB) — cos (o — B)] ... (iv)
Example 1. Express Zsingz—ecosg as sum or difference.

Solution:

Here 0(=32—9and B=g

Using 2sina cosB = sin(a + B) + sin(a — B),

so we get, 25in37e cosg = sin (379 + g) + sin (3—6 — Q)



.46 . 20
= sin—-+ sin—-

= sin20 + sin®
Example 2. Express cos(y + z) cos (y —z) as sum or difference.
Solution:
Here, a=y+zand B=y-—z

Using cosa cosP = %[cos(a + B) + cos(a — B)],
We get, cos(y+z)cos (y—1z) = % [cos(y+z+y—2z)+cos(y+z—y+2z)]
= %(cosZy + cos2z)

Example 3. Verify that: sin10°sin30° sin50° sin70° = 1_16
Solution: L.H.S = sin10° sin30° sin50° sin70°
= sin10° sin70°sin30° sin50°

-1
=7 sin10°(—2sin50° sin70°)

-1

= Tsin10° [cos(50° + 70°) — cos(50° — 70°)]
-1

= Tsin10° [cos120° — cos(—20°)]

-1
= Tsin10° [cos(90 + 30)° — cos 20°] [~ cos(—6) = cosb]
-1 Tt
= Tsin10° [—sin30° — cos 20°] [ cos (E + 6) = —sin 6]
L Lintoe [-2 20°
= Tsm [— E — COS ]

1
=3 sin10° + - [sin 10° cos 20°]

= Lsin10° +
—8511’1

= Lsin10° +
—851n

1
= gsin10° + —[sin30° + sin(—10°)]

[2 sin 10° cos 20°]

[sin(10° + 20°) + sin(10° — 20°)]

e e e J I Y SN

1 111
= —sin10° + — [— —sin 10°]

8 812
—1'10°+1 1'10°
—851n 16 8sm

1
=— =RH.S

16



10.4.2 Express the sums or differences (of sines and cosines)

as products (of sines and cosines)

From (i), we have

sina, cosP = [sm (o + B) + sin (o —B)]
or 2sina cosp = sin (a0 + B) + sin (o —P)

Putting o+ =u and a — B =v, also oczuT-l-Vand[Szu—;l
we have 25inuT+Vcos% = sinu + sinv
ie., sinu + sinv = 251n%c05¥
Similarly, from (ii), we have
u+v u—v
sinu — sinv = 2cos = sin
2 2
Again from (iii), we have  cosa cosp = f [cos (o + B) + cos (o —PB)]
or 2cosa cosp = cos (a +f) + cos (o —f)
Putting o+ =u and a — B =v, alsoa-%’andB—TV.
we have 2COSuT+VCOS% ='Cosu + cosv
. u+v u—v
ie., COSU + COSV = 2€0S —— COS ——
Similarly from (iv), we have
ut+v . uU—v
Cosu — €osv = —2 sin—— > smT

Example 1. Express the sum cos20° + cos10° in the product form.

Solution: We know that cosu+ cosv = 2 cos -ZI_ cos u2v
So, €0s20° + cos10° = 2 cos20 ;10 cos 20 ;10
= 2c0s15° cos5°
cos60—cos20  —sin 406
Example 2. Prove that —; : =
sin30+sin0O cos©
Solution: By using cosu — cosv = —2sin ( ; ) sin (uzv)
and 51nu+smv—251n( -2I- )cos(uzv)
. (60+20\ . (60—20
So LES = c0s60—cos20 2 Sm( 2 )sm( 2 )
’ o sin30+sinf ZSin<392+e)cos(¥)




86 40

_ —sin—- sin—-
020 028
sin—- cos~

_ sin406 sin 20

N sin206 cos O

= sin 40

" cos®O

= R.H.S

7 Exercise 10.4 )

Express the following products as sums or differences:
(i) 2sin66cos36 (i1) cos 30 sin 60

. . . (a+BY . ra—P

(iii) 2 sin(a — f3) cos (a + B) (iv) —2sin (T) sin (T)

(v) sin(6 + 45°) sin (0 — 45°) (vi) 2cos(26 + 60°) cos (20 — 60°)
Express the following sums or differences as products.

(i) sin2a — sin2f3 (i1) cos % + cos %
(iii) €0s25° 4+ cos65° (iv) cos(0 + 30°) — cos(6 — 30°)
(V) sinD — sin— (vi) sin2(0 + 40°) + sin2 (6 — 40°)

2 4
Prove the following identities.

n sina-sinf* can (a;ﬁ)

cosa+cosp 2

B sina+sinf3 a+f3 oa—PB

(i1) — = tan cot{ —
sina—sinf3 2 2

sin60+sin40

(iii) ———— = tanb0
cos60+cos40

. sin20+sin406+sin60+sin86

(iv) = tan50
c0s20+cos40+cos60+cos86

Evaluate:

(i) sin20°sin40°sin60°sin80° (i1) cos 20° cos 40° cos 60° cos 80°

Show that:

c0s8°—sin8° cos11°+sin11°
. o .. o
(i) ————— = tan37 (ii) P - = tan56
c0s8°+sin8 cos11°-sinl11l




()

(xii)

(xiii)

Review Exercise 10 )]

Select the correct option.
cos(a — B) is equal to:

(a) cosacos B + sinasinf3 (b) cosacos 3 — sinasin f3

(c) sinacos B + cosasin f3 (d) sinacos 3 — cosasinf3
Angles associated with basic angles of measure 8 to a right angle or its
multiple are called:

(a) Coterminal angles (b) Angles in standard positions
(c) Allied angles (d) Obtuse angles

sin (g + 6) is equal to:

(a) cos® (b) sin6 (c) —cos B (d) —sin®

cos(m — 0) is equal to:

(a) sinB (b) cosB (c) -sinB (d) -cosB

tan(m + 0) is equal to:

(a) tan® (b) —cotB (c)-tan®B (d) cotB

cos(2m + 0) is equal to:

(a) sinB (b) cosB (c) -sinB (d) -cosB

sin 540° is equal to:

1 V3
(@) 1 (b) 0 OF @
sin(—300°) is equal to:
\/_
(@) 1 ®> (@0 (@) -1

If a,B and y are the angles of A ABC, then sin(a + ) is equal to:

(a) siny (b) —siny (c) cosy (d) —cosy
cos 2a is equal to:
(a) cos?a—sin?a  (b) 2cos?a—1 (c) 1—2sin?a (d) all of these

.o .
sin- is equal to:

(@) + ’1+szina (b) + /1—czosa (© £ ’1+czosa (d) + ’1_;“10(

cos3 a is equal to:  (a) 3cosa—4cosa  (b) 3cosa+ 4cosa
(c) 4cos®a—3cosa (d) 4cos®a+4cosa

cosa—cosf3 = (a) 2sin ((x-; B) cos (a; B) (b) 2 cos (a-; B) sin (a;)

(c)2 cos (a; B) cos (a; B) (d) —2sin (a-; B) sin (a%)




(xiv) 2sin76sin 20 is equal to: (a) cos560 —cos960 (b) cos96 —cos56
(c) sin96 +sin56 (d) sin96 —sin56
(xv)  An allied angle to 0 is .

(a) 270°+ 6 (b) 60°+ 6 (c) 45°+ 6 (d) 30°+6

(xvi) The value of cos(a — 2m) is equal to:

(@) —cosa (b)—sina (c) cosa (d) sina

(xvii) The value of sin7 1 is equal to:

1
(2) 0 (b) 1 (c) -1 (d) 7

Prove the following:
U

(i) cos (% - 0() cos (Z - B) — sin (% - 0() sin (% — B) = sin (a + )
(ii) cos (3—1T + 9) — cos (3—T[ - 9) = —/25sin0

4 4
(i)  sin?60 — sin?48 = 4sin50 cos50 sind cosd
. sin50+sin30 tan46
(iv) cos50+cos30 an
cos40+cos30+cos20
(v) ] ; ] = cot36
sin40+sin30+sin20

(vi) sin 50 — sin 30 + sin26-= 4 sin O cos% cos%




