Graphs of Trigonometric
and Inverse

Trigonometric
Functions and Solution
of Trigonometric Equations

12.1 Period of Trigonometric Functions

12.1.1 Find the domain and range\ of the trigonometric
functions

The method of finding domain and range of a function has already been
discussed in section 8.1.1. Here, we discuss domain and range of
trigonometric functions.

Domain and Range of sin0, cosf and tan6

(i) Function y =sin6 is defined as the ordinate (y-coordinate) of a point on a
unit circle that corresponds to an angle of 6

radians. Therefore, the domain of this function “1
is the set of all real' numbers as 6 can be any (cos@, sinp)
real number and the range is set of all real
numbers from —1to +1 as the maximum and

y-axis

sin @

\ P X-axis

minimum values of y are 1 and —1 respectively. < 0| cos 6 1
(Fig 12.1)

Example: Find the domain and range of 2sin 5x

Solution: Here, y = 2sin 5x ]

~ Given function is defined for all real numbers.
+ Domain of 2sin 5x = R

As Range of sin5x = {y[ye RA-1<y <1}

So, Range of 2sin5x = {y|[ye RA-2<y < 2}

(ii) Function y = cos9 is defined as the abscissa (x-coordinate) of a point on a
unit circle that corresponds to an angle of 6 radians. Therefore, the domain of
this function is the set of all real numbers as 6 can be any real number and
the range is set of all real numbers from —1 to +1 as the maximum and
minimum values of y are 1 and —1 respectively. (Fig 12.1)

(Fig. 12.1)




Example: Find the domain and range of cos 7x
Solution: Here, y = cos 7x

 Given function is defined for all real numbers
~ Domain of cos 7x = R

As the range of cos7x is same as the range of cosx
So, range of cos7x = {y|[y e RA -1 <y <1}

sin6

(iii) Function y = tan6 = 050 is defined when cos6 # 0. The domain of this

function is the set of all real numbers except those where cos® = 0 and the

nm
angles where y = tan6 is undefined are B3 radians where n is an odd integer.

The range is the set of all real numbers between —co'and 4 0 as the minimum

. sin®
and maximum values of
coso

are —oo and + o respectively.

Example: Find the domain and range of tan 4x.

Solution: Here y = tan 4x
sin 4x

is undefined if cos 4x = 0
cos 4x

We know that tan 4x =
Let cosd4x =0

= 4x = n% (where nis an odd integer)

= x=ng
]

So, domain of tan4x = R — {n%| nis an odd integer}
 The range of tan4xis same as the range of tanx
~ Range of tan 4x = R
For the trigonometric functions sinf, cos0, tanb, cosect, secd, and cotd
the domain and range are given in the following table.

Function Domain Range
f(6)=-sinB R -l<sinf<1
f(0)=cos0 R —-l<cosb<1
f6)=tan® R - {n% |nis an odd integer} R

f(0) = cosec 6 R - {n= |nis an even integer; | All real numbers
2 >land<-1
f©) = sect R - {n~ |nis an odd integer; | All real numbers
2 >land<-1
f1(0) = cot R - {n% |nis an even integer} R




12.1.2 Define even and odd functions

A function f(x) is said to be an even function if f(—x) = f(x) for all x in
the domain of f and a function f(x) is said to be an odd function if
f(=x) = —f(x) for all x in the domain of f.
Example: Decide whether each of the following function is even, odd or neither.
In the following functions, check whether the function is even or odd.

(i) f(x)=Vx*+5 (i)  h(x)==x° (i) k(x) = x + |x]|

Solution:

(i) f(x) =vx*+5
f(=x) =/(=x)*+5=vVx*+5 (Replacing x by - x)
f(=x) = f(x)
. f(x) is an even function.
(ii) h(x) = x°
h(—x) = (=x)°> = —x® (Replacing x by - x)
h(—x) = —h(x)
h(x) is an odd function.
(iii) k(x) = x+ |x|
k(—x) = —x+|—x|=—x+|x| (Replacing x by - x)
ie., k(—x) # k(x) and k(—x) # —k(x)
Hence, k(x) is neither even nor odd function.

Even and Odd Trigonometric functions

Comnsider the basic trigonometric functions sinx, cosx, and tanx
(i) f(x) = sinx
Replacing x by —x

We get, f(=x) = sin (—x)
= — sin (x) (+ sin(—x) = —sinx)
=—f()

Hence, sinx is an odd function

(i) f(x) = cosx

We get, f(—x) = cos (—x)
= cos (x) (+ cos(—x) = cosx)

= f(x)




cos x is even function
(iii) f(x) =tanx
Replacing x by —x

We get, f(—x) = tan (—x)
= —tan (x) (+ tan(—x) = —tanx)
=—f(x)

Hence, tan x is odd function.

Note: cotx and cosec x are odd functions, where secx is an even function.

Example: Determine whether the following trigonometric functions are even,
odd or neither.
(a) f(x) = secx tanx (b) g(x) = x3 sin x cos2x (c) h(x) =cosx +sinx
Solution:
a) f(x) = secxtanx
Here, f(—x) = sec(—x)tan (—x)
= [secx][—tanx] (~ sec(—x) = secx and tan(—x) = —tan x)
= —sec x tan x
=—f(x)
Hence, f(x) is odd
b) g(x) =x3 sinx cos2x
Here, g(—x) = (=x)? sin (— x) cos2(—x)
= (—x3)(=sinx)(cos2x) (~ cos(—x) = cosx and sin(—x) = —sinx)

= x3sin x cos2x

=g(x)
Hence, g(x) is even
¢)- h(x) = cosx + sinx
Here h(—x) =cos(—x) + sin(—x) (~ sin(—x) = —sinx and cos(—x) = cosx)
= cosx + (— sinx)
=CoSx — sinx
# —h(x) or h(x)
Hence, h(x) is neither even nor odd



12.1.3 Discuss the periodicity of trigonometric functions. Find
the maximum and minimum value of a given function
of the type:

e a+ bsind,

e a+ bcosé,

e a+ bsin(c6 +d),

e a+ bcos(cB +d),

o the reciprocals of above

where a, b, c and d are real numbers.

12.1.3(a) Periodicity of the Trigonometric Functions

Let X and Y be the subsets of set of real numbers. A function f: X ->Y
is called a periodic function of period p if f(x+ p) = f(x), for all x € X, and p is
the smallest positive real number.

Since for any integer n, sin(6 + 2nm) = sinf; cos(8 + 2nm) = cos® and
tan(0 + nm) = tanB. Therefore, sine and cosine are periodic functions of period
2m and tangent is a periodic function of period m.

Similarly, cosecant, secant and cotangent are periodic functions of
period 2m, 2m and T respectively.

Since all trigonometric functions are periodic. Therefore, they repeat
their values after specific interval and this property is called periodicity of
trigonometric functions.

Example < 1. Verify that sinx,cosx and tanx have periods 2m, 2n and =

respectively.

Solution:

(i) f(x) =sinx

Replacing x by x + 21

f(x + 2m) = sin (x + 2m) = sinx cos2m + cosx sin2m

= sinx(1) + cos x(0)
= sinx

i.e., f(x+2m) = f(x)

Hence, the period of sinx is 2.

(ii) f(x) =cosx

Replacing x by x + 2m



= COSX COS2T — sinx sin2m
= cosx(1) — sin x(0)
= cosx

Thus, f(x+2m) =cosx = f(x)

Hence, the period of cosx is 2m.

(iii) f(x) =tanx

Replacing x by x +

f(x + 2m) = cos(x + 2m)

f( 4 ) ¢ ( 4 ) tanx + tantt

x+mnm) =tanlx+M) = —n———
1 — tanx tanm

tanx + 0

~1—tanx 0) (+ tan =0
=tanx
Thus, f(x+m =tanx = f(x)

Hence, the period of tanx is m.
Example 2. Find the periods of the following functions.

3 e eee 1 x
i. 5sinx ii. cos3x iii. —tan —
6 6
Solution:
i. Here f(x) =5sinx
So, f(x) =5sin(x +2m) = f(x + 2m)

v f() = fx +2m)
~ period of f(x) is 2m.
ii. Here, f(x) = cos3x
= cos(3x + 2m)

. 3( +2T[)
=cos3|x 3

()

cfe = (e+2%)

21

~ f(x) has period of ER

iii. Here, f(x) = %tan %
1

= gtan (g + T[)

_1t (x+6n)
“5 "\ 6

= f(x + 6m)
 f(0) = fx + 6m)
~ Period of f(x) is 6.




12.1.3(b) Find the maximum and minimum value of a given

functions of the type
(i) a+ bsin#, (ii) a+bcosB
(iii) a+ bsin(cO +d), (iv) a-+bcos(cO+d)
(v) the reciprocals of the above,
where a, b, c and d are real numbers

Consider types (i) and (ii), the expressions attain their maximum values
when both sin® and cos 6 are at the maximum. i.e., sin6=1.and cos6 =1
provided that b is non-negative.

If b < 0 then we get maximum values at sinf = —1 and cos6 = —1.
So, maximum value of (a + bsin®) =a + |b| (maximum value of sin 0)
=a+|b] (1)=a+ |b]

Thus, I Maximum value of (a + b sin®) =a + |b| I ...(i)

Similarly, [ Maximum value of (a + bcos®) =a+ |b| | ... (id)

Now, the functions attain their minimum values when both sin 8 and cos 6 are
at the minimum. i.e., sin® =-—1 and cos 8 = —1 provided that b is non-

negative.
If b < 0 then we get minimum values at sinf = 1 and cos6 = 1.
So, minimum value of (a+ b sin 0) = a + |b| (minimum value of sin )

=a+ |bl(—1) =a—|b|

Thus, | Minimum value of (a + b sin0) = a — |b| | ... (i)
Similarly, I Minimum value of (a + b cos 8) = a — |b| | ...(iv)

Now, consider the types (iii) and (iv), that is a + bsin(c 8 + d) and
a + bcos(c 6 + d). In these types, the values of ¢ and d do not affect the
function. So, we get the same results as for types (i) and (ii) which are:

Maximum value of (a + b sin (c8 + d)) = a + |b| .. (v)
Maximum value of (a + b cos (c8 + d)) = a + |b| (Vi)
Minimum value of (a + b sin (¢0 + d)) =a—|b| ... (vii)
Minimum value of (a + b cos (c8 + d)) = a — |b| ... (viii)

Thus, we conclude that, if M and m respectively represent the
maximum and minimum values of the expression of types (i), (ii), (iii) and (iv).
Then we have the following formulae.

M=a+|b| and m =a — |b|




Now, let M' and m’ respectively represent the maximum and minimum
values of the reciprocals of the expressions.

Then, for m>0,M >0 andm<0,M<0,wehaveM’=% and m’=%
And for m<0, M >0, we have M’=% andm’:%
Example: Find the maximum and minimum values of the functions.

(i) y=3—-5sinb6 (i) y = 2 + 3 cos (56 + 10) (iii)y=m
Solution:
(i) y=3—5sin0, Here,a=3andb = -5

Maximum value of y=a+|b|=3+|-5/=3+5=8

Minimum value of y=a—|b| =3—-|-5|=3-5=-2

(i) y=2+4+3cos(56+10), Here,a=2and b =3
Maximum value of y=M =a+|b|=2+13|=2+3 =5
Minimum value of y=m=a—|b|=2—-|3|=2-3 =-1
1
(111) y = WGG—S‘)
Here, a=4and b=-5then, M=a+|b|=4+|-5| =4+5=9
and m=a-—|b| =4—-|-5| =4-5=-1
Let M' and m' respectively, represent the maximum and minimum
value of the reciprocals of the functions

- m<0, M>0
=L and o1
“ M= an m'=—
2l =1
M =5 and ===-1

Find the domain and range of each of the following functions:

(i) 2sin 3x (ii) 5cos 4x  (iii) 8tan 2x (iv) cosec 6x
(v) 5cot 2x (vi) sin 5 (vii) cosec 7 (viti) tan %

Determine whether the following trigonometric functions are even, odd
or neither.

2
L f(x) = sinx cosx ii. gx) = .13211?;
iii. h(x) — tanx iv. k(X) — x3(sinx + COSx)

x+sinx



3. Find the period of the following functions.

(i) sin3x (ii) cos4x (iii) tang (iv) sec%

(v) cosec8x (vi) cotg (vii) V5 cos%x (viii) cotv2x

. X x .7 2mx .. 2 0 3x

(ix) sinz (%) cosy (xi) > cot 3 (xii) —gsec—
4. Find the maximum and minimum values of each of the following

functions.

(i) y =4+ 3sinf (i) y= %— 4 cosO

(iii) y=6— %sin (36 +2) (iv) y = 8+5cos(0 — 25)

B 1 . B 1
V) Y= moamsm e Vi) Y= T cos 50-9)

12.2 Graphs of Trigonometric Functions

The procedure for plotting the graphs of trigonometric functions is
similar as that of graphs of algebraic functions.

In order to draw the graph of trigonometric function we take the angles
x on x-axis and the corresponding values of trigonometric functions are taken
on y-axis.

12.2.1 Recognize the“shapes of the graphs of sine, cosine and
tangent forall-angles

The graphs' of trigonometric functions represent curves and the
trigonometric functions are periodic, so their curves repeat after a specific
interval. The shapes of the graphs of trigonometric functions sine, cosine and
tangent are as follows.

Graph of sinx

y =sin x

/‘\ 05
x< P X

op-ln -5m 3m —4m -7
3 2 3 6 3

XS
wl?—l
Nl:l

(Fig. 12.2)



The shape of sine function is sinusoidal or up-down curve which

s
repeats after every 2w radians. It passes through origin, heads up to 1 by >

3
radians and then heads down to -1 at - radians. Its cycle completes at 2w

radians. The cycles repeat after the interval of 2rt. The graph is symmetric
about the origin.

Graph of cosx

y.= cos x

a

o
g

(Fig. 12.3)
The shape of cosine function is also sinusoidal or up-down curve
which repeats after every 2m radians. It does not pass-through origin. Its
maximum value is 1 and minimum value is —1. Its cycle completes in interval
of 2w radians. The cycles repeat after interval of a 2rm. The graph is symmetric
about the y-axis.
Graph of tanx
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y =tan x
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(Fig. 12.4)




The tangent function has a completely different shape. It goes between

371'5_7'[

—oo and 4. It passes through origin. At i%, i?’i > radians ..., etc., the

function is undefined. It is discontinuous curve and is symmetric about

origin.

12.2.2 Draw the graphs of the six basic trigonometric
functions within the domain from —2m to 21

(a) Graph of y =sinx,—2n < x < 2m

Table of values of sinx from —2 to 2.

—11ln| —-5m -3n —4m —7m —5m —2m —T —T —T
—2T _— _ R R —T - - ¢ N J— P 0
X 6 3 2 3 6 6 3 2 3 6
—360° | —330°| —300° |—270°| —240° |—210°|—180°| —150° | —120° | —90° | —60° | —30° | 0°
y = sinx 0 0.5 0.87 1 0.87 0.5 0 -0.5 | —0.87 -1 |-0.87| —0.5 0
s s s 2m 5 71 41 3n 5m 11m
0 — — — p— i T —_— R J— —_ _ 2m
x 6 3 2 3 6 6 3 2 3 6
0° 30° 60° 90° 120° | 150° | 180° | 210° 240° | 270° | 300° | 330° | 360°
y = sinx 0 0.5 0.87 1 0.87 0.5 0 —-0.5 | —0.87 -1 |-0.87| —0.5 0
X
3
| yi=sinx-
.—*'*—v_.._h

(Fig. 12.5)

Graph of y =sinx,—2n<x < 2m
The graph of sinx, is sinusoidal curve and it is also called sine wave.
(b) Graph of y = cosx,—2n < x <2m

Table of values of cosx from —2m to 2.

—11m —5m —3n —4m -7 —5m —2m -T - -7
—2m —_— —_ —_— —_— -7 —_— —_— - — — 0
x 6 3 2 3 6 6 3 2 3 6
—-360° | —330° —300° —270° —240° —210° | —180° | —150° | —120° | —90° —60° | —=30° 0°
y = cosx 1 0.87 0.5 0 -0.5 —0.87 -1 —0.87 —0.5 0 0.87 0.5 1
™ f m 2m 5m 7n 4m 3n 51 11m
0 - = = — — i — —_— — — —_— 2n
x 6 3 2 3 6 6 3 2 3 6
0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° | 330° | 360°
y = cosx 1 0.87 0.5 0 -0.5 -0.87 -1 -0.87 -0.5 0 0.5 0.87 1




Graph of y =cosx,—-2n < x <2m

(Fig. 12.6)

Graph of y =tanx,—2n<x <2m

(c) Graph of y =tanx,—2n < x < 2m
Table of values of tanx from —2mto 2.
Zon —1lm | =57 | -3n | -3n —4m =7 n —5m —2m - -m n -n 0
X 6 3 2 3 6 6 3 2 2 6
—360°| —330° | —300° | -270° | -2 | —240° | —210° |1g0°| =150° | —120° | —90° | —90° | —60° |—30°| o°
y=tanx| 0 | 058 | 1.73 | 40 | —0 | —1.73 | =058 | " 0.58 173 | 4o | —o | =173 | 058 ¢
0 n n m m 2m L . 7 41 3n 3n Sm 11w | 2w
x 6 3 2 2 3 6 6 3 2 2 6
0° | 300 | 60° | 90° [ 90° | 1200 | 150° [180° | 210° | 240° | 270° | 270° | 300° [ 330° |360°
y=tanx| 0 | 058 | 1.73 | 400 | —0 |/ =173 | =058 | ¢ 0.58 173 | 4o | —o | —173 |-0.58| ¢
-
A A ] A A
] { 4 I I
| | : | 1
i i 3 1 i
i | - | 1
i g : i 1
1 1 | i
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i i 6l i i i
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(Fig. 12.7)



(d) Graph

ofy=cotx,2n<x<2m

Table of values of cotx from —2mto 2m.

Dl L

Graph of y = cotx,—2n < x < 2m
(e) Graph of y = secx, —2n <x < 2n

Table of values of secx from —2 to 2.

—11m | —5m —3n —4m —7m —5m —2m -7 -m -
—2m — | = — — —m —m — — - - — 0
x 6 3 2 3 6 6 3 2 3 6
—360°| —330° | —300° | —270° | —240° | —210° | —180° | —180° | —150° | —120° | —90° —60° —30° 0°
y = cotx © 1.73 0.58 0 —0.58 | —1.73 +oo0 —0 1.73 0.58 0 -0.58 | —1.73 —o
h L L 2n 51 7T 4m 3n 51 11m 2m
0 - = = — — T T — - - - .
x 6 3 2 3 6 6 3 2 3 6
0 30° 60° 90° 120° 150° 180° 180° 210° 240° 270° 300° 330° 360°
+co —00 —0o
y = cotx £ 1.73 0.58 0 —-0.58 | —-1.73 1.73 0.58 0 —-0.58 | —-1.73
¥
A A

(Fig. 12.8)

-1in —5m —3n =3n —4n ~Tn —5m —-2m -T -T -m -
Al —_ —_ —_ —_— J— —_— -n — — — — — — 0
x 6 3 2 2 3 6 6 3 2 2 3 6
-360° | —330° | -300° | =270° | -270° | -240° | -210° | -180° | -150° -120° -90° -90° —60° | =30°| 0°
y = secx 1 115 2 400 -® -2 -115 -1 -1.15 -2 +00 -0 2 115 1
T T 2n 5t n 4 3n 3n 5m 11in o
0 & E = = — — ks — — — — — —
x 6 3 2 2 3 6 6 3 2 2 3 6
0° 30° 60° 90° 90° 120° 150° 180° 210° 240° 270° 270° 300° | 330° | 360°
y = secx 1 115 2 +o0 —00 -2 -1.15 -1 -115 -2 +00 -0 2 115 1

(Fig. 12.9)




(f) Graph of y = cosecx,—2n < x <2m

Table of values of cosecx from —2m to 2.

—11m | =5m | =3mw | —4n -7 -m -T —5m —2m - -T -T
—2m _ | — | — | — s - — — — 0
x 6 3 2 3 6 6 3 2 3 6
—360° | —330° | —300° [—270°| —240° | —210° [ —180° | —180° | —150° | —120° | —90° | —60° | —30° 0°
Yy = cosecx © 2 1.15 1 1.15 2 +o0 —0oo -2 -1.15 -1 -1.15 -2 —®
N R E R R =
x 6 3 2 3 6 6 3 2 3 6
0 30° 60° 90° | 120° | 150° | +180° | 180° 210° 240° | 270° 300° | 330° | 360°
y=cosecx| 2 | 115 | 1 | 115 | 2 to b Tl 2 | c1as | -1 | =115 | 2 | e

(Fig. 12.10)
Graph of y = cosecx,—2n < x < 2m
0 0
12.2.3 Guess the'graphs of sin20, cosZ(—),sinE,cosE etc, without
actually drawing them

We know that the graph of y =sin6 and y = cos 6 both have period 2.
In y =sinnB and y = cosnb, n is constant and indicates the number of cycles
in the interval of 0 to 2m, i.e., 0 <0 <271

y
Now, we draw the graphs of IA y=sin
0 0
sin26, cos26, sinz, and cos7 without 0.5
using table. If n = 1 in sinnb and cosn0, X <G > o >
3n T
it means that there is only one cycle in Hl 2
the interval: 0 < 0 < 2m 1
Fig 12.11 shows the graph of v

sin®, 0 <6 < 2m and period of sin 8 is 2m. (Fig. 12.11)




In Fig 12.12, there is one cycle
in graph of y =c0s0,0 <0 <2m

and period of cos6 is 2.

N

(Fig. 12.12)

If n = 2 then we have, y = sin 26 and y = cos 20 which means that there are two
cycles in the interval O to 2m. The graphs of y =sin26 and y = cos 20 are the
compressed forms of the graphs of y =sin6 and y = cos6 respectively. The

graphs of sin 28, cos 20 are as follows:

In Fig 12.13, there are two cycles in

the graph of y =sin26, 0<6<2mn X<

and period of sin 26 is .

Fig 12.14 shows the graph of %

y=1c0s20,0<0<2m. It has two
cycles and period of cos 20 is m.

y
A y = sin 20
1
0.5
? » X
i T 3‘11 21
-1
\
y
(Fig. 12.13)
y
A y = cos 20
1
0.5
» X
T n 3 2n
2
0.5 2
-1
\A
y

(Fig. 12.14)




Now, if n= 3 then we have y = sin30 and y = cos 30, it means that there
are three cycles in the interval 0 to 2m. The graphs of y =sin30 and
y = cos 30 are the compressed forms of the graphs of y =sin® and y = cos6
respectively.

Now, if n = % then we have y = sin%@ and y = cos%e, it means that there

is only half a cycle in the interval 0 to 2n. The graphs of y = sing and y = cosg

are the expanded forms of the graph y = sin0 or y = cos 0 respectively.

Fig. 12.15 shows the graph of 0.5

y=sing, 0<0 <2m Ithas half x« o » X
0 T 2% 31t 4n
cycle in 0 to 2m and period of 05 *
94 '
sing = 4. - N
\A
v
(Fig. 12.15)
y
0 y=cosz
1
0.5
Fig. 12.16 shows the graph of
X< - L
y = cosg, 0 < 6 < 2m. If has half 0 n 2n 3m 47
cycle in the interval 0 to 2mand 03
period of cosg =4m -1
\
y
(Fig. 12.16)

Thus, we conclude that multiplying 6 by a number greater than 1
compresses the graph of sin 6 or cos 6, while multiplying 6 by a positive number
less than 1, expands the graph. In this case the period is given by

Period = 2% where, nis the number of cycles.




The period of sine and cosine functions can be found by the given
formula.
Now, we also define the amplitude as the maximum height of the graph
of sine or cosine functions from the horizontal axis. The functions y = sin®
and y = cos® have amplitude 1.

Example 1. Guess the graph of sing. Also find its period, and amplitude.

. .1
Solution: Let y = 51n§6 1 y:Sing
1 ! .
Here, n =<1, so the graph os
1. > "
of 51n§6 is an expanded type x< T EETEEEr e ) reare—

of the graph of y =sin6, in %3 . .
the interval of 0 to 2m, there -1
is one eighth of a cycle as
shown in Fig. 12.17.

(Fig. 12.17)

Now, period of sin%ﬂ = 27” = ZTH =8X2n=16m

8
The amplitude of the sine function is the coefficient of sine function, which is

1 in this case.
Hence, Amplitude of sin%@ =1

Example 2. Guess the graph of 2sin20. Also find its period, and amplitude.
Solution: Let . y=2sin20

Here, n = 2 > 1, so the graph of x

2sin 20 is a compressed type of 2

the graph of y =sinf, in the 15

interval of 0 to 2m, there are . y =2sin 26
two - cycles as shown in

Fig. 12.18. e

Now, Period of 2sin20 = %ﬂ =m —o.;) 5 i =
The amplitude of the sine .

function is the coefficient of s

sine, which is 2.

Hence, *2"

Amplitude of 2sin26 = 2 Y

(Fig. 12.18)




Translation property {

a) Properties of the graph of sin0

i. Periodic Property

12.2.4 Define periodic, even/odd and translation properties
of the graphs of sin0,cos0 and tan0, i.e., sin0 has

o Periodic property sin (0 + 2m) = sin0
o Odd property sin (—0) = — sin0
sin (0 — ) = —sin 0

sin (t—0) = sin 0

y=sin6

be changed.
Therefore,

sin(—0) =
Hence, sin 0 is an odd function and this property is called the odd property of

(Fig. 12.19)
We know that the graph of sin 0 repeats itself after a period of 2m as
shown in Fig. 12.19. Therefore, sin(6 + 2m) = sin 6.
This property of graph of sin8 is known as periodic property.
ii. Even/Odd Property
y
A y=sin®
1
/\ 0.5
< “lim 5m3n 4n 7w N 5m-2n —x - -z /|0 ® & & 2¢ 5m .\ 7z 4n 3n 5S¢ L >
6 3 2 3 6 3.2 3 644 6 3 2 3 6 6 3 2 3 6
-1
M
y
(Fig. 12.20)

We know that the graph of y = sin6 is symmetrical about the origin as
shown in Fig. 12.20. It means that if 0 is replaced by —8 then the graph will

—sin©



graph of sin 6.
iii. Translation Property:
We know that
sin(6 — ) = —sin0;
sin(mr — 0) = sin® }

This property is called Translation property of graph of sin 6 because
the graph of y = sin(6 — ) is similar to the graph of original sine function but
translated or shifted horizontally m units right to the graph of y =sin 8 as
shown in Fig. 12.21 and Fig. 12.22.

Graph of y = sin6

y=sin6

/\ 0.5
x< S
- ’ \_/n
.5
-1

(Fig. 12.21)
Graph of y = sin(6 — m)
y
A
. 1 -
s(‘].s
x< 0 ‘m 2m » X
-0.5
-1 --c Y e
M
y
(Fig. 12.22)

We observe that graph of y = sin(8 — ) is reflection of graph of y = sin6 about
x-axis.
So, the graph of y = sin(6 — ) is same as the graph y = —sin

Hence, sin(0 —m) = —sin®
Now, sin(m —0) = sin[—(0 — )]
= —sin(® — m) (+ sin(—6) = —sin0)

So, graph of sin(r — 8) is reflection of graph of y = sin(6 — n) about x-axis as
shown in Fig. 12.23.



Graph of y = sin(m — 6)
y
A

1

0.5

L’ n ,2n
~0.5
_____ 4 -
\
y
(Fig. 12.23)

We observe that the graph of y = sin(r — 0) is same as the graph of y = sin6
Hence, sin(mr — 0) = sin6

Note: (i) The graph of y =sin(8 — k) is similar to the graph of original sine
function but translated or shifted horizontally k units right to the graph
of y = sin#.

(ii) The graph of y =sin(8 + k) is similar to the graph of original sine
function but translated horizontally k units left to the graph of y = sin8.

Example: Draw one cycle of the
graph of y = 3sin(8 — 3m) A y = 3sin (0 - 3m)
Solution: Here ,
Amplitude = 3

and period = 21 L

\ 4
=

According to the Translation x<—;
property, the graph of 3sin(6 — 3m) -l
is similar to graph of sin6 but )
translated 3w units to the right and

its amplitude is 3. v
Now, for initial point, we take (Fig. 12.24)
0—-3r=0=0=3r and for
terminal point, we take

0—-3r=2n=0=5n
Therefore, the interval of the graph is 37 <6 < 5n
The graph of y = 3sin(6 — 37) is shown in Fig. 12.24.



b) Properties of the graph of cos0

i. Periodic Property
y

A y =cos 6

RUTANAN. \NANAY
VAAVARVEAVARVACVY/

\ 4
v

(Fig. 12.25)
We know that the graph of cos 8 repeats itself after a period of
2m as shown in Fig. 12.25. Therefore, cos(6 + 2m) = cos 6.
This property of graph of cos 6 is known as periodic property.

ii. Even/Odd Property

y =cos0

>
e T3N3 6 e 3/7 3 e

(Fig. 12.26)
We know that the graph of y = cos0 is symmetrical about y-axis as
shown I Fig. 12.26. It means that if 0 is replaced by —6 then the value will be
unchanged.
Therefore, cos(—06) = cos 6
Hence, cos 8 is an even function and this property is called even property of
graph of cos 8.

iii. = Translation Property: We know that
cos(0 —m) = —cos0 ;}
cos(m —0) = —cos6

The property is called Translation property of graph of cos6 because



the graph of y = cos(6 — m) is similar to the graph of original cosine function
but translated or shifted horizontally m units right to the graph of y = cos 0 as
shown in Fig. 12.27 and Fig. 12.28.

Graph of y = cos 8

¥y =cos0
1
x,:fzn =3 - fn 0 F n T P
2 2 0 2 2
-1
v
y
(Fig. 12.27)
Graph of y = cos(6 —m)
y
A y=cos (0-n)
- 1 —o= -
0.5
x':_n 5 > x
T 2n 3n
-05
AN et
\
y
(Fig. 12.28)

We observe that the graph of y = cos(6 — ) is reflection of graph of y = cos6
about x-axis.

So, the graph of y = cos(0 — m) is same as the graph of y = —cos 6.

Hence, cos(6 —m) = —cosB

Since cos(m — 0) = cos(0 — m)

Therefore, graph of cos(m —60) is same as graph of cos(6 —m) as shown in
Fig. 12.29.



Graph of y = cos(m — 0)
y
A

(Fig. 12.29)
We observe that the graph of y = cos(m — 0) is reflection of graph of y = cos 8
about x-axis, so, the graph of y = cos(r — 8) is same as the graph y = —cos 6
Hence, cos(m—0) = —cosH

Note: (i) If we add constant k > 0 to 6 as y = cos(0 + k) then graph of cosine
function will be translated k units to the left.
(i) If we subtract constant k >0 from 6 as y = cos(6 — k) then graph of
cosine function will be translated k units to the right.

Example: Using graphs and its properties, show that sin (g - 6) = cos0O
Solution:

Let, y = sin (% - 9) = —sin (9 - %)

In order to draw graph of K

sin (% - 6), we first draw graph of

sin(e—%) and then reflect it
X<

about x-axis. 0 o T 3 2n
Here, amplitude = |-1| =1 -0.5
and period = 2x -1
For initial point of the graph:

e—gzo - ==L (Fig. 12.30)

2
For terminal point of the graph: 6 —% =2r = 0= 52_11

Y

<

Therefore, the interval of the graph is z

I
By translation property, graph of sin 8 will be translated > units to the right

as shown in Fig. 12.30. Now, we reflect it about x-axis to get graph of




y = sin (g - 9) as shown in Fig. 12.31.

We observe that the graph of K
y = sin (g - 9) is as same as the y =sin(5-6)
graph of y = cos6. 03
Hen7c_[:e, X< - S o 5_n>x
sin (7 - 9) = cosO -0.5 2 2 2
Hence proved. _1
\A
Y (Fig. 12.31)
c) Properties of the graph of tan6
i. Periodic Property
y=tan 0
A A X A A A
| 1 1 4 I I I
[ [ [ I [ [
1 1 | Y I I I
I I | | | |
I I I 2 [ [ I
| | o/ | |
I 1 |
> I 1=z 1% I 15 1
x‘—37'f ! 21 ! -n ! 0 I T I 2n I 3n
I I I ‘) [ [ I
[ [ [ [ [ [
[ [ [ [ [
I I I -2 : | I
[ | [
[ [ [ - : | :
I I I » [ [ I
v v v oy i v
(Fig. 12.32)

We know that the graph of tan8 repeats itself after a period of m as
shown in Fig. 12.32. Therefore, tan(6 + m) = tan 6.

where, 0 # ig, i3g, ng,i7g, v, 2k + 1)%; k is any integer
At these values of 6 the tangent function is undefined.
This property of graph of tan 6 is known as periodic property.
Even/Odd Property
The graph of y =tan6 is symmetrical about origin as shown in
Fig.12.32. It means that if 0 is replaced by —6 then the graph will be changed.
Therefore, tan(—0) = —tan 6
Hence, y =tan® is an odd function and this property of graph of tan 6
is called odd property.

ii.



iii. Translation Property: We know that
tan(6 —m) = tan6;
tan(TT — 0) = —tan 9}
This property is called Translation property of tan 6 because the graph
of y =tan(0 — ) is similar to the graph of tan® but translated or shifted

horizontally Tt units right to the graph of y = tan 6 as shown in Fig. 12.33 and
Fig. 12.34.
Graph of y =tan 6

y
A 3 A
I I I I
I 2 I I I
I I I I
I I I I
[ 1 | [ I
= (A | 31 I
< 1 2 12 12 l > x
n I I pl I o 5
| | I | 2
I I I I
I I I I
I I I I
I I I I
I I I I
A/ A\
y
(Fig. 12.33)
Graph of y = tan(f — )
y
3 A
I I I
!
2 ;| | |
Sl I I
I I I
1 // | | |
. 4 | | |
X P I I I X
T x —n 0 HE 13 on 151 31
2 12 7 ;2 | 2
_1 /7
oy, I I
I/ I I
_ I/ I I
2 1/ I I
1/ I I
-3 Y%
.
(Fig. 12.34)
We observe that the graph of y =tan(f — ) is same as the graph of

y =tanb
Hence, tan(@ — ) = tan 0



tan(m — 0) = —tan(6 —m)
So, graph of y = tan(m — 0) is reflection of graph of tan(6 — ) about x-axis as
shown in Fig. 12.35.
Graph of y = tan(m — 6)
y

A A A A A

I -1 | I I

| I I |

| -2 1 | 1

| | | |

| -3 I I I

| | | |

| -4 | | |
o | I I I =
X <& s . 0! T . t - nl »> X

A k 7N\ g1 o

| | | |

| 3 | I |

| I I I

| 2 1 | |

| | | |

| 1 1 I I

v ‘y', v v v

(Fig. 12.35)

We observe that the graph of y = tan(r — 0) is same as the graph y = —tan8
Thus, tan(mr — 0) = —tan®

Note: (i) If we add positive real number k to 8 as y = tan(0 + k), the graph of
tangent function will be translated k units to the left.
(ii) If we subtract positive real number k from 6 as y = tan(6 — k) then
the graph of tangent function will be translated k units to the right.

12.2.5 Deduce, sin(0 + 2km) = sinf, where k is an integer

We know that
sin(a + B) = sina cos f + cos a sin 8
So, sin(6 + 2km) = sinb cos 2km + cos O sin 2kr ~ where, k € Z ...(i)
Sin6 and cos 6 are periodic functions of period 2.

-~ for, any integer k =0,+1,%2, ...

cos 2km = 1 and sin 2km = 0
By using cos 2km = 1 and sin2kn = 0 in equation (i)
We get sin(6 + 2km) = sinB(1) + cos 6 (0)

sin(0 + 2km) = sinB + 0

Hence, sin(0 + 2km) = sinB




Draw the graph of the following trigonometric functions for the given

interval.
1. y = —sinx , 0<x<2m 2. Yy = CcOSX , 0<x<2m
3. y=sin§ , 0<x<2m 4. y = tan2x , —m<x<2m
5. y=55ec§ , —2n<x<2m 6. y=—4cotx , —Tm<x<2Tm
7. Guess and draw the graph of the following functions without using
table of values where 0 < 6 < 2m
(i) y =cos 46 (ii) y = Zsing (iii) . y = 3cosg
(iv) y = 2sin30 () y = cosg (vi) y = sin20
8. By using properties of graph of sine, cosine and tangent, show the
following.
()  cos(5+8)=—sino (ii) -~ sin (3 +6) = cose
(iii) cos(m —0) = —cosBO (iv) tan(m + 0) = tan®
(v) sin (3% - 9) = —cosB (vi) cos(2m + 6) = cosB
9. For any integer k, deduce that:
(i) cos(0 + 2km) = cos O (ii) cosec(B® + 2km) = cosec 6
(iii)  tan(® + 2km) =tanb (iv) cot(8 + 2km) = cotO

12.3 Solving Trigonometric Equations Graphically

The equation, containing at least one trigonometric function is called

. . : 1 .
trigonometric equation. For example, cosx =35 and cosx +sinx =1

Trigonometric equations have an infinite number of solutions due to
the periodicity of the trigonometric functions. For example, if sin 8 = 0 then it
has infinite number of solutions i.e., 6 = 0, +m, +2m, ...; which can be written as
O=nm,VnecZz.

12.3.1 Solve trigonometric equations of the type:
sin@ = k,cos0 =k and tan@ =k wusing periodic,
even/odd and translation properties

We know that sine and cosine functions are periodic and have period
2m. i.e., they repeat their values after every 2m units. Thus, if we want to find
all solutions of the type of sin6 = k and cosb = k, we simply add and subtract
integral multiple of 2m from the solution in the interval 0 < 6 < 2m.



Similarly, tangent function is also periodic having period m. Thus, to
find all the solution of the equation of the type tan6 = k, we add and subtract
integral multiple of m from the solutions in the interval 0 <6 < 2.

The method of solving trigonometric equations is explained through the
following examples.

Example 1. Solve the equation: sin = %

Solution:  We know that sin % = %, so the reference angle is 6. = %
Sine function is positive in 1st and 2nd quadrants, so equation has two
solutions in the interval 0 < 6 < 2m, one in 1st quadrant and the other in 2nd

quadrant.

For 1st quadrant, 6= %
For 2nd quadrant, 0=m— % = 5?” [Translation property]
Since, 21 is the period of sin®.
Thus, 6= % +2nm or 6= 5?” +2nm, VneZ [Periodic property]
Hence, the solution set of sin0 = Lis {E + th} U {S—T[ + 2111'[} , VneZ

2 6 6
Example 2. Solve the equation: cos 0 = _Tzl

Solution: We know that cos> = i,
TN

Cosine function is negative in 2nd and 3rd quadrant.

Thus, the equation has two solutions in the interval 0 < 6 < 2.

so the reference angle is 6 = %

For 2nd quadrant, =1 —% [Translational property]
_3m
T4
For 3rd quadrant, =1 +% [Translational property]
_sn
T4
Since, 21 is the period of cos8.
Thus, 6= %Tn +2nm, or 0= %n +2nm, VneZzZ [Periodic property]
Hence, the solution set of cos 6 = _Tzl is {%Tﬂ + Zrm} U {%” + Zrm} ,Vnez

Example 3. Solve the equation: tan 6 = V3

Solution: We know that tan% = /3, so the reference angle is 6 = %

Tangent function is positive in 1st quadrant and 3rd quadrant, so the equation



has two solutions in the interval 0 < 6 < 2w, one in 1st quadrant and the other
in 3rd quadrant.

For 1st quadrant, 0= %

For 3rd quadrant, B=m +g [Translational property]
_dn
3

Since, m is the period of tan6.

Thus 6= g +nm, VneZ [Periodic property]

Hence, the solution set of tan 8 = /3 is {% + nn} ,Vnez

12.3.2 Solve graphically the trigonometric\equations of the

type  (i)sin0=5 (i) cosd =@

(iii) tan6 =20 when %5<0<

N[
N[

The method of graphical solution of trigonometric equations is
illustrated through the following examples.

—T
Example 1. By using graph, solve the equation: sinf = g for Y <0<-—.

Solution: Let y=sin@ then y= g
We will draw the graph of two functions on the same graph paper. The point of
intersection will be the solution of given equation.

Some values of 'y =sin0 where —Tn <6< g are given in the following table.

o - - 0 T T
2 4 4 2
y = sinf -1 -071 |0 071 | 1

0 - I
and some values of y = where — <0< 5 are as under:

2’ 2 =
9 —Tt —T O i i
2 4 4 2
0
y=5 -0.78| —0.39 | 0] 0.39 | 0.78

The graphs of the equations are plotted on the same graph paper as shown in
Fig. 12.36.




(Fig. 12.36)
From the graph, the point of intersection of these equations is origin. Thus,

solution is 6 =0
Example 2. Solve the equation cos8—60 =0, graphically for interval

-7 T
— <0< -

2 2

Solution:

Here, cos8—0=0
or cos60 =0

Let y=cos6 then y=16
We will draw the graph of these two functions on the same graph paper, the
point of intersection will be the solution of given equation.

Some values of y = cos6, _Tn <0< g are given in the following table.

o - -7 0 T i
2 4 4 2
y = cosf 0 071 [ 1] 071 |0

Some values of y =6, _TH <0< g are as under:

- —T T
S N S Bl I
y=86 |-157| =078 | 0] 0.7

| A

8| 157

The graphs of the equations are plotted on the same graph paper as shown in
Fig. 12.37.



(Fig. 12.37)
From the graph, we observe that A is the point of intersection of these

T
equations. Thus, the approximate value of abscissa of A is " ie., 0= %

.. i
Hence solution is 0 =~ T

Example 3. Find the solution set of the equation tanf — 28 = 0, graphically for

. - 4
the interval 7 <6< E

Solution:  tanf—260=10

or tanf = 20

Let y=tanf then y =280

We will draw the graph of these two functions on the same graph paper, the
point of intersection will be the solution of given equation.

Some values of y = tane,%n <0< g are as under:
o —T - 0 T
2 4 4
y=tanf | —oo -1 (0|1 + o
Some values of y = 26, —Tn <6 Sg are:
o —T —T 0 T i
2 4 4 2
y=20 | -3.14| =157 | 0 | 1.57 | 3.14

The graphs of the equations are plotted on the same graph as shown in Fig. 12.38.




V= tanb -
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(Fig. 12.38)

From the graph, we observe that the point of intersection of these equations
is origin. Hence, the solution is 8 = 0

| Exercise 12.3 )

—TC T
Find solutions by using properties, when Y <x< B

f 1 1 1
1. smx—E—O 2. cosx—E—O 3. cosx+ﬁ—0
4, sinx+\/%= 0 5. tanx—\/—1§= 0 6. tanx —vV3 =0
7. sinx+ﬁ=0 8. cosx—1=0 o, Tanx+i=0
2 NE]

10. tanx—1=0
By using graph, find the solution of the following equations.

11. Sinx—z—x= 12. Cosx+£=0 13. Tanx—4—x=0
T T T
14. Sinx — % =0 15. Cosx —;—f{ =0 16. Tanx+x =0



12.4 Inverse Trigonometric Functions

12.4.1 Define the inverse trigonometric functions and their
domain and range

We know that inverse function exists, if the function is bijective. All the
trigonometric functions are not bijective. If we restrict the domain of
trigonometric functions, then these functions will become bijective and
inverse trigonometric functions can be defined within the restricted domain.
The inverse of fis denoted by f~1.

and the domain of f= range of f~!
and range of f= domain of f71
The trigonometric functions with restricted domains where inverse
functions exist, are called principal trigonometric functions and are usually
denoted by Sinx, Cotx, Tanx etc.

(a) The Inverse Sine Function

We know that sine functionis not one-to-one because a horizontal line

will cut its graph at more than one points. ;n
If domain of sinx is restricted to the interval j i
s
2
onto (bijective) as shown in Fig. 12.39 and

we can find inverse sine function. i :f

The inverse sine function is denoted 5] -
by Sin~! x or arcSinx .and is defined as :
y = Sin~1x, if and only if x = Siny, 4

<x Sg then it will be one-to-one and j 0.5

) _ . ) (Fig. 12.39)
where, Domain of inverse sine function =

{x|]x eRA—1<x <1}
Range of inverse sine function = {y|y ERA —Tn <y< T[}

2
Note: sin~1x # (sinx)™?!
Example:  Without using calculator, find the value of:
@)  Sin~! (Jii) ()  Sin~! (‘Tﬁ)
Solution:
1
(i) We want to find the angle y, whose Sine is ﬁ
ZToy<Et Th S'_l(i)—z
S SV =3 us, Sin N



-3
We want to find the angle y whose Sine is —

(ii)

ie, Siny=—"=y= Thus, Sin™! (—Tﬁ) S

37 2 2
(b) The Inverse Cosine Function

We know that cosine function is also not
one-to-one because a horizontal line will cut its
graph at more than one points. If domain of
cosx is restricted to the interval 0 < x < m then
it will be one-to-one and onto (bijective) as * 4‘;
shown in Fig. 12.40 and we can find inverse
cosine function.

The inverse cosine function is denoted

by Cos™'x or arc Cosx and is defined as = = ¥ i ' i
y = Cos™1x if and only if x = Cosy, (Fig. 12.40)
where, Domain of inverse cosine function = {x|x e RA—-1<x < 1}

Range of inverse cosine function = {y|ly e RA0 <y < T}
Note: cos™1x # (cosx)™!

Example: Without using calculator, find the value of:
(i) Cos™* (3) (i) Cos~1 (— %)
Solution:

1
(i) We want to find the angle y, whose Cosine is >

. 1 T 1 (1 T

Le., Cosy=7=>y=§, 0sy<sm Thus, Cos 1(?):§
-1

(ii) We want to find the angle y, whose Cosine is ﬁ

ie., COS}’:_Tzlﬁ y=%", 0 <y <m. Thus, Cos_1<_T21>=%Tn

(c) The Inverse Tangent Function

Like sine and cosine functions, tangent function is also not bijective.

If domain of tanx is restricted to the interval —Tn <x< %, then each

horizontal line will intersect the graph only once, so, y = Tanx is one-to-one for
-1 0

the interval > <x< S as shown in Fig. 12.41 and its inverse tangent function

is possible.



The inverse tangent function is A A
denoted by Tan !x or arc Tanx and is : i
defined as y=Tan !x if and only if : i ! '

x =Tany | ; |
where, : ; :

Domain of inverse tangent it 2 0 ll_,._ i
function is R and range of inverse | : :
tangent function = {y|y ERA —Tn <y< %} : f

| = !
Note: tan™1x # (tanx) 1. ' : i
L J‘ v
(Fig. 12.41)
Example:  Without using calculator, find the value of:
(i) Tan™? (%) (i) Tan"2(1)
Solution:
1
(i) We want to find the angle y, whose Tangent is NG
-1 ,,_T _r T (L) nm
Tany—ﬁzy—6, <Y <3 Thus, Tan (ﬁ>_6
(ii) We want to find the angle y, whose Tangent is 1
ie., Tany=1=>y=%, —%<y<% Thus, Tan_l(l)zg

(d) The Inverse Cotangent Function

Since, cotangent function is not bijective. Therefore, domain of cotx is
restricted to theinterval 0 < x < T, so that !
each horizontal line intersects the graph 4
only once. so, y = Cotx is bijective for the

interval 0 < x < m as shown in Fig. 12.42 !
and its inverse function is possible. |
The inverse cotangent function is denoted .o |
by Cot !x or arcCotx and is defined as 2 \
y = Cot™lx if and only if x = Coty j :
where,

A
|
|
i
I
|
|

Domain of inverse cotangent :
function = R
and range of inverse cotangent
function ={y|ly e RA0 <y < 1}

(Fig. 12.42)

Note: cot™1x # (cotx)~ 1.



Example:  Without using calculator, find the value of:

(i) Cot™1(v3) (i)  Cot™(-1)
Solution:
(i) We want to find the angle y, whose Cotangent is v3
- _ 1 _1 -«
i.e., Coty—@im—ﬁ. 7
= Tany=\/§=>y=%, _Tn<y<g, wherey # 0
— T
Thus, Cot™*(v3) = 3

(i) We want to find the angle y, whose Cotangent is —1

1
Tany —
-7

=>Tany=—1=>y=T, _7”<y<§, wherey # 0

Thus, Cot™1(-1) = —Tn

<y<%, wherey # 0

Coty=—-1 > -1, _7”<y<%, wherey # 0

(e) The Inverse Secant Function

The graph of secant function from -m to nt
is shown in Fig. 12.43. It indicates that
every horizontal line intersects.the graph at
more than one points.

If domain of secx is restricted to the interval

0<x<m wherex # g then the horizontal

A A
i
I
1
I
W~ —=—==

line intersects the graph only once, so, this
restriction makes- the function y = Secx
one-to-one and we can find its inverse. (Fig. 12.43)
The inverse secant function is denoted by Sec™!x or arc Secx and is defined
as, y = Sec™1x if and only if x = Secy
where,

Domain of inverse secant function = {x|[x e RAx < -1,x>1}

Range of inverse secant function = {y|y ERAOLy<m y+# g}

Note: sec™1x # (secx) 1.
Example: Without using tables / calculator, find the value of:
(i) Sec™1(2) (ii) Sec™1(-1)
Solution:
(i) We want to find the angle y, whose Secantis 2, 0 <y <m, wherey # %

i.e., Secy =2




1
Cosy
Thus, Sec™1(2) =g

e

1
or =2=>Cosy=5=>y=

(ii) We want to find the angle y, whose Secantis -1, 0 <y <, wherey # g

i.e., Secy = —1
1

1
=-1=2C =-1=>y= =
or Cosy osy y=T ( secy cosy

Thus, Sec™!(-1) =n

and Cost = —1)

(f) The inverse Cosecant Function

The graph of cosecant function from -mton
is shown in Fig 12.44. It indicates that every
horizontal line intersects the graph at more
than one points. So, cosecant function is not
one-to-one. If domain of cosecx is restricted

-1 T
to the interval - <x< > wherex # 0 then

the horizontal line intersects the graph only
once, so, this restriction makes the function
y = cosecx one-to-one and we can find its
inverse.
The inverse cosecant function is denoted by Cosec™lx or arc Cosec x and is
defined as, y = Cosec™'x if and only if x = Cosecy
where,

Domain of inverse cosecant function = {x|[y E RAx < -1,x>1 }

(Fig. 12.44)

Range of inverse cosecant function = {yl YyERA _TT[ <y< T where y # 0}

Note: Cosec™1x # (cosecx)™ L.

Example:  Without using tables / calculator, find the value of:

(i) Cosec™1(-2) (i)  Cosec™! (%)
Solution:
(i) We want to find the angle y, whose Cosecant is —2
-1

i.e., Cosecy = -2, > <y< g, wherey # 0




inv = — T (. __1 in (=% = 1
= Siny_—2:>81ny—7=> V=% (-cosecy—SinyandSm(6)— 2)

Thus, Cosec™1(=2) = %ﬂ

-2
(ii) We want to find the angle y, whose Cosecant is —

V3

. -2 —T T
i.e., Cosecy = 73 -5 SY=s3 wherey # 0

1 -2 —V3 - ~m\ =3
= Siny=ﬁ=>81ny= > =y = 3 ( cosecy=Sirly and51n(—3—)=T>

-1 —_2) __T
Thus, Cosec <J§ 3

12.4.2 Domains and ranges of:
e principal trigonometric functions
e inverse trigonometric functions

i. Domains and Ranges of principal trigonometric functions
We have studied in section 12.4.1 that general trigonometric functions
are not bijective but principal trigonometric functions are bijective because of
the restricted domains. We found ‘domains of principal trigonometric
functions using graphs in the previous section which are summarized in the
following table alongwith their ranges which are same as that of general
trigonometric functions.

Function Domain Range

-7 T
y = Sinx —F <x=7 -1<y<1

2 2
y = Cos x 0<x<nmn -1<y<1
=T ex<o R
y = Tanx 5 <X <3
y = Cotx 0<x<m R

T
y = Sec x OSxSn,wherexnt y<—-land y=>1Vy eR
-1 T

y = Cosec x TSXS > wherex#0 | y<—-land y=>1, VyeR

ii) Domains and Ranges of Inverse trigonometric functions

We know that the domain of inverse trigonometric function is the range
of corresponding principal trigonometric function. Similarly, the range of
inverse trigonometric function is the domain of corresponding principal
trigonometric function.



Domain and ranges of inverse trigonometric functions are given below.

Function Domain Range
—T T
y = Sin"1x -1<x<1 — <y<-
2 2
y = Cos™'x -1<x<1 0<y<m
= Tan"lx R eyl
y= 2 ~VS3
y = Cot™1x R 0O<y<m
T
y = Sec™1x x<-land x>1, Vx€R OSySTr,wherey;tE
-7 i3
y=Cosec’'x | x<-1and x=>1Vx€eR 7Sy£ > where y # 0

Example 1. Find the value of (i) Cos (Sin‘ll) (ii) Tan <Sin_1 (%g))

2
Solution:
. . . 1 h1 —T g1 LT
(i) Consider Siny=5=y =g, - Sy=s5 ( Sing =3
in11) = cosT™ = ¥3
Now, Cos (Sln 2) = Cos i)
.s . . =3 - —T T (. i (T _
(ii) Consider Siny = —==y = =, - Sy=5 ( Sin (?) =
-1 (23Y)) = L) I
Now, Tan(Sln ( 5 )) = Tan( 3 ) =—/3
Example 2. Show that Cos™! (E) =Sin~? (i)
: 13 13
s on- -1(12y _ _12
Solution: Let Cos (13) =a= Cosa = 13
. 5 122
Now, Sina = +V1 — Cos?a = + 1—(1—3)
144 25 5
=/l -1 =t = %13
Since sina is positive if 0 < a < g, in which cosine is also positive.
o= —gin-1 (2 ~1 (12 _ g -1 (5
Thus, Sina= 3= A= Sin (13), Hence, Cos (13) = Sin (13)

12.4.3 Draw the graphs of inverse trigonometric functions

We draw the graphs of inverse trigonometric functions by plotting few
points obtained by some corresponding values of x and y. In drawing graphs
of inverse trigonometric functions, we keep in view the fact that each graph of




inverse trigonometric function is a reflection A
of the graph of the original function about
the line y = x as shown in Fig. 12.45. y=Sinx

y=Sin"lx y

Il
=

— NIX

|I
B
|
—_
-
NS -
\
=

Graph of Inverse Sine Function

Here some values of x and their corresponding values
of y = Sin"1x are mentioned in the table and graph is
plotted as shown in the Fig. 12.46.

A wld A

x -1 |-05| 0 0.5 1 -1
y = Sin~1x L 0 b T 3
2 6 6 2

Ml WA

y

Graph of Inverse Cosine Function

Some values of x and their corresponding values
of y=Cos lx are mentioned in the following
table.

X -1 |-05] 0 | 05 1

2m | T T

_ -1 — -
y=Cos x| m 3 > 3 0

Graph is plotted as shown in Fig. 12.47.

(Fig. 12.47)



Graph of Inverse Tangent Function

Following table shows, some values of x

and their corresponding values of
1

y =tan” “x.
X —oo | —1 0 1 +oo
2 4 4 2

Graph of y = tan"1x is plotted as shown
in Fig. 12.48.

Graph of Inverse Cotangent Function

For y =cot™'x , some corresponding
values of x and y are mentioned in the
following table.

X 400 | —1 0 1 —00
3m T T
= -1 o - —
y = Cot™*x 0 % > 2 gL

Fig. 12.49 shows the graph of
y = cot™1x

Graph of Inverse Secant Function

some corresponding values of x and y are
mentioned in the following table for

y = Sec™lx
x 1| 115 2 | =2 | —1.15) -1 400
s ™ | 2m| 5m T
— Qap—1 R —
y=Sec x| 0 3 3 03| & T 2

Fig. 12.50 shows the graph of y = sec™1x

(Fig. 12.50)



Graph of Inverse Cosecant Function

Following table shows some corresponding A
values of x and y for y = Cosec™1x i i aa b
X 2] -1 1 2 | +o0
-m|-nt| ®m | &
_ -1, | 2”2 2020
y = Cosec™ "x 3 > > 3

Fig. 12.51 shows the graph of y = Cosec™1x

(Fig. 12.51)

12.4.4 Prove the addition and~subtraction formulae of
inverse trigonometric functions

1. Sin"'A+Sin"!B = Sin~1(4V1 - B24 BV1 - A?)

Proof: Let Sin"!A =x= A =Sinx and Sin"'B=y= B =Siny
Now, Cosx = V1 —Sin2x = V1 — A2 (+ Sin%x + Cos?x = 1)

So, Cosx =V1 =A2  Similarly, Cosy =V1—B?

Now, we know that Sin(x +y) = Sinx Cosy + Cos x Siny

Sin(x +y) = AV1 — B2 + BV1 — A2
x+y =Sin"'(AV1 - B? + BV1 — A?)

ie, Sin™*4 + Sin™'B = Sin"}(4vV1 — B2 + BV1 — A?)
2. Sin7'A— Sin"!B = Sin~1(4V1 - B2 — BV1 - 4?)
Proof: »Let Sin"!A=x = A =Sinx and Sin"'B=y= B =Siny
Now, Cosx = V1 —Sin2x = V1 — A2 (+ Sin®x + Cos?x = 1)
So, Cosx =V1— A2 Similarly, Cosy =1 — B?
Now, we know that Sin(x —y) = Sinx Cosy — Cosx siny

Sin(x —y) = AV1 — B2 — BV1 — A2
x —y =Sin"'(AV1 - B2 — BV1 — A?)

ie., Sin"*4 — Sin™'B = Sin"(4vV1 — B? — BV1 — A?)




3. Cos'A+Cos™'B = Cos™! (AB - /(1-AH(1- BY))

Proof: Let Cos™'A=x= A= Cosx and Cos™'B=y= B =_Cosy

Now, Sinx = V1 — Cos2x = V1 — A2 (+ Sin%x + Cos?x = 1)
So, Sinx = V1 — A? Similarly, Siny =v1— B2
Now, we know that Cos(x +y) = CosxCosy — Sinx Siny

Cos(x +y) = AB — (V1 —A%)(V1 - B?)
x+y = Cos™1(4B — /(1 - 4%)(1— B?))

Hence, Cos™'A + Cos™B = Cos™ (4B — /(1 — 42)(1 - B%))

4. Cos™'A—Cos™'B = Cos™! (4B +./(1- A5 (1- BY))

Proof: Let Cos™'A=x = A =Cosx and Cos™'B=y= B =_Cosy
Now, Sinx = V1 — Cos2x = V1 — A2 (~+Sin%x + Cos?x = 1)

So, Sinx =1 —A? Similarly, Cosy =V1— B2

Now, we know that Cos(x —y) = Cosx Cosy + Sinx Siny

Cos(x —y) = AB +V1— A>V1 - B?
x—y=Cos (AB +(1 - A%)(1 - B?))

ie.,, Cos™ A — Cos™B = Cos™ (4B + /(1 — 42)(1 — B?))
5. Tan 14 + Tan"!B = Tan™! (114_4:41.‘;)
Proof: Let Tan"!A=x=A=Tanx and Tan !B=y= B=Tany
Now, we know that Tan(x +y) = %
Tan(x +y) = % = x+y=Tan™! (%)
ie., Tan !4 + Tan™'B = Tan™?! (%)
6. Tan 'A—Tan !B = Tan! (1A+—£;)
Proof: Let Tan"!A=x =>A=Tanx and Tan !B=y= B=Tany
Now, we know that Tan(x —y) = %
Tan(x —y) = % = x—y=Tan™?! (%)

ie., Tan"'A — Tan™'B = Tan™?! (%)




12.4.5 Apply addition and subtraction formulae of inverse
trigonometric functions to verify related identities

In this section, we apply addition and subtraction formulae of inverse
trigonometric functions to prove or verify the related identities and some
important relations as explained in the following examples.

Example 1. Prove that Tan"!(—x) — Tan"!(-x) =0

Proof: L.H.S = Tan"!(—x) — Tan™!(—x)
— -1 —X—(—X) .. -14 _ —1p -1 A—B
= Tan (1+(—x>(—x))(' Tan™"A — Tan™" B¢ W (1+AB)
_ 1 (—X+x
= Tan (1+x2)
= Tan"1(0)
=0
= R H.S proved.
Example 2. Show that Sin™! % + Sin‘lg = g
Solution:
By using the formula: Sin~'4 + Sin™'B = Sin~*(4vV1 — BZ + BV1 — 42)
We get Sin~12 4+ Sinl 2= Sin"t [ > |1 (4)2+4 1 (3)2
e ge inh e+ SinT g=SinT| z z -
_S__131 16 4| 9
-0 575 25
= Sin~!
in ( ’ =TT !
= Sin~! i+ —) =Sin71(1) =
25 5
in=12 14T
Hence Sin -+ Sin E=5
Example 3. Show that Cos™!z + Cos 1% = g

Solution:
By using the formula: Cos™*4 + Cos !B = Cos™!(AB — /(1 — A2)(1 — B?))

2 2
We get Cos‘1f+ Cos‘1§ = Cos™! fE— 1- (i) 1- —)
5 5 55 5 5




Hence, Cos™ g + Cos

1

6
3 — _1 1 _1

Solution: L.H.S = Tan (8) — Tan

Example 4. Show that Tan~ (

7
: . 14 _ -1 — -1 A—B
By using the formula: Tan™"A — Tan™"B = Tan (—1+AB)
1 1 e
Tan™1 (—) — Tan™? (—) = Tan1| &7
6 7 1 +1 1
6°7
7—6
= Tan™1 421
1+45
— Tan-1 ( 1 43)
-2 T a2
s 1 ( 1 42)
R Ve
= Tan‘lﬁ = R.H.S, Hence shown.
Exercise 12.4 )
1. Without using calculator, find the value of the following:
Q) Sin~1(1) ()  SinTi(-1) (i) Cos™'%
: —1(_ -1 (1 : -1(=1
(iv) Cot™'(—1) (v) Cos (2) (vi) Tan (ﬁ)
3 . L) o (—_2) : : —1(_L)
(vii) Tan ( 73 (viii)  Cosec 73 (ix) Sin 7z
(x)  Cot~1 (%) (xi)  Cotl(=1) (xii) Sec™1(2)
(xiii)  Sec™1(1) (xiv)  Cosec™?! (%) (xv) Cosec (1)
2. Find the value of each of the following

(i) Cos (Sin_1 (@)) (ii) Cosec <Cos_1 (%)) (iii) Tan(Cos™1(—1))
(iv) Sec(Tan"'(1)) (v) Cot (Tan_l(—\/§)) (vi) Sin(Sec™v2)



(i) Tan™*(v3) = Sin™! (?)

(iii)  Cosec™! (%) = Cos™? (%) (ivy  Cos™1! (g) = Cot™! (\/%)
4. Show that:

() sin (gg) +5in~* (3) = Cos™ (535)
(i)  Cos™ (%) +Tan (3) = (%)

(i)  Cos™ (%) +2Tan™" (5) = Cos™ (3)
() Cos™(3) = Cos™ (33) = Cos™ (g5)

v) 2Tan™! (%) = Cos™?! (%)

(vi)  Sec! (@) +Cot1(3) =T
(vii) n (3) + Tan™ (3) - Tan (55) = §
(vil) Tan™! ( ) + Tan™! ( ) Tan™? (%) + Tan™! (g)

5. Prove that:
(i) sin(Cos™1y) = /1 — y2 (ii) Tan"1(y) + Tan"1(—y) =0
(ii) Cos™ly +Cos™i(=y)=mn (iv)  sin(2Cos™1y) = 2y,/1 —y?2

12.5 Solving General Trigonometric Equations

12.5.1 Solve.trigonometric equations and check their roots
by substitution in the given trigonometric equations
so as to discard extraneous roots

The method of solving trigonometric equations and checking their roots
is explained with the help of the following example.
Example: Solve and verify the equation: sin® — cos6 = 1, where 0 < 0 < 27
Solution: We have
cos® —sinf =1 ...(1)
Squaring both sides

(cos 8 —sinB)? = (1)?
= cos? 0+ sin?0 — 2cosBsin® =1

1—2cosBsinB =1 [ cos? 0+ sin?0 = 1]

—2cos0BsinB =0



Either sin6=0 or cos8=0
if sin6=0 then, O6=0or m
if cos® =0 then, 6=g or —
Verification:
For, 0 =0, given equation becomes cos0 —sin0 =1
or
For, 0 =m, given equation becomes cosm —sinm =1
or
s . . Y . TT
For, 6 =7, given equation becomes cosz —siny =1
or
For, 6= 37ﬂ, given equation becomes cos37ﬂ - sin37ﬂ =1
= or

1 =1 (True)

—1 =1 (False)

—1 =1 (False)

1 =1 (True)

v O=mand 6 = % do not satisfy given equation.

T
« mand E are extraneous roots.

Thus, solution set = {0

The method of using the periods of trigonometric function to find
solution of general trigonometric equation is explained through the following

examples.

3n
"2

}

12.5.2 Use the periods\of.trigonometric functions to find
the solution of general trigonometric equations

Example 1. Solve the equation: 1 —cosx = %

Solution: We have

- _1
cosx =
11
= X = cos
T 5m . .
= X =z,% in particular ;
Verification:
yis m 1
For, 9—§,wehave 1—cos§—§
1
= — = — (True)
2 2
51 5Sm 1
For, 9—?,wehave 1—cos?—§

1—cosx=1

0<x<2m




1
= 1-5

1
or -

2
Since 2m is the period of cos x,

Therefore, General solution is {g + 2n1‘t} U {5?” + 2n1'r} where, n € Z.

Example 2. Solve the equation: 3tan?x —1 =10
Solution: We have
3tanlx—1=0

= 3tan’x =1 or tan2x=§
1
= tanx = + 3
or tanx = +i
~V3
1
= tanx = — and tanx = ——=
V3 V3
1 1
= x =tan~ ! (—) = x = tan~ ! (— —)
V3 V3
013 o, )
= x=gz = x=—g,in particular

~ T is period of tanx

~ solution set is = {TlT[ + %},Vn €EZ
Example 3. Solve the equation V3 cotx — cosecx —1 =0
Solution: We have

V3 cotx —cosecx —1 =0

= V3 cotx = cosecx + 1
Squaring both sides

= 3 cot? x = cosec?x + 2 cosecx + 1
= 3(cosec? x — 1) = cosec?x +2cosecx +1 [+ 1+ cot?x = cosec? x]
= 2 cosec?x —2cosecx —4 =10
= cosec?x — cosecx —2 =0
= cosec? x — 2 cosecx + cosecx —2 =0
= cosecx (cosecx — 2) + 1(cosecx —2) =0
= (cosecx — 2)(cosecx+1) =0
= cosecx —2=0orcosecx+1=0

or cosecx = 2 or cosecx = —1
= sinx=% and sinx = —1
= x=2 L = x = Sm_T in particular.

6’ 6 27 2




Verification:

For,

ezg,wehave

@cot%—cosecg— 1=0
3—2—-1=0
0 =0 (True)
9:5?“,Wehave
\/?jcot%n—cosec%—l =0
-3-2-1=0
—6 =0 (False)
9=37ﬂ,wehave
\/§cot37n—cosec32—n—1 =0
0+1—-1=0
0 = 0 (True)
9=_Tn,we have

V3 cot (_7“) — cosec (_7“) -1=0

0+1-1=0

0 =0 (True)

Hence, solution set'= {g + th} U {—g + Zrm} U {3—“ + Znn} vn eZ

1
cosx+§—0

4
sec?8 —5=0

2

Exercise 12.5 )

Find general solution of the following trigonometric equations.
2.

5.

2cosx + sinx =1
3tan?x + 2v/3tanx+1 =0

tan® = 2sin0

COS2X = COSX

cosB + cos30 + cos56 =0
cosech = /3 + cotd

tanx+i=0

NE]

4sinx =1

3. cosec32—x +2=0

6. sec’x = 4
4cos?x —8sinx+1=0
(cosecx + 2)(2cosx —1) =0
4sin?% -3 =0
sin40 — sin26 = cos30
Sinx + sin3x + sin5x + sin7x = 0
2cosx + sinx—1=0




ii.

iii.

iv.

vi.

vii.

ix.

Xi.

xii.

viii.

xiii.

Review Exercise 12 )]

Select correct answer.
If y = Sin x, then domain is:

(@) —g <x< % b)o<x<m () [0,x],x# % (d) None of these
If y = Cos x, then range is:
@-1<y<1 (b) R (¢y<—=lory=1 (dy<-lory=>1
If y = Tan"! x, then domain is:
(a-1<x<1 (b) R (cJx=—-lorx<1l (d)x<-lorx=>1
If y = Sec™! x, then range is:
(a)OSySn,yqtg (b)—gSyS%,yth
©0<y<m @-5<y<3
Inverse function exists if and only if the function is:
(a) bijective (b) (1-1) function
(c) onto function (d) into function
Cot™lx=...............
(@) ——tan " x (b) - —cot™ " x (c-+tan "x (d) -+ cot "x

2 2 2 2

- 1

Sec [Sm 1 (— E)] = o N

2 V3 1 2
@ 7 (b) = ©; @ -7

1 L) N 2z e 1 1

Cos (Sm &) 2w @F O3 (© 3 A

cosT!A+cosTIB=.........
(a) cos™! (AB— /(1= AZ)(T = BZ)) (b) cos™* (AB + /(1 — A2)(1—B?))
(c) cos~! (AB + A+ A1+ BZ)) (d) cos™! (AB ~JA+AD) + BZ))

tan"1(—x) = (a) —tan"1x (b) t—tan"'x (c) cot™x (d) tan"1x
-1 T s T T
Tan™(~1) =------oo- @, -7  © @ -3
If tan 2x = —1, then solution in the interval [—g,g] is:
T T 3Tt 3T
@-5  bB-F (0~ (@ =

General solution of 4sinx — 8 = 0 is:
(@ {mt+2nm}nez (b) {m+nm}neZ
(c){-m+nm}, n€Z (d) Not possible



xiv. Solution of equation: 2 Sinx ++/3 = 0 in 4th Quadrant is:

n p) T - ) 1"
(@ 3 (b) (©) (@~
xv.  All trigonometric function are ................... function:
(a) periodic (b) even (c) injective (d) bijective
xvi. General solution of every trigonometric equation consists of:
(a) one solution only (b) two solution
(c) infinitely many solutions (d) no real solution
xvii. The period of cos®9 is:
@) g (b) T (0) 21 (d)4T
xviii. One solution of Secx = —2 is:
2 o am 4 ="
@ = (b) 3 (©) ~ (@)
xix. Ifcos6 = —% and sinb = %§, then 0is:
(a) 3 (b) 3 ()3 (d) 3
xx. The period of sin% is
(a)4m (b)m (c) 2 (d) 3
xxi. The value of cos ST is
(@) O (b)1 (c) -1 (d) None of these
xxii. The period of 35ec§ is
(a)5m (b)m (c) 2m (d) 6m
xxiii. The period of 7tan(7x) is
7T T
()3 (b)7m ()~ (d)m
2. Find the maximum and minimum value of the each of the following
functions.
(i) y=5—"7cosb (i1) y =4+ 3sin (20 — 5)
3. By using graph, find the solution of the following equation.
2c0s6—0=0
4. Without using calculator, show that:
(i) cosec™! (%) = tan"! (%) (ii) cos™1 (@) =tan~! (%)
- cos~1 (L) = cos=1 (=) = cos—1 (323
5. Show that: cos (25) cos (13) = cos (325).

6. Find the solution sets of the equation sec3x = secx .



