Mathematical
Induction and
Binomial Theorem

7.1 Mathematical Induction

A powerful method of proof, frequently used in mathematics is
mathematical induction. This method is not to be confused with the method
of inductive logic used in the experimental science in which generalization is
formulated by observing many specific cases. In contrast, mathematical
induction is a form of deductive reasoning in which conclusions are
established beyond any doubt.

7.1.1 Describe principle of mathematical induction

Principle of Mathematical Induction

If P(n) is a proposition about a positive integer (natural number) n such that
e P (n)istrue forn=1, and
e P (n)is true for n = k implies that it is also true for n =k + 1.

Then P (n) is true for all positive integers (natural numbers) n.

Principle of Mathematical Induction when Proposition P (n) is not true
for the first few values of n

Sometimes a proposition P(n) is not true for the first few values of n
and is true for all successive values after a certain stage.
For an application of the method of mathematical induction to such cases,
the principle of mathematical induction is modified and restated as under.
If P(n) is a proposition about a positive integer n such that
e P(n)is true for n =i, where iis a positive integer, and
e P (n)is true for n = k + 1, whenever P(n) is true for any positive integer
n=k.




7.1.2 Apply the principle to prove the statements,
identities or formulae

Example 1. By using principle of mathematical induction, prove that the
following formula is true for all positive integral values of n.

2+ 4+ 6+--+2n=nn+1).
Proof:
(i) Forn=1,we have 2=1(1+1) or 2=21i.e., P(n)is true forn=1
(ii) Assume that the formula or P(n) is true for some positive integer n = k.

ie, 2+4+6+-+2k=kk+1) ...(1)
Now we shall prove that the proposition is true for n = k' + 1, that is, we shall
prove that: 244464+ +2k+2(k+1)=(k+D{k+ 1)+ 1)}

By our hypothesis, we have
24+44+6++2k=k(k+1)
Adding 2(k + 1) to both the sides of equation (i), we get
2+ 4+6+-+2k+2(k+1D)=k(k +1)+2(k +1)
=k+1D(k+2)
= (k+D{(k+1)+1}.
i.e., P(n) is true for n = k + 1 whenever it is true for n = k. Hence by

principle of mathematical induction the proposition is true for all positive
integral values of n.
Example 2. Prove that 2" > (2n + 1) for all integral values of n > 3.
Solution:
It can well be seen that for n = 1 and 2, the proposition gives 2 >3 and 4 > 5
which are false.
We therefore, apply the modified form of mathematical induction.

(i) Here, i = 3 and so P(n) for n = 3 gives
25> (2:3+1)
or 8 > 7 which is true. So, P(n) is true for i = 3.
(ii) Assume P(n) to be true forn =k, i.e.
28> 2k + 1)

Now, multiplying both sides of the above inequality by 2, we get
2.2 > 22k + 1),
= 2k1>4k 42,
= 2M1>2k+2k+2
Deducting 2k from right side and keeping 1 instead, the inequality
statement holds and we have,
2 > 2k + 1+ 2




281 > 2k +2 4+ 1.
i.e., 2k*1 > 2 (k + 1) + 1. Therefore, P (n) is also true for n = k + 1.
Hence, by the principle of mathematical induction P(n) is true for all
integral values of n > 3.

Example 3. Using the principle of mathematical induction prove that:

n(n+1)
1+2+3+-n=

, for all natural numbers n.

Proof:
(i) For n =1, P(n) becomes 1 = %
or 1=1
So, P(n) is true for n = 1.
(ii) Assuming the result to be true for n = k , we get the hypothesis:
k(k +1)
2
Now we have to prove that the result is also true for n = k+ 1. To do so, we
add (k + 1) to both sides of the above hypothesis and get
k(k+1)
2

=(k+1) (§+1)=(k+1)-

_k+D{(k+1)+1}
B 2
i.e., P(n) is true forn = k + 1.
Thus, by the principle of mathematical induction P(n)is true for all natural
numbers n.
Example 4. Prove that:

1+2+3++k=

14243+ +k+(k+1)= +(k+1)

(k+2)

_ n(n+1)(2n+1)
a 6

12 422432 4 ... 4 n? for all natural numbers n.

Proof:
If P (n) represents the above proposition, then
1(1+1)(2:141)

(i) for n = 1, P(n) becomes 12 = ”
1= 1(2)(3)
6
or 1=1 which is true.

i.e., P(n) is true forn = 1.
(ii) Suppose that P(n) is true forn =k, i.e.,
k(k+1)Q2k+1)

124224324+ k%= c

()



To prove P(n) to be true for n = k + 1 we add (k + 1)? to both sides of

the above equation (i).
k(k+1)2k+1)

6
C(k+ 1)

124224324+ 4+ k2 + (k+1)2 = + (k +1)?

=(k+1){2k2+7k+6}

_(k+ Dk +2)(2k +3)
B 6

(k(2k + 1) + 6(k + 1)}

Ck+D{k+ D+ 1320k + 1) + 1)

6

This, in fact, is the same as the given proposition P(n) forn =k + 1.
Thus, the truth of P(n) for n = k implies its truth forn =k + 1.
Hence, by the principle of mathematical induction, P(n) is true for all natural

numbers n.

n(n+1) 2
Example 5. Prove that: 13+23+33+.-+nd= .
numbers n.
Proof:
i. For n =1, P(n) becomes
2
5 1.(1+1)
2
1 =1, which is true.
i.e., Pn)istrueforn=1
ii. Assume that P(n) is true for n = k.
k(k + 1)1°
ie., 13423433 4.4 k3 = [%]

Adding (k + 1)3 to both the sides, we have

k(k + 1)1°
P+235+33+ 4 k3+(k+1)3=[¥] + (k+1)3

_(k+1)?
=
_(k+1)?

(k? + 4(k + 1)}

{k? + 4k + 4}
(e + 1D)2(k +2)?

B 4

_ [(k +D{k+ 1)+ 1}]2
- . ,

, for all natural



Thus, it is true forn = k + 1.
Hence, by mathematical induction P(n) is true for all natural numbers.
Example 6. Prove that 23" —7n—1, is divisible by 49 where n is any
positive integer.
Proof:
(i) For n = 1, the given expression becomes
2" —7n—-1= 2%1-7-1-1
= 8-7-1=0
Since zero is divisible by 49, the given statement is true for n = 1.
(ii) Assume that the statement is true for n = k, i.e.,
23k — 7k — 1 is divisible by 49
Now for, n = k + 1, we have
234D _ 7+ 1) —1 =23K3 7k =71
=8.2% —7k—8
= 8.23%F —8(7k) — 8 + 7(7k)
= 8(23% —= 7k — 1) + 49k
By our hypothesis (23% — 7k — 1) is divisible by 49 and 49k is obviously
divisible by 49. Therefore, the given expression is also divisible by 49 for
n=k+1.
Hence by mathematical induction the given statement is true for all positive
integral values of n.

Exercise 7.1 )

1. Prove the following propositions by mathematical induction for every
positive integer n.

(i) 143+5++@2n—1)=n?

()~ 3+6+9++3n=2n(n+1)

(i) 1+4+7+---+(3n—z)=@

. 1,1 1 1

(IV) 1+E+Z+“'+F=2(1—2—n)

v)  246+18+--+2:3"1=3"-1

(vi) 2+6+12+---+n(n+1)=%n(n+1)(n+2).

(vii) 22442+ 6%+ + (2n)? =Zn(n+1) 2n+1).

(viii) 1-3+2-4+3-5+---+n(n+2)=%n(n+1)(2n+7).



) 1 1 1 1
(ix) —+t—+—+-+ = .
1.2 23 34 nn+1l) n+1

(%) 1242.22+43.22 4422+ +n2"=(n-1).2"1 + 2.
(xij 11-1+21-2+3"3+-+nl'n=mn+1 -1
1 1 1 n

n

(i) a(a+1) (a+1)(a+2) toet (a+n-1)(a+n) - a(a+n)
I N O 125

(xiii) 1.3 3.5 (2n-1)(2n+1)  2(2n+1)’

(xiv) (i) atar+ar?+--+ar? =M,(r¢ 1).

1-r

B ) () =

n n
i) () ()= ez
Prove the following statement by mathematical induction.
(i) 23"*+2 _ 28n — 4 is divisible by 49,% n.€ N.
(ii) 32n*2 — 8n — 9 is divisible by 64,% n € N.
(iii) 7" — 4" is divisible by 3

Prove that:
(i) 2"t > (2n + 3), for all integral values of n > 2,
(ii) 37~1 > 2" for all integral values of n > 3,

(iii)  n!>3""! for all integral values of n > 5.

7.2 Binomial Theorem

For (x + y)" where

Use Pascal’s triangle to find the expansion of

(»+0»)"h where n is a small positive integer

An expression consisting of two terms connected by +ve or -ve
sign is called a binomial expression or simply a binomial.

For example, a+ b, 2x—3y, z3—2z a®?+ b? are all binomial expressions.
(x+y) is a binomial and natural number n is its
exponent or index. The following products can be verified by actual

multiplication.

(x+y)t=x+y

(x+y)? =x2+ 2xy + y?
(x+y)3=x34+3x%y +3xy? +y3

(x +y)* = x* + 4x3y + 6x%y? + 4xy3 + y*




In the binomial theorem we wish to state a general law of formation
that lies behind these expansions; i.e., we wish to state a general law for the
expansion of (x +y)" , where n is a natural number. The following diagram
illustrates the process.

+yt= x + Y
cers) NN
Y.
\ / AN
+Y)? = ’ 2 ’
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xX+Y)° = X + X + X +
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(Fig. 7.1)

The coefficients in the above expansions may be shown in the
following scheme, which is called Pascal’s triangle.

(Fig. 7.2)

A very definite pattern is evident in this array. The first and the last
number in each row is 1. Each of the other elements is the sum of the two
elements to its left and right in the row immediately preceding. Thus we
would expect the coefficients of the expansion of (x + y)° to be

1 ) 10 10 5 1

Direct multiplication will verify this result. Similarly, for (x + y)®, we
have 1 6 15 20 15 6 1

It may also be noted that there is a connection between the
coefficients in these expansions and the possible number of combinations of
x and y. Thus, Pascal’s triangle can also be given in the following form.



(Fig. 7.3)
Each element in a row, other than the 1’s is the sum of the two
elements to its left and right in the row immediately preceding it, that is, in

(") ()=(1

This is called Pascal’s rule. Apart from coefficients, a definite pattern
about the terms of the expansion of (x + y)™ is also evident from (Fig. 7.1).
Each term contains product of powers of x and y. From first term to the last
term the products are:

x”yo, xn_ly, x"_zyz, . xoy"
Example: Using Pascal’s triangle, expand (x + y)°>.
Solution: According to Pascal’s triangle, the row related to n=5, is:
1,5,10,10,5,1
So, (x+7y)°=x5+5x*y + 10x3y? + 10x2y3 + 5xy* + y5.

7.2.2 State and prove binomial theorem for positive
integral index

It is difficult to find the co-efficients in the expansion of (x + y)" from
the scheme given above when the exponent n is large. In this section we
state and prove a theorem, known as the Binomial Theorem, due to UMER
KHYAM (1074 A.D).

Statement:
If nis a positive integer, then

@rbr=a s (e s (vt ok (o s (2 Ja s
Proof: We prove that

@+b)=am+(7)a b+ () a2b2 + o+

n

= 1) an—r+1br—1 + (:'l) a*"h" + .-+ b"




with the help of the Principle of Mathematical Induction.
() For n =1, we have
1

(a+ b)* =a1+(1)a1—1b1 =a+b

Thus, the theorem is true for n =1
(i) Assume the theorem to be true for n =k, i.e., let the hypothesis be
k_ ko (K k-1 kY k2,2, . k k=r+1pr-1 4 (K\ k-rpr o 0 1k
(a+b)¢ =ak+(7) @ b+ () @22+ (5 )ak bt 4 (5) b BT et b
Multiplying each term of the formula in the above hypothesis by a + b,
we have

(a+bh)*' =a {a" + (];) ak=th + (’;) ak=2p% 4 - 4 ( k )a"‘”lb"‘1 + (];) akTh" 4 e 4 b"}

r—1
+b {a" + (’;) a*1p + (';) ak=2p?% + - + (r f 1) ak-THpT 14 (Ir‘) akThT + -+ b"}
_ {ak+1 + (’D akb + (IZC) ak1p? 4 oo 4 (r f 1) qk-T+2pr=1 4 (’;) kTP 4oy abk}
+ {akb + (llf) ak—lbz + (]2() ak—2b3 + et (r f 1) ak—r+1br + (f) ak—rbr+1 + et bk+1}
ot () (o () (e () Jar e

[By grouping the like terms]

(+GE)=(71)

Therefore, (llc) + (I(;) = (k —; 1); (12() + (ID = (k ; 1); ... and so on

But by Pascal’s rule

Hence,
k1 _ ki1 oy (K1Y K k+1\ k132 0 o (k+ 1N kviorpr o4 pket
(a+ b))+ =q +(1)ab+(2)a b? + +(r)a b"++b
Therefore, the theorem is also true for n = k + 1. Hence by the Principle
of Mathematical Induction the theorem is true for all positive integral

exponents.
Characteristics of Binomial Theorem

We may notice the following points in connection with the binomial
formula for the positive integral index.
(1) Using the other notation for combinations the formula can also be
written in the form as:
(a+b)* = "Coa™ + "Cia™ b + "Cra™ 2. b% + -+ "Cp.b™
(i) The binomial formula is frequently written as:
(@+b)™ =a"+na"th + _n(nZ'— Y a™2h? + —n(n — 13)'(n ) a3+ 4 rn -1 r('n —rt1) a
(i)  The number of terms in the expansion of (a + b)" is n + 1.

(iv) In the successive terms index of “a” decreases by one and index of “b”

n—TbT' + e + bn




increases by one so that the sum of two indices is always n.

(v) The coefficients of successive terms are 1, "Cy, "C,,..., "C4_1, 1. These
are known as binomial coefficients.
(vi) Since the expansion of (a +b)" is symmetrical w.r.t. a and b, it
follows that the coefficients of a""b" and a"b™™" are equal, i.e., the
coefficients of terms equidistant from the beginning and the end are
equal.

(vii)  since (:)l) =1= (Z), we may, for the sake of uniformity write (8) as

the coefficient of a" and (:ll) as the coefficient of b™ in the expansion.

(viiij Ifwe puta=b =1 in the binomial formula, then

= () + () () -+ () ++ )
This formula also determines the total number of subsets of a set S

consisting of n elements. Whereas "C;is the total number of subsets

of S each consisting of r elements:

(ix)  Since (a —b) = {a + (—=b) }, we have
{a+ (b)) =@+ (7) @ (=b) + (3) @2 (=b)? + -+ (1) a"T(=b) + -+ (=b)";

ie., (a—b)"=a"— (711) a bt (72’) @D — e (=1) (Z) AT DY + e+ (=)

Thus, the terms in the expansion of (a — b)" are alternatively positive

and negative, the last term being +b™ or —b™ according as n is even

and odd respectively.
(%) Putting a = 1 and b = x in the expansion of (a — b)", we have

a-0r=1-(])x+(5)x? =+ 0 (D) ++ ()2
&mmnw,u+xw=1+(Dx+(9xz+m+(bxn+m+x¢
Example 1. Expand (x +y)’ by the binomial theorem.

Solution:

7 - 6 . 16 7.6.5 76.54 VN 7.6.5.4.3 5 + 765432
x+y) =x"+7x y+7xy ETR xty? TR TR Txy +y

=x7 4+ 7x% + 21x°y? + 35x*y3 + 35x3y* + 21x2y5 + 7Txy® + y”

Example 2. Expand (ax — 5)6 by the binomial theorem.

(ax — 9)6 = (ax)® — 6(ax)® (g) + 62—'5 (ax)* (g)z - 6—54 (ax)® (2)3 + & 544 3 (ax)? (i)
65432 N
@) +()

X

4




15a%b* 6ab®> b°

= abx% — 6a®bx* + 15a*b*x* — 20a3b® + —; —t=
x X x

Example 3. Compute (1.01)° by means of the binomial theorem correct to
three decimal places.

Solution: (1 01)°=(1 + 0. 01)9
=1 +— 19-(0.01) + 18 (0.01)% + ?g; 17 - (0.01)3 + up to last term
=14+ 0.09 + 0.0036 + 0.000084 + .- up to the last term
= 1.093684 approx: = 1.094 correct to three decimal places.

7.2.3 Expand (x + y)" using binomial theoremiand find its
general term

If nis a positive integer, then
n_.n (M,n-1 n=2.2 4 ...4 (M on-rar o ... n n-1 n
x+y)t=x +(1)x y+(2) ye+ +(r)x y'+ +(n_1)xy +y
which is called the binomial expansion.
The term T.., = (Z) x™"-y" is called the general term in the
expansion of (x + y)" where n is a +ve integer, we observe that
T, = (78) x™=x"
T, = (711) x"ly = nx""1y,

T; = (721) x"2y? = @ n=2y2  and so on.
Example 1. Find the sixth term in the expansion of
(Zx 3 )10
3 2x
Solution: Tg =Ts41

-3 ()

B 10! 2°x5 3°
"~ 51(10 —5)! 35 25x5

10.9.8.7.6(51)

= —252
54.3.2.1(5) >
Example 2. Find the coefficient of x° in (a® + 3bx?)®
Solution: Here, Trsq = (i) (@®)® " (3bx?)"

— (?) (a3)6—r(3b)rx2r

Now, T,,; will contain x, if 2r = 6 or r = 3.



So, T, contains x°.
. _ (6Y/,,3\6-3 233
ie., 1;__(3)(a )6-3(3bx?)
!
~31(6—3)!
= 540a°b3x®
So, the coefficient of x° is 540a°h3.

a’®(27b3x°)

7.2.4 Find the specified term in the expansion of (x + y)"

In the expansion of (x + y)™, where n being a positive integral index.
We can find specified terms like middle terms, the term involving particular
power of x, the term independent of x etc.

The term involving particular power of x and independent of x
Example 1. Write in the simplified form the term involving x~17 in the

1\15

: 4

expansion of (x ——3)
X

Solution:  Suppose x~17 occurs in T,4;.
— 15 . 4N\15-1 _i ¢
Now, — Toa=(3) 97 (~3)

= (1) (1r5) 6047, =31

o ANT. 15\ ~e0—7r
=0 () x
Thus 60—7r =—-17 or r =11.
So, Trt1 = Ti14q
15.14.13.12.(11 ) 17

15 - _
=(=1 11, . +60—7(11) — = —1365 17.
=D (11) x (11)! 43.2.1 x
Hence the term involving x~17 is —1365 x~17,
9
Example 2. Find the term independent of x in (Zx + 3—3162)
Solution: Let (r + 1)th term be independent of x.
9—1r _9—r 9—r

—(9). 9—r.<L>r_ N.2__ X" _(9).2___ . o-3r

Now, Trp1 = (T.) (2x) 2] (T) 3T x2r (T) 37 x

Since this term is supposed to be independent of x, we must have
9—-3r=0. or r=23.
Thus, the required term, T,,; = T341.
9-3 6 6
(9) 2 933 — 9.8.7.6! 2° 2 :1792
33

: =347 =——"
3 32.16! 33 33 9
1792

Now, Ts41 =

Hence, the term independent of x is




7
Example 3. Does the expansion of (x + %) contain a term

(i) independent of x, (i) involving x°®
Solution:
(i) Suppose the term independent of x (i.e. the constant term) is (r + 1)th
term.
AT\ 7= (N _ (7\ 7-2r
Now, = () = ()

Since, this term is supposed to be independent of x, we must have

7—2r:00rr:% Then r+1=%+1:%
Since the position of a term cannot be fractional.

Therefore, there does not exist a term independent of x in the given
expansion.

(i) Let x® occurs in (r + 1)th term of the expansion.
Now Ty ='C, x7‘T% ='C, x77?",

According to the supposition 7 —2r =6

= r= %, which is a fraction.

So there does not exist a term involving x° in the given expansion.
Middle Term:

We shall find the middle term or terms in the expansion of (x + y)",
n being a positive integral index.

The number of terms in the expansion of (x + y)" is n+ 1. If n is even
then there is one middle term and if n is odd, then there are two middle
terms.

If nis even, say n = 2k, then the number of terms is (2k + 1). Hence

nzj)th term is the middle term. On the other
hand. If n is odd, say n=2k+1, then in the expansion there are
n+1=72k + 2 terms, i.e., the number of terms is even. In this case there are

two, (k + 1)th and (k + 2)th, middle terms. Thus the required middle terms
n+1 n+3
are (T)th and (T)th terms.

only one term, i.e., (k + 1)th = (

10
Example 1. Find the middle term in the expansion of (x — Z?y)

Solution: Here, n = 10 is an even. So, there is only one middle term that is

1042
(T)th term = 6th term.




So,

So, the required middle term is

Example 2. Find the middle terms of (x3 + xiz) '

Solution: Here, n = 7 is an odd. So, there are two middle terms, that is

10 _c (—2¥)\°
Te = Ts41 = ( 5 ) ()13 (Ty)
10! 25 - y5
— (_1)\5 5
= CD g X X5
—252x°:32y°
243
—896x°y°>
27
—896x°y°>
27 '

7

%)th and (#)th the terms. Hence T, and Ts are two middle terms.
7 a1y}
Now, T, = (3) (x3)773 (x_z)
1
= 35 X12 X 3
x
= 35x°
= (7 (374 (L *
and Ts = (4) (x?) (xz)
g 1
=35x7 % F
= 35x

Hence, 35x° and 35x are the two required middle terms.

Exercise 7.2 )

Expand by means of the binomial theorem:

) (@+b)® ) (x-3y)* (i) (\E_\Pf

6

2
v (5-2) @ G-z
(@) Use the binomial theorem, to find the value of:
(1) (11)° @  19° (iii) (99)*
(b) Use the binomial theorem to compute the values of the

following correct to four places of decimal.
(i) (1.01)° (i) (1.02)7 (iii)  (2.03)°




10.

7.3.1

Evaluate:
(i) 1+ 2va)* — (1 - 2vVa)* () @R-Vi—-a)°+@Q+V1i—-a)’
(i) @+V3)S—-(@2-V3)"5

Find the indicated term in each of the following expansions.

10 a

8
(i) (% X — %) ; the 8th term (i) (E — g) ; the 7th term
10

1
(iii) (Zx - ;) the last term
Find the middle term in the expansion of:

. 2c\1° 14 b
0e-%) @(-ze) 6 (G-3)
Find the two middle terms of:

9

: o b°

M (F+z) ) (Zb - T)

Write, in the simplified form, the term independent of x in
9 6

. 1 .. 5
M (x+3) @ (2x+3)
Obtain in the simplified form:

18

@ (a=2)"

7
(i) the term involving x® in the expansion of (2x3 — x_lz) :

12
(ii) the term involving a® in the expansion of (az — %)

2\ 5
(iii) the coefficient of xin the expansion of (xz + %) .

3¢ 1Y .

—- ——3) contain a term.

2 3q

(i) independent of a, (ii) involving a®?

The coefficients of the fifth, sixth and seventh terms of the expansion

of (1 + x)" form an A.P. Find n.

Does the expansion of (

7.3 ‘Binomial Series

Expand (1+ x)" where n is a positive integer and
extend this result for all rational values of n

We know that

(x+y)" =x" +nx"ly + —— (n D yn- 2y2+—n(n 13),(n 2) yn- 3y3 4y (i)

By puttingx =1and y =x in equatlon (i)
We get

(n D 2+n(n H(n—-2) O B (i)

A+x)"=1+nx+ 3




When n is a positive integer then in the expansion of (x +y)" or
(1 +x)", there are (n + 1) terms or finite number of terms and is valid for any
real value of x.

But if n is negative or rational (fraction), then the above expansion
never ends or have infinite number of terms and is valid only for -1 <x <1
or |x| <1 thus in such a case the expansion is

_ _ — _ _ _ T
n(nz! 1) 2 n(n 13,)!(71 2) 4 +n(n D(n 21, (n—r+Dx N
This series is called binomial series and its general term is
nn-1)n-2)..(n—r+1) o

I+x0)"=1+nx+

Ty = 7l
Example 1. Expand (2 — x)~3 to four terms, where |x| < 1.
Solution:

-x)3=2731- %)‘3, making the first term of the binomial as 1.
_\-3 _ »-3 _£_3_ -3 _X\y-3
so, @-07=273(1-3) =270+ (-3)

2 3
() G (GO0 (e e

1 3x 3x? 5x3
=—(1+Z=+Z-+=+.

8 2 2 4
3

Example 2. Expand (1 + %) %to four terms, when |x| <1

Solution:
( ZX)_7=1+< 3)(2_x)+(‘5)(‘5‘1)_(2_96)2+(‘5)(‘5‘1)(‘5‘2)_(296) N

T+ “2/\3 3
15 105

x| <1

1 _ U2 2TV 03 4,
=1 x+18x 162x +
=1 +5 23 3+

= X 6x 54x

7
Example 3. Find the first negative term in the expansion of (1 + x)2
Solution: By using the general term fromula

1)@ (o)

T, =
r+1 rl

7
This will be the first negative term when ST + 1 is negative,

ie., E—r<00rr >E’

. 1
i.e., whenr > 45 ,sor =>5.



Hence, when r = 5, we get the first negative term,

7 7
T [ T 0
6 51 256"
7.3.2 Expand (1 + x)" in ascending power of x and explain
its validity/ convergence for |x| <1 where nnis a

rational number

We know that if n is negative or rational (fraction), then the expansion
of (1+x)* has infinite number of terms and is. valid only for
—1 < x <1or |x| <1and the expansion is

(1+x)”=1+nx+n(r;|1) 2, nn— 13)'(" 2) X3

As we see in the expansion, we get ascending power of x and the
terms progressively get smaller and smaller for -1 <x <1 or |x| <1, so the
series will be valid or convergent.

Let us explain the validity or convergence of this series

We have, (1 +x)”—1+nx+”(" D 2oy L, g 2O DT(," Dy . (i)

xl <1

Replacing x by —x in (i), we have

=)t = 1-my 4 20Dy TOED s gy oy MO D g e < 1 (i)
Changing the sign of nin (i) and (ii), we get
R R L) PR s L 0 P L U s O P[P TR 1
and
(1-x)"=1+nx +"("+1) 2 4 "("?f"”) 34t w Tl <1 (i)
Hence, for |x| <1 and n =1, we have from (iii) and (iv)
A+x) P =1—-x+x2=23++(D"x"+- (V)
A=)t =14+x+x2+x3++x"+ - oo (V)
Similarly for n = 2, we have
(14+x)2=1-2x+4+3x2=4x3+ -+ (=) (r+ Dx" + - ...(vii)
and (1—-x)2=14+2x+3x2+4x3++ @+ Dx"+ - ... (viii)

We see that the expansion (vi) does not hold for x = 2. In this case the
equation (vi) becomes
-Dl=-1=1+2+22+23+--+2" + -, which is absurd.
Summing the infinite given series on the right-hand side of the
expansion (vi), we have

1
1+x+x24+x3++x"+=——=1-x)"1
1—x



which is true only when |x| < 1.
Thus expansion (i) is valid or convergent for |x| <| where n is a

rational number.

Example 1. If y=3x+6x2+10x3+ -,

y 14 5, 147
then prove that, x = 3737, !y + 2 !y — ..
Solution: Since y = 3x + 6x2 + 10x3 + ---

So, 14+y=1+3x+6x%+10x3+--

i.e., 1+ y = (1 — x)_3
Therefore, (1 -x)=1+ y)‘%
Lyl _4 ~H=loy(-1p
ie., 1—x=1+(—%y)+( (=3 )y2+( Iz -D(=5-2) 34 ..

Z1 31 Y
1 1.4 1.4.7
or l-x=1-5y+—5—y?——=—y3+
37 7322, 33317
1 1.4 1.4.7
Hence, x=zy———vy24 3_ ...
37 73220 T35
Example 2. Evaluate /31 to five places of decimals.
Solution:
1
1 1 1\)s
Y31=31)5s5=(32-1)5 = {32 (1 + ﬁ)}

1

= (32)% (1 - giz)g =2(1~ giz)i

oL O AR (DD hedr )

=2(1-0.00625 —0.000078125 — 0.000001464 + ---)
=2x0.99367 =1.98734.

7.3.3 'Determine the approximate values of the binomial
expansions having indices as - ve integers or fractions

We know that
-1 —-1H(n-2
(1+x)”=1+nx+n(rzl! ) y2 4 B 3)!(n )33 4 .

where n is negative integer or fraction.

We see that the terms progressively get smaller and smaller. In such a
case, to get an approximate value of the expansion, we may omit the terms
containing squares and higher powers of x.

Thus, we can get approximation of this expression.
(1+x)"=1+nx approximately and this approximation is called 1st
approximation.

when |x| <1.




Similarly, up to a second approximation, we have

1+x)"=~1 +nx+n(nz—_!1)x2
and so on.
Example 1. If |x| < 1, find the first approximation of
Vi—7x
Va+2z0?
Solution: Vi7x

Y+ 2x)3
=(1- 7x)§ 1+ Zx)_%

-1,

1
= 1—§(7X)+ 21

)

1+<—Z)(2x)+ -

= (1 - %x) (1 — %x), neglecting squares and higher powers of x
_ (1 7 3 4 7 2)
A M

= (1 — %x) approximately (neglecting the term containing the square of x)

Example 2. If x be so small that its squares and higher powers can be
neglected, prove that

1
V1+42x+ (16 + 3x)% 227

=3 +—
(1—x)2 T3
Solution: The given expression
1 1 1
A4 222 + (16)3 (1 +—x)*
N\ 1—x)?

(1 +§2x) +2(1+5 - =)
= D) , approximating

(1+x)+2(1+%x)
- (1—2x)

= (3 + %x) (1—2x)7"

35

= (3 + 3—2x) (1 + 2x), approximating again
227 _

=3+ yx, approximately.



Example 3. If (a — b) be small as compared with a or b then show that
n+Da+m—-1b _ (E)%
n—Da+n+1)b b
Solution: Let a = b+ h where his a small quantity.
(m+Da+n—-1)b m+1b+h)+n—-1)b
 (n=Da+m+1Db m-1DObB+h+m+1b
2nb+ (n+ 1)h
~ 2nb+ (n—1h
n+1

e

- n—1
o

(L B pnst oy
B 2n b 2n b
ntl h n-1. h imati
ST E) (1--—27 : E)’ approximating

o SIS s

=1+ 5 om (Again approximating)
_ h
=1+ -
. b+h . h %
Also (%)n = (T)n = (1 + E)n [Since, a = b + h]

h . .
=1+ b’ approximating

Hence, from (i) and (ii), we have

(n+Da+nm—-1b (a)%

(n—1a+mn+1Db ‘b

7.3.4 Application of summation of series

In general, most of the infinite series can be summed up very quickly
by identifying them with some binomial expansion, as is shown in the
following examples.

Example 1. Sum to infinity the series:

1+ 1 +1.4 1 +1.4.7 1 N
32 1.2 3% 123 3¢
Solution: Identifying the given series with
nn—1)
A+x)"=1+ nxsz

By comparing,




= n’x?=

.. (i)

n(n-1)x2
and - o (i)
2!
.. ... n—1
From (ii) and (iii), by division, we have P 2 or n—1=4n
Therefore 3n=-1 or n= —%
By using n= —% in equation (i), we get x = —%
. 1 1
Using x = -3 n=-3
1
n_(1_1\3
we have Q1+x)"= (1 3)
1
3

B (2>_ _ 33
-3/ 2
Hence, the sum of the given series is 3\/% .

1, 13135 , 1.3.5.7

Example 2. If x ==+ + + -+, prove that x? + 2x — 2 = 0.

3736369 ' 369.12
Solution: Adding 1 to both the sides of the given series,
1.3 | 1.3.5 .
We have x+1= 1+ +%+m+ ...(1)
Let the series on the right hand side of (i) be identified with
A+x)"=1+nx+ n(n—,l)x2 + -
By comparing
1 ..
we get, nx =z ...(ii)
= nix? =& ... iii)
1.3
and —n(n - 1)x =%e ...(iv)
From (iii) and (iv) by division, we get
n-1 3
—=— or 2n—1)=6n or 2n—2=6n or 4n=-2
2n 2
1

Therefore, n=-35.

N

Hence, from (ii), x = —%
2
3

By substituting x = —5 and n = —% in (14 x)™ we have




Sum of the given series is

1 1
2\ 2 1\ 2 .
= (1—§) :(§) ='\/§ ...(IV)
Thus, from (i) and (iv) give we get x+1=+3
Squaring both sides, we have
x2+2x+1=3 or x242x—2=0
Exercise 7.3 )
1. Find the first four terms in the following expansions:
=1

() V8= 16x M) = (i)  (A+303  (iv) T

2. Find first negative term in the expansion of
4 5

(i) (1+y)3 (i) (1+2x)2
3. If x is so small that its square and higher powers may be neglected,

then show that:

(i) ’1+%xz1+%x (ii) V1i+8x~1+2x
4. Using binomial series, find the value of the following up to three

places of decimals:

(i) V24 (i)~ 328 (i) /241

. 1 1

(iv) (1280)+ (V) 553
5. Identify the following series as binomial expansion and find the sum

in each case.

. 3,35, 357 .. 11 1 11

(1)1+Z+m+m+“' (11)1+§§_§Z?+

13032+ @5+
W 1-30) 50 520
W1-35+2:() ~75e(3) *

6. Use binomial theorem to show that:

. 1 13 1-3-5 .. 1 13  1-3-5
0 1+z+75+ 7512~ = V2 @) 1+7+76 7681 " =
1 1 1 1 1 13 1
7 B y=rTEa 12t 8 18

then show that 16y(y +2) = 1.

1 2 13/2\% 135/2\3
8. IFf-=-+—(=) +—=(=) +-,
x 5 21 \5 31 \5



ii.

iii.

iv.

vi.

vii.

ix.

xi.

xii.

viii.

then show that 4x?—2x—1=0.

y 1[4 13 [(4\?> 135 (4)\3
If===(=)+ =) + =)+
2 2\9 22-21\9 2331 \9

then show that 5y2 + 20y — 16 = 0.

Review Exercise 7 )]

Select correct answer.
The general term of the binomial expansion (a + x)" is where n € N

@Nax  ® (e @ (e @ (1) @)

The number of terms in the expansion of (a + b)?" are:

(@ n (b) 2n+1 (c) 2™ (d) 2n1

In the expansion (a + x)", the exponent of ‘x™:

(a) decreases from n to 0 (b) increases from 0 to n

(c) remains n every where (d) becomes 0 at the end

Middle term in the expansion of (a + b)?" is:

(a) nth term (b)(n + 1)th term

(c) (2n + 1)th term (d) (2n — 1)th term

The term independent of x in the expansion of (a + 2x)" is:

(a) First term (b) Middle term

(c) Last term (d) 2nd last term

The coefficient of the last term in the expansion of (2 — x)7 is/are:

(@1 (b) —1 () 7 (d) =7

7

In the expansion (a + %) , the number of middle terms is/are:

(a) one (b) two (c) three (d) four

Sum of odd binomial coefficients in the expansion of (a + x)" is:

(@) 2™ (b) 2n~1 (c) 2n*t (dn+1

n+1 n+1 n+1 n+1y. .

( 0 )+ ( 1 )+( 2 )+"'+(n+1)lsequa1t°'

(a) 2™ (b) 2n+1 (c) 2" (d)Cannot be determined
1

The number of terms in the expansion of (1 + x)3 is _

4

(@ 3 (b) 4 (c) oo (d) 2

1—x+x?—x3+--is equal to:

() (1+x) (b) (1 —x)™ ©A+02 (@ 1-07?

The expansion of (1 — 2x)~? is valid if:

(a) lx| <0 (b) Ix] <5 () Ixl <2 () |xl <1



xiii.

Xiv.

The middle term in the expansion of (a + b)" is (g + 1) th term; then nis:

(a) Odd (b) Even
(c) Prime (d) None of these

8
In (a + %) , the sum of the binomial coefficients is:

(a) 64 (b)128 (c)256 (d) 512
Prove by principle of mathematical induction Vn € N that 8 x 10" — 2 is
divisible by 6.

Prove by mathematical induction

12432+ 52 4+ 2n— 1)2 = 3n(2n - 1)(2n + 1)

Given that the coefficient of y? in the expansion > is 96, find m.

1
(1+my)
Given that the terms involving m* and higher powers may be

1

_ =2 3
(a+bm)3  (1+3m)4 em” + dm”, find the values of

neglected and that
a,b,c and d.




