Differentiation Unit

Introduction

The differential calculus is the branch of mathematics developed by Isaac Newton and
Gottfried Wilhelm Leibniz (G. W. Leibniz). This branch is concerned with the problems of
finding the rate of change of function with respect to the variable on which it depends.

3.1 Derivative of a Function

3.1.1 Distinguish between independent and dependent variables

An independent variable is a variable whose value never depends on another variable,
whereas a dependent variable is a variable whose values depends on another variable.

The equation y = f(x) is a general notation which expresses the relation between the
two variables x and y, where y depends on x.

e.g., in function y = f(x) =3x +4, x is the independent variable and y is
dependent variable.

3.1.2 Estimate corresponding change in the dependent variable when
independent variable is incremented (or decremented)

Lety = f(x) is a function with dependent variable y and independent variable x. If Ax
is the small change in the independent variable x then corresponding change in y will be Ay

ie, Ay=f(x+Ax)—f(x)
Similarly, when independent variable x is decremented then corresponding change in
y will be Ay

e, Ay=f(x)—f(x—Ax)
Example 1. y = x3 + 1 then calculate the corresponding change in y when x is incremented
from 1to 1.01.

Solution: Since x is incremented from 1 to 1.01, therefore the change in independent variable
X is Ax =1.01-1
Ax = 0.01
Now, the corresponding change in y will be
Ay = f(x + Ax) — f(x)
Ay =f(1+40.01)—f(1)
Ay = f(1.01) — f(1)
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= (1013} + 1) - ((D*+1)

= 2.03031 -2
Ay = 0.030301
Thus, the corresponding change in y when x is incremented from 1 to 1.01 is

0.030301.
Example 2. If y = e* calculate the corresponding change in y, when x is decremented from 2
to 1.98.
Solution: Since, x is decremented from 2 to 1.98, therefore

Ax =2—-1.98

Ax = 0.02

Now, the corresponding change in y will be
Ay = f(x) — f(x — Ax)
Ay = f(2) = f(2—-0.02)
Ay = f(2) — £(1.98)
Ay = e? — 198
Ay =~ 7.38905 — 7.24274
Ay ~ 0.14631.
Thus, the corresponding change in y when x is decrements from 2 to 1.98 is 0.14631.
3.1.3 Explain the concept of rate of change
The rate of change is the speed at which a dependent variable changes with respect to
an independent variable. It can generally be expressed as a ratio of change in dependent variable
and change in independent variable. Let y = f(x) is function and Ax and Ay are the changes
in independent variable x and dependent variable y respectievly. Now,
By _ f+80) - f(x)
Ax Ax
is the rate of change of y with respect to x, which is commonly known as average rate of

change. However, when Ax is very small that is Ax — 0, then such rate of change is called
instantaneous rate of change.
Example 1. If y = x? — 6x + 8 determine the average rate of change of y which respect to x

when x varies from 1 to 1.3.
Solution: Given function is
y=f(x)=x*—6x+8
and Ax=13-1=0.3
Now, average rate of change of y with respect of x is
by fa+A0)-f®)

Ax Ax
dy _ f(+03)—f(Q1)
Ax 0.3

y
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by  fA3) - fQ)

Ax 0.3

Ay  ((13)2-6(1.3) +8) — (1)* - 6(1) +8)
Ax 0.3

Ay 1.89-3

Ax 03

Ay -1.11

= =_37

Ax 3

Thus, the required rate of change is —3.7.

Exercise 3.1 )

Find the average rate of change of the following functions when x varies from a to b.
(i) y=f(x)=x*+4;, a=2b=23

i) y=fx)=x*-4 a=2b=23

(i) y=f(x)= x3-8; a=3b=25

Find out the average rate of change when x changes from a to b.

(1) A = 1 x2, where x is the radius of the sphere; a =3,b = 3.1

(i1) V= %n x3, where x is the radius of the circle; a =2,b = 1.9

The price p in rupees after “t” years is given by p(t) = 3t + t + 1. Find the average
rate of change of inflation from t = 3 to t = 3.5 years.

A ball is thrown vertically up, its height in metres after t seconds is given by the
formula h(t) = —16t2 + 80¢t. Find the average velocity when t changes from a to b.
(a) a=2b=21 (b) a=2b=201

Define derivative of a function as an instantaneous rate of change of a
variable with respect to another variable

The instantaneous rate of change of dependent variable y with respect to x is called the
derivative of the function y = f(x).

For example, consider displacement of an object is the function of time i.e., s = f(¢).
Now, instantaneous rate of displacement with respect to time is called velocity and it is the
derivative of displacement with respect to time.

3.1.5 Define derivative or differential coefficient of a function

Let y = f(x) the derivative of f(x) is the limit of ratio of increments 8y and dx at

. ) . oy dy d )
zero i.e., 8ljlcr_r}0 6_3; and it is denoted by f'(x) d—z, af(x) ory'.

A real valued function f(x) is said to be derivable or differentiable at x, iff alimo %

exists where 6y and 6x are the increments in y and x respectively.

e, f(x)= 51xi£>no W exists ...(0)
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The derivative of a function f(x) at any point a is denoted byf'(a) is defined as:

vy fla+8x)—f(x)
f(a)_élxlino (a+d6x) —a '’

Now, if we substitute, x = a + éx and x = a, with new limits x— a as dx—0, then;

f'(@) = Jim LS (i)

Note: The process of finding derivative is called the differentiation and to find the derivative
by either (i) or by (ii) is called ab-initio method/ first principle or by method of definition.

d d
Note: il does not mean the ratio of dy and dx i.e., = # dy ~ dx
dx dx
dy o . a. . .
—— means derivative of y w.r.t. x, i.e., — (y), = is a differential operator.
ax dx dx

Example 1. Find derivative of y = x% + 2 w.r.t x by definition
Solution: Given that

y=f(x)=x*>+2

S flx+6x) = (x+6x)*+2
By definition, we mean that:

0 = 2 = gy [T+ D=1

X x>0 ox
ooy dy (x4 6x)%—f(x)
==
, dy . x*+2x.6x+(6x)?+2—x%-2
= f(x)_a_(}}crfo 5x
ox (2x + 6x)
ox

, dy .
= [0 =g = Jim,

, dy
:f(x)=a:2x+(0)=2x

Thus, derivative of x% + 2 is 2x.

Example 2. Find the derivative of x by definition.

Solution: Given that
y=f()=vx
“y+68y =f(x+0x)=Vx+0x
By definition
o4y fx+80) - f(x)
f@ = =i 5

y
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o _dy_l, Vx + 6x —x
"f(x)_%_sggo Sx

dy . (JFEBE VR (R +F)

= f'(x) =— = lim
[0 =g = dim, 8x (Vx +8x ++x )
dy x+ 6x— x
= f'(x) =—= lim
P = = B G (W w ox 4 )
dy 1 1

== T T Ve 2

Thus, derivati f/x i 1
us, daerrvauive o X 1S ——
2Vx

3.1.6 Differentiate y = x", where n € Z (the set of integers), from first principle
(the derivation of power rule)

Case-l:Lety = f(x) =x™, where n is positive integer
S Y+ 8y =f(x+6x)=(x+06x)",

By definition of derivative,

flx +8x) = f(x)

N TN
fax s @)= fim,

ox
dy , (&)™ —xm
R A A e —
d 2™+ (M) 1(6x) + ()x™2(6x)% + -+ + (6x)™ — x™
— _y — fl(x) — 111’1’1 (1) ( ) (2) ( ) ( )
dx 8x—0 ox

(apply binomial theorem)

dy_ Y — 1; ox n-1 n-1
= =00 = lim [t 4+ (80"

d
= ézf,(x)=nxn_1+0+0+---+0=nx"'1

Thus, |f'(x)= %(x”) = px"t

Case-II: Lety = f(x) =x™  when n is negative integer
Ly + 8y =f(x+8x) = (x+ )"
By definition of derivative,

flx +8x) — f(x)

NPT
'a_f(x)_a}go

ox
dy , (x4 ox)t—x"
fge s S0 = fim e
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n(14+2)

dy ' X X
= gx =0 = limg ox
ox\"
dy . ( +7) -1
g =S @) =t lim S

using binomial series, we have,

()R () |

d_y = f'(x) = x™ lim
dx R )}

ox
ay o ox 1 nn—1)/6x
= g =S @ =t lim, (7-&)[’”—2! (F)+
dy ., a1 nn—1)/6x
=>a—f(x)—x .(};r_l)lo [n+T(7)+
= ﬂ=f’(x)=x”‘1 lim [n+0+0+ -] =nx""1
dx T 5x50

Thus, f'(x) = %(x") =nx"1! vnez

3.1.7 Differentiate y = (ax + b)", where n = g € Q and p & q are integers
such that g # 0, from first principle.

Let y = f(x) = (ax + b)", where n=§EQandq¢0.

Ly + 06y = f(x+ 6x) = [alx + 6x) + b]",
By definition of derivative,

dy , .
" dx _f(x)_gcrgo

fGx+6x) — fF(x)

6x
LAy i [a(x + 6x) + b]™" — (ax + D)™
St () = lim, 5x
dy _ . [(ax + b) + adx]™ — (ax + b)™
=g -0 =lim 5%

adx 1"
dy (ax + b)n [1 + m - (ax + b)n
= oS @ =l 5
adx
1+——3=]"—1
dy . N S ey
a0 = g, bx

Using binomial series, we have

adx nn—1) ( adx \?

dy 1+ n ax+b) +...—1]

+
— £ — n 1; ax+b 2!
= Ir f'(x) = (ax + b) .;;r_r)lo

ox

y
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= dy - ) _ ( + D) i adx 1 TL(TL - 1) adx n
dx_f(x = (ax+1b) gt (ax +b) "6x " 21 " (ax + b)?
N y — ! _ + b n-1 1. + n(n - 1) a6x n
dx f'&) = (ax +b) o " 2! “(ax +b)
d
ﬁ—y=f'(x) =(ax+b)" Lalim n+0+0+--]
dx Ox—0
dy— ! = n—1
=a—f (x) = na(ax + b)

d
Thus, - (ax + b)" = nalax + b)"*.
Examples: Find derivative of the following the w.r.t. x by first principle.

5
(a)2x> +1 (b) x~3 (c) 2x +5)2
Solutions (a): Lety = f(x) =2x>+1
LY+ 8y =f(x+6x)=2(x+6x)°+1
definition of derivative, we have
oo [+ ) - fx)
dx f1e) = gm, Sx

5 (945
d_y i) = gﬁ}o [2(x+6x)>+1]—(2x>+1)

dx ox

dy o 2(x + 6x)5— 2x°
=g =@ =], 5x

dy o (e + )5 = x°
= dx f'e) = 2'};130 ox

Using binomial theorem, we have,
N f'(x) =2 lim _|x°+5x*(6x) + >4 x3(6x)2 + -+ (6%)° — x°
dx " ox—0 21

(.60
X  ox—0

"Sx

=2 pw=2

4
xt +57 x3.6x+ -+ (6x)4]

4
X+ =3 6x + -+ (60)F

Y _ i) =10

lim
ox—0

d
=>d—z=f’(x)=10(x4+0+0+---+)

dy_ , _ 4
:E_f(x)—lox

d s 4
Thus,— (2x + 1) = 10x
dx
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Solution (b): Lety = f(x) = x3
2y + 8y =f(x+6x)=(x+6x)73
By definition of derivative, we have,

dx
(x+6x)3—x3

AP
a dx - f (x) - égcrgo

ox
-3
dy , _ x3 (1 + %) — x73
=g = lim, 5%
5x\ 3
dy 1 -3 s (1 + 7) -1
:E‘f(x)‘x 'él“gcrfo ox

Using binomial series, we have

e [l o () EREDEY ] L

dx x 2! X ox

dy o o (=36x 1\ (—4) /6x

=& =@ = (S )l [1+T(7>+'"]
dy . B i
dx - f (.X') - 3x

a3y L4
Thus, T (x )— 3x

Solution (c):  Given that

() =y = @x+5)2
flx+6x)=02x+5+ 26x)%

Now, by using the definition of derivatives

N

5
(2x + 5)2

dy . f(x+26x)— f(x)
= lim
= lim
_ 1]
dx 81)1(1_1)10 ox

a_Sx—w Sx
5 5
dy i (2x+5426x)2 — (2x +5)2
dx  8x-0 ox
26x
(1+57s)
=(2 +5);1' ! 1+5( 28x>+5 3( 26x >2+ 1
= (ex svs0dox |  2\2x+5/ 722
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 (2xas %1, sx( 5(2) 53/ & 1
= (2x+5) sirgoa(Z(Zx +5) +§ E(Zx + 5) + >
s 3
=(2x+5)25 75 =5(2x +5)2
Exercise 3.2 )
I. Find by definition (ab-initio) the derivatives w.r.t "x" of the following functions
defined as:
. . L 1
@ f(x) = 2x (i) f(x) =1 —+x (iif) Ve
(V) f)=3-x* (V) f(x)=x(x+1) (vi) f(x) = x* =3
(vii) f(x) =x3+5  (viii) f(x) = 4x? — 3x
Mf)=gr (0f0)= g
2. Find f'(x) for the following functions using definition:
1
() fo) = V2x + 1 (i) f(x) = (2x —1)72
(i) £ (x) = (6x +7)2 (iv) f(x) = (3x - 5)2

3.2 Theorems on differentiation
We will prove different theorems for differentiation.

e The derivative of a constant is zero.

Proof: Lety = f(x) =c.. (1), where c is constant
Ly+dy=f(x+dx)=c
dy _ . flx 4+ 8x) - f(x)
“ g =@ = Jim, 5
. c—c
~ 5xs0 5x 0
d
Thus, = (c)=0

Hence proved.

e The derivative of any constant multiple of a function is equal to the product of that
constant and derivative of the function.

. d d !
ie, —laf@]=a f()=af ().
Proof: Lety = af(x) = g(x), (say)

~y + 08y =af(x +d0x) = g(x + x)
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dy

dx

dx

g

glx + 6x) — g(x)

@ = jm,

g1 =],

ox

af(x +6x) —afx)
ox

flx + 8x) — f(x)

Ox ’

gx)=a.

lim
ox—0

flx +6x) — f(x)

d
== g0 =af (),

) = })1(1‘_1‘)10

ox

Thus,

d
—lar@] = of' @)

Hence proved.

The derivative of a sum (or difference) of two functions is equal to the sum (or
difference) of their derivatives.

d / ,
e, g =f@ g

Proof: Lety = h(x) = f(x)tg(x)
~y+8y =h(x + 0x)=f(x+6x) + g(x+ 6x)

Y ..o . h(x+6bx) — h(x)
E_h(x)_}}rfo ox
N %: B (x) = ;ir_r,lof(HSX) + 9(x J:%t:X) ) 9]
Ay _ ey — i [fEF60) = fOOT, 4o [9(x+ %) —g(x)
= o= 00 = lim [FESrm B s tim |85 2= B
dy_ /] _ lJ !
RN HCEFAC)

d
Thus, =~ [f(0) £ 900 = f'(x) £ g'(0).

Hence proved.

o The derivative of a product of two functions is equal to (The first function) x (derivative

of second function) plus (derivative of the first function) x (the second function).
. d _ L3 4
ie.  —[f(0).g()] =7(). - 9() + 9(0). —F ()

= f().g'(x)+g(x).f'(x)
Proof: Lety = h(x) = f(x) - g(x), (say)

~y + 0y = h(x + 8x) = f(x +6x).g(x + 6x)

% _ i R 80) — b
X ox—0

ox

y
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W iy [+ 8%) g0t 6x) - f(x) .9(x)

dx  5—0 ox
W iy [ 48%) gt %) - fx 4 6%) .g(0) + fx +6%) g(x) - f(x) .9(x)
dx gx_>o ox

g(x + 6x) - g(x)
ox

:%_yuu+&)z V“+M)f@

lim g(x)

5x—>0 6x-0

:Ez flx+0).9'(x) +f'(x).9(x)
d
= % = f(x).g'(x) +g(x).f'(x)
4 , ,
Thus, ——[f(x).g()] = f(x)-9 () + f (). 9()

This is known as product rule for differentiation of two functions.
Hence Proved.

e The derivative of a quotient of two functions is equal to denominator times the
derivative of the numerator minus the numerator times the derivative of the
denominator and all divided by the square of the denominator.

, [ﬂ@ g@)wf@)f@)wg&) gx). f'(x)- f(x). g'(x)
| axlg@ g2 9T
Proof: Lety = h(x) = % (say)
Let y=hx) =
flx+6x)

y + 8y = h(x + 0x) =

g(x+6x)
dy _ _ h(x+86x)—h(x)
dx W(x) = <$lx—>0 ox
LY o o i [[EF 8D @) 1

8x—>0 g+ 6x)  g(0)| éx
gx). fx+ 6x) — glx+ ox). f(x)
ox. glx+ 6x). g(x)
ge). flx+ 8x) - f(x).g(x) + f(x).g(x) — glx + 8x). f(x)
dx. glx+ 6x). gx)
900 [ T - rw- g, [FE2 =)

dx

Yo v = i
o () = Sx20

Y e = i
T () = 840

dy
E‘h () = Slyicr_r}o. glx+ 6x). g(x)




Differentiation

LDy 9D L e - oL g
dx glx+0).gx)
Ly 9L 1006/ ()
= [9COT?

. 4 [f@] _ 90 @18’ @)

’ dx Lg(x) [g(x)]?

This is known as quotient rule of differentiation

Hence proved.
3.3 Application of Theorems on Differentiation
e Differentiate constant multiple of x"

Let us try to understand by solving the following examples:

Example 1. Differentiate the following w.r.t. “x”
4x® 5 2
Soluti Lety = 4x° 2
(') on .(a? ey = Solution (b) Lety = ng
Differentiating w.r.t. ‘x’, we have
dy Differentiating w.r.t. 'x’, we have
a = —(4x5) dy d (5 Z)
—_— = —\|—x5
dy _ 5 dx dx\2
> Tt 6 dy 5 d 2
> === —x
= d_y —4 % 5x5—1’ [ i(xn) — nxn—l] X 2 dx
dx dx d 5 2 2
dy 4 : y - — xg -1
= a =20x dx 2 5
dy _%
> —= .
dx ¥
e Differentiate sum (or difference) of functions
Example 2.  Differentiate the following functions w.r.t. ‘x’

@y=0x*=-3x+1)+{@x+1) (b)y:(2x3_1)_(1+xi4)
Solution (a):  given that
y=h(x)=(2x*-3x+1)+(“4x-1)

Differentiating w.r.t.’x’, we have,

DL 2x? —3x+ 1) + (4x + D))
ax — dx x?=3x+ 1)+ (4x + 1)
dy d

=>———(2x —3x+1)+ (4x+1)

dx



dy 2-1
=== =4’ = 3(1) + 0 +4(1) +0

d
=>—y=4x—3+4

dx

dy
>—=h{Kx)=4x+1

dx

Solution (b): Given that

y=h(x)=(zx3—1)—(1+xi4)

Differentiating w.r.t. "x", we have

dy

dx
dy

dx

d )
= (@ =1 — (A +x7)]

L ooy - Ly
T dx x dx x

d
> _3xx2 —0-0- (—4).x~5

dx

dy
ﬁa—

4
6x% +4x75 = 6x2% + —
x

e Differentiate the polynomials

Example 3.
(a)
(b)

Solution (a):

Differentiate w.r.t. "x" the following polynomial functions.
flx) =2x3— 4x2 +3x+1

f(x) ==5x3+2x2+3x+5

Given that

flx)=2x3—4x*+3x+1

Differentiating w.r.t “x”, we have

. if(x) _4 (2x3) - 4 (4x%) + i(Bx) + i(1)
T dx dx dx dx dx

= f'(x) = Zi(x3)—4i(x2)+3£(x)+0
dx dx dx

= f'(x) =2%3x% —4x2x+3(1)
= f'(x) = 6x% — 8x + 3

Solution (b):

Given that;

f(x)=—-5x3+2x2+3x+5

Differentiating w.r.t “x”, we have

if(x) = i (—5x3) + i (2x?) + i (Bx) + i (5)
dx dx dx dx dx

Differentiation
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> f(x) = sd 3+2d 2+3d +0
fe)= dxx dxx dx @)

= f'(x) = =5 % 3x% + 2 x 2x + 3(1)
= f(x) =-15x? +4x +3
e Differentiate product of functions
Example 4. Differentiate w.r.t “ x  the following product functions using product rule.
(a) h(x) = (x? + 1)(5x% + 6)
(b) h(x) =+ D(x+2)(x+3)
Solution (a):  Given that;
h(x) = (x* + 1)(5x% + 6) = f(x). g(x) (say)
Let f(x)=x?>+1and g(x) =5x%>+6 ...(ii)

(3 2

Differentiating equations both sides of (i) and (ii) w.r.t “x”,
d d a d
» = f(¥) = - (@* + 1) and 9 =— (5x* + 6),
= f'(x) = 2x and g'(x) = 10x,
d , ,
= [f@)-900] = F().g'(0) + g@f @),

%h(x) = (x? + 1)(10x) + (5x% + 6)(2x),
= h'(x) = 10x3 + 10x + 10x3 + 12x,
= h'(x) = 20x3 + 22x,
= h'(x) = 2x(10x2 + 11).
Solution (b):  Given that;
h(x)=(x+Dx+2)(x+3)
= h(x) = (x + )(x? + 5x + 6) = f(x). g(x), (Say) ...(0)

d , , ,
) =h() = f(0).g () + g00)-f (%)
Now differentiate both sides of the equations (i) w.r.t “x”

, d d
~hx)=(Cx+ 1).E(x2 +5x +6) + (x2 + 5x + 6).a(x+ 1),

= h(x)=(x+1).2x+5+0) + (x% + 5x + 6)(1 + 0),
= h'(x) = (x +1).(2x +5) + (x% + 5x + 6)(1),

= h'(x) =2x>+7x+5+x*+5x+6,

= h'(x) = 3x% + 12x + 11.

72)
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o Differentiate Quotient of two functions.

Example 5. Differentiate w.r.t “x” the following quotients (rational) functions using quotient rule;

. x+1 _ (=D (x+2)

@ M= s ® )= Gr)ees)
Solution (a):  Given that

h(x) = 962%;-3 - % Provided g(x) # 0,yx €R  ...(i)

f)=x+1 ... (il)

gx)=x%-2x+3 ...(iii)
Now,

R (x) = goo.f'0—f.g'x (iv)

[ge0)

d d
vos B . )
f(x)——dx(x+1)—1+0=1 and g(x)———dx(x +2x+3)=2x-2

Now, substitute the values in (iv), we have,
x?2-2x+3)1)-(x+1D2x-2)

h ) = (x2 —2x+3)?
W _x?=2x+3-(2x* - 2x+2x-2)
() = (x2 —2x +3)?
W) = —x?—2x+5
() = (x2 —2x + 3)?
Solution (b):  Given that;
_(-DEx+2)
" ay
= h(x) = i;ii:é = % Provided g(x) # 0 ..(1)
R V6] I (€ D MO R (N Ko
g9(x) [9()]?
H ) = (x? +x—6)(§1—x(x2 +x—2)—(x? +x—2);—x(x2 +x—6)
“h00= (x? +x—6)2
W) = x2+x—-6)2x+1)— (x> +x—-2)2x+1)
=h()= (x? +x —6)2
, 2x3 +3x% —11x — 6 — (2x° + 3x* = 3x - 2)
2h) = (X2 + x — 6)*




Differentiation
, 2x® 4 3x* — 11x — 6 — 2x° — 3x* + 3x + 2
=>h(x) = >
(x> +x—6)
h() —8x—4
>h(x) =——m—
(x2 + x — 6)*
, 4(2x+1
() = -2
(x* + x — 6)

Note: The derivative of an even function is always an odd function and viceversa.

Le,if f(=x) = f(x) = f'(=x) = —f'(x) and f(—x) = —f(x) = f'(—x) = [ (x).

Exercise 3.3 )

1. Differentiate the following w.r.t “x”
7 =3
(i) 5x° (i1) 5 x’ (iii) —25x 5 (iv) 124+/x
1 2 . i\ g3 N I
v) ety (vi) x~100 (vii) 15¥x (viii) 16+ x4
-4 3
(03 x) _V_z
x4
2. Differentiate the following w.r.t “x”
Dz 22 (i) 2x +5x (iii) V2 + Vx
1 =3
(1V)ZX21+5X22 (V)—§x5 +§x2
3. Differentiate the following w.r.t “x”
3 Z 3 17
(i) 2ax3 — 7 +6 (ii) x3 — = x3 (iii) 5x5 — = x3
(iv) x1° — 10x15 v) 3(Vx2) — 4(¥x)
4. Differentiate the following polynomial function w.r.t “x”

(i) p(x) =x3-3x2+2x+1 (i) p(x) = x* —3x2+2x—3
iii p(x) =x®—x*+x3+x (iv)p(x)=9x9+7x7+1x5—1x4+x+1
5 4
v) p(x) =x3+x2+x+1
5. Find the derivative of the following functions using product rule.
@A) h(x) = 2x —5).(5x + 7) (ii) h(x) = x.V3x2 + 4
(i)  h(x)=Vx+1 \/x2 +1 (iv)  h(x)=x*(Vx+1)

(v) h(x) = (x + 1)3.x 2
6. Find the derivative of the following functions using quotient rule.

(@) h(x) =

itk G) RGO = (% —1).(x2 + 1)

72)
y




Differentiation

(iv)  h(x) =

_xz

v ke =25

3.4. Chain Rule

The rule for differentiating composite function is called chain rule. In this rule we take
the derivative of the outer function and then multiply it with the derivative of the inner function.

The derivative of the composite function fog is (fog)' = f'(g(x)).g'(x) which is
called chain rule.

dy dy du
3.4.1 Prove that T du'dx’ when y = f(u) and u = g(x) . (chain rule)

Proof:

Let y=flg()] = f(w), whereu = g(x)
~ 8y = flglx + 60)] = flg(0)] = f(u + 6u) — f(w),

Y lim flgx + 801 - f[g(x)],provided dx #0

Cdx 6x-0 Sx
LAy flaGe+ 801 - flgGIl | g+ 6%) — g(x)
Tdx T 6x0 glx+6x)—g(x) x-0 ox

dy lim flu+du) - f(w) du
dx S50 du 5xr—r>10 5x’
[where du = g(x + 6x) — g(x) as 6x » 0 ,6u - 0]

dy dy du S B
e (R [+ = f@andu = g(x)]
dy dy du

~dx dx  du dx
Hence proved.

Example: Differentiate y = (5x — 4)°.
Solution:
y = (5x%2 —4)% and letu = 5x% — 4
then y=u® (i)
u=>5x%-4 ...(i1)
Differentiating equation (i) w.r.t “u” and equation (ii) w.r.t

D _ st and ™= 259 -0 = 10
du—uand— X—U= X
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Differentiation

By chain rule is:

dy dy du

dx  du'dx
% = 5u*. 10x = 50x (5x2 — 4)*
3.4.2 Show that

dy 1
dy

Proof: If y = f(x) is any differentiable function in the domain of x, then its inverse function
is defined as x = g(y), such that:

(gof)() = g(f(x) = g(») = x --(1)
Differentiating both sides of equation (i) w.r.t x
go.f'lx)=1 (by chain rule)
ki 9')
da 1
- = [ f'00) = Pandg' ) = 5
dy

Hence Showed

3.4.3 Use chain rule to show that — [ (x)] [ (x)]n ! f'(x).

Let y=[f(®)]", Vx€eR

Suppose that
u=f(x) .. (1)
then y=u" ... (i)

From equation (i) and (ii) by differentiating

_du
dx f(x) f'(x)
and -— = _(un)
dy dy du
dx @ dx
dy_ d n d _ n—-1 ¢/
ﬁa—a(u ).a(u)—nu S ()

d
= —[f@I" =nlf@I" . f @)

Hence Showed.



Differentiation
5
Example: Differentiate (x* — 4x2 + 5)2.

5
Solution: Let y = (x* — 4x2 + 5)2

N| U1

Here f(x)=x*—4x?2+5 and n=

d

v OO = nlf (I £/ ()

d 5 §5 5 . d

RN 2 5 — (4 _ 2 51 = 4 2

--dx(x 4x* +5)2 2(x 4x* 4+ 5)2 .dx(x 4x* +5)
d 5 5 3

:a(x4—4x2+5)2=E(x4—4x2+5)2.(4x3—8x+0)
d 4 2 >_20 2 3.3

=>a(x —4x +5)2=7.(x —4x° +5)2(x° — 2x)

d 5 3
= (x* — 4x% + 5)2 = 10x(x? — 2)(x* — 4x? + 5)2

3.4.4 Find the derivative of implicit functions

The chain rule will help us to find the derivative of implicit functions.
d
Example 1. Find ﬁ, ifx2+y%2+2gx+2fy+c=0.

Solution: Given that
x2+y2+2gx+2fy+c=0

Differentiating both the sides w.r.t. "x", keeping y as a function of x ,

-d(2+2+2 +2 +)—d0
s Ty 4 2gx + 2fy +0) = o= (0)
=L+ ionrLamrLam+Lo=0
T O T 0+ - (2g0) + —(2fy) + (o) =
dy dy
= 2x+2y.——+29() +2f ——+0=0

d
=+ =G +g)

dy (x+g9) x+g

= lax T G+pH  y+f

L ady 3
Example 2. Flnda Jif x"y + 2y° = 3x + 2y

Solution: Given that
x%y +2y% =3x+ 2y
It is an implicit equation
~ diff: both the sides w.r.t. "x" regarding y as function of x,



Differentiation

3.5

d d
i (x%y +2y3) = 2y B3x+2y)

L 2)+d(2 3)—d(3 +d 2

d
dy d dy dy
2 —+y.—(x? 2y2.—=3(1)+2-—
=x dx+ydx(x)+3>< yho 3()+ Ix
dy dy _dy
2 2 220 _ 20 _ g
=>x.dx+6y I de 3—2xy

=>(x2+6y2—2)3—2:=3—2xy

dy  3—2xy

dx x?+6y2—2

Differentiation of trigonometric and Inverse Trigonometric
Functions

Differentiate Trigonometric functions

(sinx,cos x,tanx,cscx,secx and cotx) from the first principle
In the process of finding the derivative of trigonometric functions, we assume that x is

measured in radians.
e Differentiate sin x from the first principle.
Consider the sine function s:R — R, where s(x) = sinx,Vx € R.

Let

s(x) =sinx
y + 8y = s(x + 6x) = sin(x + 6x)

Using the first principle, i.e.,

m S(x+6x)—s(x)

§ (x) = Slyic—>0 ox
. Sin(x+6x)—sin(x
$(x) = Jim SRS —sinG)
2COS(x+6‘2x+x) _Sin(x+62x—x)
= s'(x)= 61im0 S
X—

v sina —sinb
[ a+by  (a—b
=2cos< )sm( )

2 2
1)
ory o sin(5)
= s'(x) = lim 2cos(x+—)- lim
g—)O g 0 26_x
2 2 2

. (0x
) dx ) sin —2)
= s'(x)= lim cos|x+—) lim ——=*
5x 2

== 50

2




Differentiation

= s'(x)=cos(x+0)-1 [ lim $2% — 1]

x—-0 X
= s'(x) =cosx

d , . _
Thus, Ix (sm x) = cosx

d d
Note: ® —sinax = cosax.—— (ax) = acosax
dx
d s n .. n—1 d s .. n—1
® —sin x = nsin x-—(smx)=nsm X. COS X
dx dx

e Differentiate tan x from first Principle
Let t(x) =tanx

Using first principle,
. rrn s tx+6x)—t(x)
ie., f'(x) = 6131{r_r}10 s

tan(x + 6x) —tanx
Ox
sin(x +6x) sinx7] 1
= t'(x)=1li - C—
(x) 5250 [cos(x +d8x) cosxl Ox
sin(x + 8x).cosx — cos(x + 8x).sin x]

! = lim
t (X) (5)16—)0

6x cos(x + 8x).cosx
o )=l sin(x + 6x — x) 1
= 5o Sx alimo cos(x + 6x) * cosx
X—

= e AHBO[

sin 6x 1

= t'(x) = lim .
() 8x—>0 Ox (Slimo cos(x + 6x) - cosx
xX—

) = 1 I sinx 1
— = - A =
x cos(x + 0) cosx 50 x
1 1
= t'x)= = =sec®x [ Provided cosx # 0]

COSX' COSX COS2x

d
Thus, [— (tan x) = sec’ x
dx
d d
Note: o — (tan ax) = sec’ ax - — (ax) = asec’ ax
dx dx
. L (tan"x) = ntan™ ' x - 2 (tanx) = ntan™ ' sec’ x
dx dx x
o Differentiate sec x from first Principle.

Let y = secx
y + 6y = sec(x + dx)




Differentiation

dy . sec(x + 6x) — sec(x)
— = lim
dx 6x-0 ox
dy . sec(x +0x) —secx
— = lim
dx 6x-0 ox
dy T 1 1 1
= —= lim - ] T
dx sx—>0lcos(x + 6x) cosxl Ox
dy . [ cosx—cos(x+ dx)
= —= lim ]
dx 6x-0lcos(x + 6x) - cosx - Ox

dy | ‘Zsin(x+x+6x)_Sin(x+6x—x)
= dx 6191(1_1)10 cos(x2+ 6x) *cosx - 632c
dy _ 2 sin (x + 6735) . sin ((;—x)

= — = lim .
dx  6x-0|cos(x + 8x) - cosx| ox  , Ox
| 2 "2

a+b b—a
['.'Cosa—cosb=Zsin( 5 )sin( 5 )]

dy 2sin(x + 0) 1 . sinx
—= =1 [ llm—=1]
dx cos(x+0) - cosx 2 x>0 X

dy sinx 1

dx cosx cosx

dy

= —=tanx .secx
dx
dy

= —==secx .tanx,
dx

d

Thus, (sec x) = secx.tanx

dx

In general cases:

d
e —(secax) = secax.tanax.— (ax
Tx ) G

=asecax.tanax

. 2 (sec” x) = nsec” ' x.— (sec x)
dx dx

=nsec™ 1x.secx.tanx

=nsec"x.tanx

Note: The derivative of cosine, cosecant and cotangent are left as an exercise for readers.




Examples 1. Differentiate “x” cos v/x by ab-intio/first principle.
Solution: Let y = f(x) = cosvx
y+06y =f(x+dx) = cosVx + bx,

dy ., .. flx+8x)—f(x)
E‘f () = 61alcr—r>lo 5x

cdy - x + 6x — cosv/x
s == Jim =

Using trigonometric formula

. (a+by  (a-—b
cosa—cosb=—251n< 5 ) sm( )

2
we have,
[(Vx+6x+ Vx\ . [Vx+6x—x
—2sin| ——=——=]. sin| ————=
dy_ , o 2 2
dx f(x)_ 891cr—r>10 ox
sin Vx + 8x — Vx
:>dy_ =21 Vx + 6x + Vx 2
dx_f X) = 2o S 2 " 5130 x+6x—x
sin Vx +8x — \x
dy o (Vx+ex 4 Ax) 2
= —= f'(x) = -2 lim sin[———— . lim 5 >
dx 8x~0 2 Sxeoz[(M) —(\/J?)]
2
lim si (\/x+6x+ ﬁ) " sin® 1
= — lim sin| ———— |.lim .
5x-0 2 620 8 " lim (Va + 6x + Vi)
x—
Vx + 6x —
[where9=w],asdx—>0,9—>0
. (\/x+0+\/§) . 1 [ _ sinx 1]
= —sin 1. v lim — =
2 Wx+0++/x 6x-0 X

Differentiation



Differentiation

Example 2. Differentiate:

() y= 3x+2tanx w.

Solution

x2+tanx

(i): Given that
x% 4 tanx
y= 3x + 2tanx

Differentiating w.r.t “x” by using quotient rule, we have

dy_
oo
dy_
ﬁa—
dy_
ﬁa—

(Bx + 2tanx).;—x(x2 +tanx) — (x? + tanx).%(Bx + 2tanx)
(3x + 2tanx)?

(3x + 2tanx)(2x + sec?x) — (x? + tan x) (3 + 2 sec? x)
(3x + 2tanx)?

6x? + 3xsec’ x + 4xtanx + 2 tanx sec® x — (3x? + 2x? sec? x + 3tanx + 2 tan x . sec? x)

(3x + 2tanx)?

=

dy  3x®+ (4x —3)tanx + x(3 — 2x) sec’x

Solution

and let

dx (3x + 2tanx)?

(ii):  Given that:
y = cos?x, ...(0)
u = sin’x, ...(ii)

d
In this case, we have to find ﬁ

Here,
dy d 5 d .
ix = a(cos x) = 2cosx.a(cosx) = —2sinx.cosx
du 2 _ a . .
and — =—(sin"x) = 2sinx.— (sinx) = 2sinx.cosx
dx dx dx
Using chain rule:
dy_ dy dx
du dx du
dy dy du
du dx  dx
dy  —2sinx cosx

du 2 sin x cos x

= Q = -1 Provided sinx # 0 andcosx # 0

du

rtx (i)  y= cos?x w.urt sin®x



Differentiation

3.5.2 Differentiate inverse trigonometric functions

(arc sinx,arccosx,arctanx,arc cscx,arcsecx and arc cotx)
using differentiation formulae.

e Differentiate arc sin x or (sin~1 x)
Let y=sin"lx Vvxe(-1,1)
= siny =x

-~ Differentiating w.r.t “x”, regarding y as a function of x, we have
% (siny) = )
. — (siny) = —(x
ax oY dx

d . dy
> @(smy).a =1

dy

= ——=1

cosy. -~

d 1
= % = o5y [Provided cosy # 0]

cosy = +,/1 —sin?y.

d 1

L W

dx 4+ 1—sin?y

The principal domain of siny is [—% , %] in which cos y is +ve.

dy 1
dx 1—sin?y
dy 1 .
= e — ( x =siny)
d . 4 .. 1
Thus, Tx (sin"'x) = , Vxe(-11)
x 2
1—x
1 d rx a 1
o —_ in—1_ [ — =)= =
Note: P (sm ) (a) W Voo

e Differentiate arctanor tan™! x
Let y=tan'x vx € R
= tany=x
Differentiating w.r.t “x” regarding y as a function of x,

d d
w o (tany) = —— (x)



Differentiation

S t @ _
dy(any). dx
sec’y. d_y:
dx
dy 1 -T T
> == vy € (—,=
dx sec?y y (2 2)
dy 1
s Y= - 2, — 2
& T+umniy [+ sec®y =1+ tan®y]
dy 1
a— —1+x2 Vx € R
d -
Thus, ax (tan 1X)= T2’ vxe R
Note: can-1 ) = 1 d (x)_ a? 1 a
o dx(an a)_ 1+x_2' dx \a/  (a?2+x?)'a a?+x?
a2
e Differentiate arc sec x,Vx € R — [—1,1] (0%) U (gn)

Lety = sec”lx,Vx e R—[-1,1] — (0,—

NS
~—
C
~—
NS
=]
N

then, x = secy, vye[0,t]landy # g,
It is an implicit equation:
Differentiating w.r.t “x” regarding y as function of x
d d
o () = o~ (secy)

= 1= d d )
_dy (secy).dx y

dy
= 1 =secy.tan y.a

or

dy
secy.tan y.a= 1
dy 1

s
vye(0,m)andy # =

dx secy.tany 2

when, y € (0, g) ,secy and tan y are positive, so that secy = x, i.e., x is positive in this case,

andtany = \/sec2y—1=vVx2-1,

Thus LS (sec_]L x) = — whenx > 0
| dx xyx2-1 "




,when x < 0,

1 1
(—x)(—VxZ = 1) CoxVxZ—1

Combining equations (i) and (ii) we have,

. (ii)

d -1, —
a(sec x) =

Differentiation

Thus, 4 (sec_1 x) = ;, Vx € R - [—1,1]
dx |x|vVx2-1
Note: The derivatives of cos~1x, csc~1x and cot ~1x are left as an exercise for readers.

d -1 d -1
— -1 = -_ -1 =

o Ir (cos™ x) — o Tr (cot™ x) 172

. d (csc x) -1
—(cscx) = ——
dx xVx? —1

d
Example 1. If y = x sin‘1§+ Va? —x2, ﬁndd—y
X
Solution: Given that
X
— v cin-1(Z 2 _ 42
y=xSsin (a)+ a“—x

diff: w.r.t “x” we have,

Z—z=di[xsm 1t ya? —x2 ]
%zdi(xsm‘lf)+%(\/a2—x2 )
¢%=xdd—x (sin‘1§)+sin‘1(x) %( )+ Zm —( 2—x%)

dy x.;.i(f)+sin‘1(2)x 1+ _0-2z

~ix \/1_7(%)2 dx

dy xXa 1 X
> r =t (5) - =




Differentiation

Example 2. If y = -1("—
xample 2. If y = cos v

Solution: Given that:

dy -1 d [x*-1 [d . -1
— = — , —cos 'x =
dx 5 12dx x?+1 dx V1= x2
x —
1= (xz + 1)
2 2 1 i 2 _ 1) — 2 _ 1 i 2 1
:dy_ —(x“+1) X(x + )dx(x ) —(x )dx(x +1)
dx  [(xZ+1)2 — (x% — 1) (x2+1)?
dy -1 « (x?+1)(2x) — (x* = 1)(2x)
dx X2+ 17 x4 221 —x* + 2x2 — 1
:>dy_ -1 ><2x3+2x—2x3+2x
dx  x2+41 Vax?
S ided x # 0
dx  2x(x2+1) providedx
dy -2
= P
dx (x?+1)
Exercise 3.4 )
1. Find the derivatives of the following using chain rule.
3
. 3 .. x—1\% 2+x
(i) y = (x* + 5x% + 6)2 i)y = (55) (iii) y = /m
: n 3341
(iv)y = (x+Vx2 —1) V) y= {ﬁ
%3
2. Differentiate 3 WLt x3.
1+x 4
3. If /is a function with y = f(x), given implicitly, find d_ic/ , where it exists in the

following cases.
)y —xy—siny =0 () y® —3y+2x=0




(i) x2 + y2 +4x+ 6y —12=0

WMxJ1+y+yV1+x=0

If;+b—2

2

2

Differentiation

(iv) sinxy +secx = 2
Vi) y(x2+1) =x(@y*+1)

du
= 1, where a and b are non-zero constants, find d_ and —.
v

dv
du

Find the slope of the tangent to the curve 3x% — 7y? + 14y — 27 = 0 at the point
(=3,0).
Differentiate the following by using first principle method.

(i) sin4x (i) cos?2x
(iv) Vtanx (v) csc3x

(iii) secvx

(vi) cot2x

Using differentiations rules, differentiate w.r.t. their involved variables:

(1) f(x)=(x+2).sinx
(iii)  f(t) =sin?3t. cos®t
tan6-1
6 ="
, ~ 1+tan®x
Differentiate ———— w.r.t. tan?® x.
1-tan? x

. dy :
Find — of the following;:
dx

(@)

(iii) y=tan’?! (

v)

y = sin”

y:

1-cosx
2

1

sin2x
1+cos 2x
xtan~lx

1+x2

)

(i)
(iv)

(vi)

(ii)

(iv)

(vi)

f(6) =tan?6.sec3 6

sin2x

flx) =

CoS X

f(x) = sinx? + sin® x

_ 1+4+cosx

_ 1

y = cot < 1—cosx>
y=x+costx .V1—x2

R (\/1+x—\/1—x)
Y=\ ez iz

d 1+y?
Ify =tan™! (2 tan %), then prove thatd—z =4 ( 4 )

If Y = tan~
x

X d
1 (—), show that cd = Z.
y dx x

44x2

If y = tan(a tan~! x), show that (1 + xz)% —a(l+y® =0.

d
Find =~
dx

(1)

x = asinb and y = a cosf

(i1) x=t+%andy=t+1



Differentiation

al—t)

1+t
(ivy  x=aB%?andy = 2af ,(ais constant)

B 2bt
(i) x= andy = i (a and b are constant)

14. If y= Jtanx + +/tanx + Vtanx+..4+oo, prove that (2y — 1) Z—;’ = sec? x.

15.  Find the derivatives of cos ™ x, csc™! x and cot™! x by using differentiation formula.

3.6 Differentiation of Exponential and Logarithmic Functions

3.6.1 Find the derivatives of e* and a* from first principle

(a) Derivative of e*
Let y=f(kx)=¢e*
Ly + 8y = f(x + 8x) = e¥+ox

L [0 - @)
— = 1lm

“dx  sx—0 ox
dy ex+6x —ex
= —= lim
dx 6éx—0 ox
e* (e%* - 1)

ef* — 1 e*—1
=e* lim + lim =1
5x—0 ox x—0 X

=e¥.1=¢*

d
Thus, = E(e") =e*

d d
Note: a(eax) = e‘”.a(ax) = ae®

(b) Derivatives of a*,Va >0 anda # 1

Lety = f(x) =a*,Va>0andx € R
~y+ 8y = f(x + 6x) = a5,
Ldy o flx+6x) - f(x)
— = lim

, Provided é6x # 0 and its limit exists

“dx  sx—0 ox
dy - ax+6x —a*
— = lim ——,
dx 6x—0 ox

dy an_l)
= —= lim a ,



Differentiation

dy oa*—-1
= — = a*.lna, w lim =lna
dx

i x) _ x
Thus, = dx(a)—a Ina

d
Note: a(abx) = aP*.blna (bx) = ba*Ina

d .
Example 1. Find d_ic, when y = e5!"% 4 q€0s¥

Solution: Given that

y=e

sinx cosXx
+ a

diff: w.r.t “x”
dy _ d sinx cosx
X dx (e + a )
dy _ d sinx d cosx
=}dx_dx(e )+dx(a )
dy sinx d : Cos X d
= =¢ a(smx)+a Ina E(cosx)
d )
% =eS"™* cosx + a®S*Ina (—sinx)
d )
= il A eS!n¥ cosx — a®sS* lnasinx
dx

3.6.2 Find the derivative of In x and log, x from first principle
e Derivative of In x from first principle
Let y=fx)=Inx, Vx>0
Ly + 6y = f(x+ 6x) =In(x + 6x)
dy . flx+68x)—f(x)
w——= lim

dx  5x-0 ox
dy o In(x + 6x) — In(x)
> —= lim
dx 6x-0 ox
x + Ox
dx 6x-0 ox

dy ) 1 x ox
= — = lim —.—.ln(1+—)
dx 6x-0 x Ox X




Differentiation

1
[ lim (1 + x)x = e]
x—0

1
a_ xl_; [ lne—l]
d 1 .
Thus, ™ (ln x) = , vV x>0 (D)
1 1
Slmllarly,—ln( x) = — —X(-1) ==, Vx<0 ..(ii)
Combining (i) and (ii), we have
d
all’lle
d 1
Note: a(lnax)—— —(ax) -, Vx>0

e Derivative of log, x by first principle
Let y = f(x) =log, x

y+ 08y = f(x + 8x) = log,(x + dx)
LAY _ [t 60 — £

, (Provided éx # 0 and limit exist)

dx ~ 8x-0 ox
dy . logga(x + 8x) —log, x
— = lim
dx 6x-0 ox
_ Y dy y 1 x 1 (x + 8x)
dx _ sxdo x “ox Ba\T
X
dy 1 i 1 " Ox\6x
T dx  x oS OBa ( + 7)
dy 1 1 I 1 6x\6x
:a—;.oga 15r3r61_>0 ( +7)
dy 1 1 T 1 1
_—= = . X =
=>dx p og,e , [ xl_r)r(l)( + x) e]
dy 1 ["l 1
dx xlna’ T10a = g
d 1
Thus, Ix (loga x) = Tina

1
— = , Vx>0
=, v

d
Note: a(loga bx) = xIna” dx




Differentiation

. ay
Example 1. Find e when: y = In(x? + 4)

Solution: Given that
=In(x% +4)

6‘ 99

D1fferent1at1ng w.r.t

dy d )
..a_aln(x +4), [ —lnx——]
dy 1 d
- = — 4
dx x*>+4 dx(x 4= x2+4

Example 2. Find Z_ic] , when: y = log;o Vx2 + 2x — 4x*

Solution: Given that
y =logio/x2% + 2x — 4x*
= y = log, VxZ + 2x.log g e — 4x* [+ log%, = log¥.log¢, and log* = Inx]
> y = In(vx2 + 2x).logyg e — 4x*

logip e
_ D810¢ In(x? + 2x) — 4x*

G‘ 99

Differentiating w.r.t
dy d [log10 e

JAn(x? + 2x) — 4x4]

Tdx  dxl 2
dy logpe d d
—= —In(x? + 2x) — 4— (x*
=>dx 2 dx n(x® + 2x) dx(x)
b 1 L9 2 hon)—axax®
dx 2In10 "x2 4 2x dx x* + 2x x
dy 1 (2x+2x1) 3
- X —16x
dx “In100 x2 + 2x
d x+1
B I 5 B

dx x(x+2)In100

3.6.3 Use logarithmic differentiation to find derivative of algebraic expression
involving product, quotient and power.

+1)

Example 1. Differentiate [

x(x+1)
(x+2)

Solution: Lety =1In

Taking In on both sides

Iny = In <M>

(x+2)




Differentiation

Iny=Inx+In(x+1) —In(x + 2)

Differentiating w.r.t x

1dy 1 1 1

§E=§ x+1 x+2

dy x(x+D[Gx+Dx+2)+x(x+2)—x(x+1)
dx  (x+2) x(x + D(x + 2)

dy x(x+1)(x?+3x+2+x%+2x—x%—x)
dx  (x+2) x(x + D(x + 2)

dy x*+4x+2
dx (x + 2)2
Example 2. If x¥Y = y* , find Z—gg
Solution: x¥Y = y* Given that
Taking natural logarithm of both sides, we have
InxY =Iny*
= ylnx =xIny [ Ina* = xIna]

Differentiating both sides w.r.t. “x” regarding y as a function of x.
. LX) == (xIny)
Tdx YN T g Y

d d d d
= ya(lnx)+lnx.a(y)—x.a(lny)+lny.a(x)

d d d d
=>3;/+lnx .£=x.a (lny).% + Iny x1 [':a(lnx) =
dy x dy y
x\ dy y
= (=) 3 = (my=3)

dy _y&xIny—y)
dx x(ylnx—x)

1

pa

]



Differentiation

List of Derivatives of the basic standard functions shown in the list 1.

Derivative
Sr No. y = f(x) dy
dx
1. y =sinx COS X
2. Yy = COoSX —sinx
3. y = tanx sec? x
4. y =secx secx tanx
5. y = cotx — cosec? x
6. Yy = cosecx — cosecx cotx
7. y =sin"lx 1
i
8. y=cos 1x __
N
1
9. y=tan"lx T
10. y =cot™lx 1
1+ x2
11. y=csc tx - !
xVx?—1
12. y =sec lx !
xVx?—1
13. y =log,x ! , Va>0
xIlna
14. y=Inx % , Vx>0
T Gareseds )
1. Differentiate the following w.r.t. “x”
(i) x2+ 2% (i) 4* + 5% (iii) etanxtcotx
(iv) etan x2 ) e2ln(2x+1) (vi) logyo x
(vii) xsj-l (viii) x% 4+ 2¥ + a?*  (ix) (Inx)*

x) In(vVe3* + e-3%) (xi) In(sin(In x)) (xii) In[tan (5 +7)]



Differentiation

d
2. Using logarithmic differentiation to find d—y if
x

. _ x2_1 .o _ 3 _ coS X
(i) y= ’x2+1 (i) y=x3Vx (iii) y = xe

; - eX . 1+e*
iv) y=e ?*(x?>+2x+1) (v) y=In (W) Vi) y = 1=

d
3. Find cd if
dx
. 1—x2 .. 1—x
Hy= (i) y= T
J1+x2
a
4. Find cd if
dx
(i) y = xsinx (i) y = (sin"'x)"*  (iii) y = (tan~!x)Sin¥+cosx
Jx+1-
(iv) y = (Inx)cos* V) y =x* (vi)y =In T X
x2+1+x
d
5. Find cd , when:
dx
(i) x¥.y* =1 (i) In(xy) = x% + y?2

(iii) y = sin"!(cosx) + cos "I (sinx) (iv) y = x¥

(v) ¥ = cosxIn(sin™! x) (vi) x™y" = a"
3.7 Differentiation of Hyperbolic and Inverse Hyperbolic Functions

3.7.1 (a) Differentiation of hyperbolic functions
@) Differentiate sinh x by first principle

ex_e—x

2

Let y=f(x)=sinhx =

Differentiating w.r.t. “x”

dy df(e¥—e™

E"E( 2 )

ﬁﬂ_i@)_i(i)
dx dx\2 dx\ 2
dy_ex -X

e



Differentiation

dy e*+e™

= = = h
Ix 5 cosh x

d , . 3
Thus, ix (smh x) = cosh x

d
—(sinhax) = acoshax
dx

Derivatives of cosh x, tanh x, csch x, sech x and coth x are explained below:

d d [eX-e™* (e*¥+e™*)(eX+e™™)—(e*—e *)(eX—e™¥)
o — (tanh x) =— =
dx dx le¥+e=* (eX+e~%)2
e te 42— (e +e™H -2)
(e* + e™¥)?
4 2\

= = = sech®x
(e¥ +e7¥)? (ez + e"‘)

d (sech )_i( 2 )_ (e*+e™™)(0)—2(e*+e”*x-1)
SeEt = eX+e x) (eX+e~X)2

-2 e*—e”
T (e¥4+e¥) eX e

= —sec hx.tan hx

Derivative of cosh x, cosech x and coth x are left as an exercise for the readers.

Thus, we have the list of derivatives of hyperbolic functions.

d d
* (smh x) = coshx * (cosh x) = sinh x
d d
« — (csch x) = — csch x coth x o — (sech x) = —sechx.tanhx
dx dx
o 4 (tanh x) = sech® x o 4 (coth x) = —csch? x
dx dx
Example 1. Differentiate the following w.r.t. “x”
) . csch2x
(1) x cosh2x (i1) "

Solution (i): Let y = x cosh 2x

Differentiating w.r.t x, we have

. L) =L (xcosh2x)
# () = (x cosh 2x

Y _ L cosh2x) + cosh 202
dx_xdx cosh 2x) + cos xdx(x)




Differentiation

D _ e x sinh 2x-- (2x) + cosh 2x x 1
dx—x Sin xdx X COS X

dy .
—— = 2x sinh 2x + cosh 2x
dx

a
Thus, Ix (x cosh Zx) = 2x sinh 2x + cosh 2x

Solution (ii): Lety = CS;};Zx

Differentiating w.r.t x, we have

] d o) = d (cscth)
T dx Y= dx\ x2

dy , d d 1

—~ = |x2.— (csch 2x) — csch 2x — (x2 ] —

I [x Ix (csch 2x) — csch 2x Ix (x%) o)

dy ) d 1
— = |x* — csch 2x.coth 2x — (2x) — csch 2x. Zx] —
dx dx x4
dy 1

— = [-2x? csch 2x coth 2x — 2x csch 2x] - —

dx x4

dy 1

—=1[-2 h 2 h2x —1)]-—

I [—2x csch 2x (x coth 2x — 1)] o

dy  —2csch2x (xcoth2x —1)

dx x3
d (csch Zx) —2csch2x(xcoth2x—1)

Thus, —
dx x2 x3

e Differentiation of inverse hyperbolic functions
sinh™! x, cosh™! x,tanh~1 x, csch™1 x,sech™! x, coth~1 x

J Find derivative of sinh™1 x, w.r.t “x”

Solution: Lety =sinh™'x , VxeR

then sinhy = x, vV yeR

Differentiating w.r.t. “x” both sides, regarding y as a function of x

d d
S (sinhy) = o (x)

=% sinm). Y =1
dysm o=

= h dy—l
cos y.dx—
dy 1

dx  coshy ( coshy >0)



[+ sinhy = x]

Thus, = ! , VxeR
V1+x2
(iii) Find the derivative of tanh™1x, w.r.t. "x".
Solution: Lety =tanh™lx,Vx € (—1,1)
Then tanhy = x, Vy € R

diff: w.r.t. "x" both sides, keeping y as a function of x
- d can h d
* 7 (@anhy) = (x)

=>d tanh dy_1
dy(an y)dx—

dy
= sech’y.—=1
sech®y. -~
dy 1
dx  secZhy
dy 1
—= = sech?y = 1 — tanh?
dx 11— tanh?y [+ sech%y anh7y]
dy 1 _
™ P ,V x E( 1,1)
d I} 1
Thus, a(tanh x) = 1~ 22 ,Vx € (—1,1)

(iv) Find the derivative of csch™ x.
Solution: Lety =csch™x,Vx € R—{0},
thencsc hy = x,Vy € R —{0}.

Differentiating: w.r.t "x" both sides, regarding y as a function of x.

AL
oz (eschy) =—— (%)

- (~ cschy > 0 and cothy > 0)

Differentiation

[ coshy =,/1+ sin hzy]



Differentiation

dy 3 -1
dx cschy.1+csch?y-1
dy -1

d
Thus, — (cosech?x) =———,Vx € R—{0}.
dx( ) diie? {0}

Note: The derivatives of cosh™! x,sech™! x and coth™ x are left as an exercise for
readers.

. dy
Examples: Find — ; when:
dx

(i) y = sinh™! (2x + 5) (i) y = cosh™1(secx)
Solution: (i) Given that
y =sinh™! (2x +5)
Differentiating w.r.t "x" by applying chain rule:

~i()—£-'h*2 +5
"dxy_dxsm (2x+5)

1
1+4x2

dy 1 d d .
S—=——=_,— (2x+5) v — sinh “x =
dx /1+(2x+5)? dx dx

dy_ 2

N ___“
dx 4x2420x+26

Solution: (ii) Given that

y = cosh™!(secx)

“«_n

Differentiating w.r.t. “x” by applying chain rule

. i — i h—l
o ) = 1z &0 (secx)

dy 1 d
>—=—=.— (secx)
dx sec2x—1 dx

dy _secx. tanx _

dx > = Ssecx
tan” x

=

y



Differentiation

List of derivatives of basic standards functions shown in the list 2.

o y = () ot

1 y = sinh x coshx

2 y = coshx sinh x

3 y = tanhx sech? x

4, y = cothx —csch?x

5 y =cschx —cschx .cothx

6 y =sechx —sechx .tanhx

! y =sinh™1x L —0< x <

8. y = cosh™1x . x>1

0 y =tanh™1x lx] <1
1-x2"°

10. y =coth™1x et x| > 1

. y =csch™tx = x>0
x14x2’

12. y =sech™!x S 0<x<1

xJ1-x2’

3.7.3 Use MAPLE command diff differentiate a function:

The diff command computers the partial derivatives of the expression with respect to
X1, X3, ... X, respectively. The most frequent use is diff (f (x), x), which computes the
derivative of the function f(x) which respect to x.

You can enter the diff command using either the 1-D or 2-D calling sequence, e.g., diff

d
x,x) 1S equivalent to — x.
(x,x) is eq I

diff has a user interface that will call the user’s own differentiation functions. If the
procedure “diff” is defined, then the function call diff (f(x,y,z),y) will invoke
diff/f (x,y, z) to compute the derivative.

If the derivative cannot be expressed (if the expression is an undefined function), the
diff function call itself is returned. The pretty printer display the diff function in a two-

d
dimensional Ix format. The differential operator D is also defined in Maple.



Differentiation

Examples. 1 > diff 2x, [x]) =2
2.> diff (sin 2x, [x])2 cos 2x
3. > diff (sec?(x), [x]) =2 sec2 x.tanx

/ 3
5. > diff (cos(sin(2x)), [x]) = —2sin(sin 2x). cos 2x
3.7.3 Use MAPLE command diff to differentiate a function
The format of diff command to differentiate a function in MAPLE are as under:

4.> diff (Vx3 + 3 [x])

d
>diff(f, [x]) is equivalent to the command Tx f in Maple version 2015.

f stands for function whose derivative is to be evaluated
x stands for the variable x, the derivative with respect x
a

means 1* order derivative with respect to variable x

Note: All above operators should be taken from the Maple calculus pallet
Use MAPLE command diff or (% f ) to differentiate a function:

Derivative of functions:

d d
2 (943 2 a
> I (2x° + 3x“ + 5x + 42) > I sin(x)
6x% +6x+5 cos(x)
d d
>E3\/x+ 1 >Ecos(\/§)
1 1 sin(\/})
— 2 A
& 2
3(x+1)3 d Vx
d -
S 3% > I In(x)
dx 1
3e3*¥ —
x
Derivative on Product form: Derivative on Quotient form:
> L (eryx) N
dx dx\x +3
x
e*\x + 1e” e* 3 e*
p 2 x x+3 (x+3)2
> d_(ex (xz + 1)) S i In(x + 1)
x dx \ sin(x)

eX.(x?2+1) +2(e*.x)




Differentiation
d 1 In(x + 1) cos(x)
> — (e*.si -
dx (e%.sin(x)) (x + 1) sin(x) sin?(x)
e*.sin(x) + e*.cos(x)
Exercise 3.6 )
Differentiate the following w.r.t. x:
@) sinh[In(x + 3)] (ii)  sinh(e3¥) (iii)  cosh(2x2 + 3x)
tanhVx N sinh~1x
; sinh™ x ; i
W) Vcoshx @ tan(e ) D) sech=1x
(vii)  coshx.cothx? (viii) sinhxtanhx? (ix) In[tanh(x? + 2x + 1)]

d
Find d_ic, , for the following functions:

(i) y =xcosh™tx —vx2 -1 (i) v =xtanh™1(3x)
(iii)  In(cosh™'x) +sinh™'y=C (iv) y=In(1-x2)+ 2xtanh™1x

(v)  y=tanh !(tanx?) (vi)  y=xsech™'(vx)

Write MAPLE command diff to differentiate the following:

@) f(x)=2x3+3x2+6 (i)  f(x) =sin(2x + 3)
x2-3x+2

(i)  fO)=E+DE+2) (iv)  fl)=

x2%-4

: d : . : :
Write MAPLE command > Ix to differentiate the following functions:
() fxX)=x3+5x2+3x+7 (i) f(x)=sinx?

i) fO0 =50

Review Exercise 3 )

Select the correct options:

2
(1) The derivative of 3 is:

(2) — ) -2 © — @ -2
3x2 3X2 x4 x4
(ii) The derivative of Vx + xvx is:
3 - 1 1 2k

1
@ x ®) -7 © 7 +3vx (d) NS



Differentiation

dy .
(i) Ify = (x + D) (x? = 2), thena is:
@x3+x2—-2x—2 (b) 3x2+2x—2 (c) 3x2—2x+2 (d) 3xZ+2x+2

d
(iv) If ax? + by? = ab, then ﬁ is:

—2ax b —bx —ax d —ax
@ ®) — © S5 @ 7>
dy
Ify= — vy, then — =?
(v) Ify = /tanx — y, then Tx
tanx —csc?x sec? x sec? x
a) 2 (b) (© (d)
y+1 2y—-1 2y—-1 2y+1
d
(vi) If y = tan™ 1 +/x then 2
dx
1 b 1 1 d 1
@) 1+x2 ®) x+Vx © 2(x+xvVx) @ 2(Vx+x/x)
(vii) The derivative of tan x w.r.t. cot x is:
(a) sec®xcsc?x (b) —tan®x  (c) sec” x (d) tan?x
a - c
csc? x
(viii) The f(x) = ax? — 3x — 5 and f'(2) = 9, then a is equal to:
(a) —2 (b) 3 () 4 ) 5
(ix) The derivative of x2e?* is:
(a) x2e?* + 2x%e* (b) 2xe?* (c) 2e#*(x? + x) (d) 2e?*(x2+1)
(x) The derivative of a*, ifa < 0 is:
ax
(a) —a*Ina (b) a*.lna ©) na (d) Does not exist
. 1-cos2x dy
(xi) If y = tan™? ’— then —— ="
1+cos2x dx
1
(@1 (b) -1 (c) 2 @ 7
(xii) = (sinh~! x + cosh™! x) is:
(a) cosh™ x —sinh~ 1 x (b) S
Vitx2  J1-x2

1 N 1 d 1 _ 1
© Vx24+1  x2-1 @ Jx2-1  J1+x2




Differentiation

(xiii) The derivative of tanh ax is:

(a) sech?ax (b) asechax (c) asech?ax (d) 2asech? ax
(xiv) The derivative of coth™(2x) is:
1 2 2x 2
®) 1-4x2 ®) 1-4x2 © 1-4x2 @ 1-x2
(xv)  f is the function with rule f(x) = In2x (x > 0), if g is the inverse of f, then
g'(x) =

2 1 2 e*
(@) = b) >~ © % ) =
(xvi) If f(x) = acos3x and f’ (%) =6, thena =
(a) =6 (b) =2 (c) 2 (d) 3

Find the derivative of v/cos x and secvx by first principle.
dy
Ify = (sinx)™*, find —.
y = (sinx)™*, fin I
a
Findﬁ , if ax? + 2hxy + by? = 0.
—1( 2x ’ ’
Let f(x) = cot (m), find f'(x) and f (—\/?_))
dy
x =4(t —sint) and y = 4(1 + cost), find I
Differentiate w.r.t. x:
x?+x~1 - 3x-2
W

d
Ify = x* 4+ 2x2, show tha ﬁ =4x/y + 1.

(1)

Ify = Jsinx +/sinx + vsinx + -, show that 2y — 1)y’ = cosx.
Differentiate w.r.t. x:
(i) cosh(cos™1vx) (i)  tanh™!(cos2x).



