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Higher Order Derivatives

satt and Applications

4.1 Higher Order Derivatives

da
The derivative of a function y = f(x) is d_ic/ = f'(x), which is itself a function. Now

a
the derivative of d_ic/ = f'(x) , written as
d dyy _d®y _ ., _ .
&&= =,
Generally it is referred as the second order derivative of f(x) and this differentiation
process can be continued to find the third, fourth,...., nth order derivative as under, and are

called higher order derivatives of f(x) .

d (d*y\ d3y
< > ylll — f’l’(x)

a\ax?) = a

d (d3y\ d*y
a<ﬁ)=@=y“=f“(">
d dn—ly dny

4.1.1 Find higher order derivatives of algebraic, trigonometric, exponential and
logarithmic functions.
@) Higher order derivatives of algebraic functions:
Example 1. Find the first, second, and third order derivatives of
y=5x*—-3x3+7x2-9x +2
Solution: We have y=5x*—3x3+7x%—9x +2

Differentiating w.r.t x, we get
d
= —y=20x3—9x2+14x—9
dx

Again, differentiating w.r.t x, we get

d2
= 2 60x%—18x + 14
dx?
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Differentiating 3™ time w.r.t x, we get

d’y
= e 120x — 18

Example 2. Find f"'(4) if y = f(x) =vx

1
Solution: As f(x) = Vx = x2
Differentiating successively three times, we have

1 1
= f)=5x72

— 3
= f”(x)=Tx_f

3 5
= f”’(x)=§x 2

Replacing x by 4, we get
3 5
Hence, @) = 3 2

_ 3( 1 ) 3
- 8\32/ " 256
Example 3. If f(x) = % then find £ ™ (x).

Solution:
f)===201-0"
Differentiating successively w.r.t x and patterning for nth derivative, we have
fio=2-1)1-0?(-D=21HA -x)7?
f'e0 =21)(2)A -0 (=) =22H(1 -x)7°
fre)=2@H(=-3)A -0 () =2@H1 -0~
fP@ =26DEHA -0 (=1) = 24D (1 - )7
Therefore,
f™@) =21 —x)~"*Y
(ii)  Higher order derivatives of trigonometric function:

The higher order derivatives of trigonometric functions are explained in the following
examples.

Example 1. Find the third order derivative of y = sin?x.
Solution: As y = sin?x

Differentiating successively thrice times w.r.t x, we have

y . .
— = 2sinx cosx = sin2x
dx
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= @ = 2 cos 2x
dx?
d3
= —)3] = 2(—sin2x)(2)
dx
d’y .
= T3 = —4sin 2x
i ond . _cosx
Example 2. Find 2™ order derivative of f(x) = Troinx

coSx
1+sinx

Differentiating successively two times w.r.t x, we have

Solution: flx) =

, (1 +sinx)(—sinx) —cosx cosx  —sinx — sin?x — cos?x
= fi(x) = — = —
(1 + sinx) (1 + sinx)
_ —sinx — (sin®x + cos?x) —(1 + sinx)
- (1 + sinx)? ~ (1 +sinx)?
— () = — —
f@ 1+ sinx

= f"(x) = —;—x(1+sinx)‘1 = (1+sinx) % cosx
cos x

(1 +sinx)?

(iii)  Higher order derivatives of exponential function:

= =

Example 1. Find the 3" order derivative of y = a*
Solution: As y =a*

y=e

Differentiating successively three times w.r.t x, we have

xlna [ a* = exlna]

= y' = e*"% (Ina) = Ina e*"®
= y" = (Ina) e*"* (Ina) = (Ina)? e*"®
= y"" = (Ina)? e¥™4, (Ina) = (Ina)3 e*"@
or y"" = a*(Ina)?
Example 2. Find the 2 order derivative of f(x) = e1**”
Solution: Fx) = e+

Differentiating successively three times w.r.t x, we have
= f'(x) = (). 2

= f'(x) = Z[xe(1+x2) 2 2x + e(1+2?) . 1]
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— 2[2x26(1+x2) + e(1+x2)]

= f"(x) =20+ (2% + 1)
@iv) Higher order derivatives of logarithmic function:

The higher order derivatives of logarithmic functions are explained in the following
examples.

Example 1. Find 3" order derivative of f(x) = log,x?
As f(x) = logpx?

Solution: y = log,x?
or = 2logyx

Differentiating successively three times w.r.t x, we have

— 22 1 [..i[l ]_l.L]
Y =% b T dx 09X = mp

- e
Y " Inb x2

2 (2 4
= =)

“Inb \x3) " x¥Inb
Example 2. Find the 2" order derivative of f(x) = In (1 + x?)
Solution: f(x)=In(1+x?
Differentiating successively two times w.r.t x, we have
Y — d 2y —
= f(x)—(1+x2)a(1+x)—(1+x2).2x
d X
= f”(x)=2a(m)
1+ x3)(1) —x (2x) 1+ x?% —2x?
) A+ | [W]
=2
(1+x2)2

4.1.2 Find the second derivative of implicit, inverse trigonometric and
parametric functions
(@) 2nd order derivatives of implicit function:
The method of finding the second order derivatives of implicit functions is explained
in the following examples.

E 1 F'ddz—y'f + 2y—1=0
xample: Find—5 if xy +x —2y =

Solution: Asxy+x—2y—1=20
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Differentiating w.r.t x, we have
d d d d d
N+ -2 =0 - =) = -0
= xy'+y-1+1-2y'-0=0

= YE-2=-0+1D

1 _(y+1)
(x=2)

Differentiating y', to get 2" order derivative, we have

G-DEOHD- DL -2)

= y

—1 y” =

(x — 2)?
N u=_(x_2)y,_(y+1)(1)
g (c—2)2
w-[-LF -0+

-y (x—2)?
- . 20y +1)

C (x-2)?

(ii) 2nd order derivatives of inverse trigonometric function:

The method of finding second order derivatives of inverse trigonometric functions is
explained in the following examples.

Example:  Find the second order derivative of tan™1x
Solution:
Let y = tan™x

Differentiating y w.r.t x, we get
d d
—(v) = — (tan™!
— () = —(tan ")

dy
dx 1+ x2
Again, differentiating w.r.t x, we get

()

=(1+x?)71

dx \dx

d?y

— = —1(1+x)7%(2
= Tx? (1+x)"°(2x)

d?y —2x

dx?  (1+x2)2

y
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(iii)  2nd order derivatives of parametric function:

Let y = f(x) is a function, x = f(t) and y = g(t) are the parametric equations of

y = f(x). Then, by using chain rule.

dy
dy _ dt
dx  dx
dt
d2
To ﬁnd— let z = 5= = h(t).
Now, using chain rule
dz
dz I
dt
From equation (i), we have
4 ()
i(d_Y)_dt dx oY
dx\dx)  (dx T dx
(@)
4 ()
dz_y dt \dx
dx? dx
&)
_d%y . .
Example: Flndﬁ where y = 14 5t2; x = 5t + 3t? are parametric equation of
y=f).
Solution:
dy
| ay _ (1)
By using formula = Tdx
dx (_)
dt
d
Here 2_Z (1 +5t%) = 10t
dt
dx
—=—(5t+3t?) =5+6t
dt dt( +3t%) +
dy
dy ( ) 10t
Now Y == (&) ~ 5

For second order derivative we use the following formula

(%)
d? y dt \dx

(&)

N G))
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d (dy)_ d( 10t)
dt \dx)  dt\5 + 6t

_ (5+6t)(10) — (106)(6) _ (50 + 60t —60t) 50

(5 + 6t)2 (5+6t)2  (5+6t)2
) 50
. g, d 5461)2
By using formula y' = d_x)zl = (5 T 63:
"no_ 50
(5+6t)°

4.1.3 Use MAPLE command diff repeatedly to find higher order derivative of
a function

The format of diff command to differentiate a function repeatedly in MAPLE is as

under:
n
>diff (f", [x]) is equivalent to the command dx_n f in Maple version 2022.

Where,

fn stands for function whose nth order derivative is to be evaluated
x stands for the variable x, for the required derivative with respect x.
d‘l’l

Ten  means n™ order derivative with respect to variable x.
Note: All above operators should be taken from the Maple calculus pallet
n

Use MAPLE command diff repeatedly or :—n f to differentiate a function repeatedly:
x

nth order Derivative of functions:
d d
>%(x3+2x2+5x+7) >a\/x2+4x+3
3x%24+4x+5 1 2x+4
d? 2Vx2+4x+3
> — (x3+2x2+5x+7) 2
dx? > d—(\/x2 +4x + 3)
6x + 4 dx?
d3 5 , 1 (2x+4)? N 1
> — (x> +2x*+5x+7) .y 3T T >
dx3 4(x2+4x+3)7 x%2+4+4x+3
6
d3
= (]2
> dx3( X +4x+3)
3 (2x+4)3 3 2x + 4
8 E) 3
(x%2 +4x + 3)2 (x% + 4x + 3)2
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> 4
asm(x)
cos(x)
d2
> ESID(X)
—sin(x)
3
> @sm(x)
—cos(x)

d
2x+5
> —— ()

dx3
8e2x+5
d3
- 213
> I3 (Inx=)
1201n3 x3

Derivative on Product form:

Derivative on Quotient form:

2

> d_ (e2x+1)(\/§)

dx?

1 D(z)(32x+1)(\/§) _1 D(62x+1)(\/;)

3
4 X 4 =

d X
> a(e .(XZ + 1))
e*.(x2+ 1) + 2(e*.x)
d3
> @(ex sin(x))

2e* cos(x) — 2e* sin(x)

dd® [ e*
> w<x—+ 3>

e* 3e* N 6e* 6e*
x+3 (x+3)% (x+3)3 (x+3)*

_ & (inGtD)
dx3\ sinx
2

(x 4+ 1)3sinx
d3 (1 + sin x)

dx3\ cosx
6 sin 6 (sinx + 1)
cosx3 cos x*

(i) f)=Vr -y VR

If x2 +y% =10, find y"'.
2
Find a4 if
dx?

() 2y?+6x2 =76

() x3+y3=1

Exercise 4.1 )

Calculate the first, second and third order derivatives of y = cos? x.
Find the 2™ order derivative of f(x) =

cosx

1+sinx’
Find the fourth order derivatives of the given functions.

@) h(t) = 3t — 6t* + 8t — 12t + 18

Determine the fourth order derivative in each of the following function.
(i) r(t) = 3t2 + 8t (ii)y = cosx

(iii) f(y) = sin3y + e™% + In(7y)
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dZ
7. Find—y if
dx?

@) x =-5t3—7andy =3t?+ 16

(i1) x=cosB andy =sin®

8. The derivative of function r(t) is given by
r'(t) = 6t + 4t~12 £ et ; find r"(t), r'"'(t) and rP(t)
a?y
9. If x? + y2 = 25 then find 22 point (4,3).

12. Write MAPLE Command to find higher order derivatives of the following functions:
(1) f(x) = x3+3x2+ 6x + 8 ; (third order derivative)

(ii) f(x) = cosv2x + 3 ; (second order derivative)
(i)  f(x) = e@+5%+3) . (third order derivative)
(iv) f(x) = Inv3x+2 ; (second order derivative)
) f(x) = esSinx ;  (third order derivative)

4.2 Maclaurin’s and Taylor's Expansions

4.2.1 State Maclaurin’s and Taylor's theorems (without remainder terms). Use
these theorems to expand sinx, cosx, tanx, a*, e*, log,(1+ x) and
In(1+x)

Maclaurin’s Theorem:

If f(x) is nth order differentiable function at x = 0 then it can be expanded as the

infinite sum of the terms of the polynomial centered at x = 0 that is
X3

Le, f)=f0O)+f'O)x+f ”(0) +f ”’(0)
Taylor’s Theorem:

If f(x) is nth order differentiable function at x = a then it can be expanded as the
infinite sum of the terms of the polynomial centered at x = a

. " ( — )2 " ( — )3
e, f0)=f@+f@0-a)+f" (@ ——+f"(@) 5

Example: Find the Maclaurin’s series of sinx, cos x, tan x, a*, e*, log, (1 + x) and In(1 + x).

Solution:

(i) f(x) =sinx

The Maclaurin’s series is given by

2 3 n
FG) = F(O) +3f'(0) + 57 £7(0) + 5 £ (0) -+ - fT(0) + -
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f(x) =sinx = f(0)=0
f'(x) = cosx =f'(0)=1
f"(x) = —sinx = f"(0)=0
f"'(x) = —cosx = f"(0)=-1
f®(x) = sinx = f®0)=0
FO(x) = cosx = fO0)=1

By putting the values of £(0), £'(0), £ (0), f"'(0), f*(0), .., in Maclaurin’s series we get,
x? x3 x* x>
sinx = 0+ x(1) +E(0) + a(—l) +E(0) +§(1) — e

3 5

] x> x
or smx=x—i+§—---
In summation form,
d x2n+1
sinx = ;(—1)" —(Zn D

This is the required Maclaurin’s series of the function f(x) = sinx.
(ii) f(x) =tanx

f(x) =tanx =y at = f(0)=0
flx)=y =sec?’x=1+tan’x=1+y? =f'(0)=1
f'e) =y" = 2yy' = f"(0)=0
) =y" = 2lyy" +y"?] = f"(0) =2

fO@ =y =2[yy" +y"y'T+22y'y" =f®0)=0
=2[yy" +y".y" +2y'y"]
=2[yy"" +3y'y"]
fO@ =y% =2[yy® +y"y' | +6ly'y" +y"y"]
=2yy™ +2y"y" + 6y'y" + 6y"y"
=2yy™® +8y'y"" + 6y"y"
=2yy™ +8y'(2) + 6y"'y"
=2yy™® +16y" + 6y"y" = f5(0) =16
By putting the values of £(0), f'(0), £(0), £ (0), f ®(0) and f >(0) in Maclaurin’s series,
we get,

2 3 4 5
tanx = 0+ x(1) + > 0) +%(2) +2:(0) +%(16) oo

tanx = x 422t 4 xS 4
anx = x 3X 15x
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This is the required Maclaurin’s series of the function f(x) = tanx

(iii) f(x) =a*

f(x)=a* atx=0 =f(0)=1
f'(x) =a*Ilna = f'(0) =1Ina
f"(x) =Ina(a*Ina) = (Ina)?a* = f"(0) = (Ina)?
f"(x) = (Ina)?(@*Ina) = (Ina)3a* = f"'(0) = (Ina)?
f®(x) = (Ina)®@*Ina) = (Ina)*a* = f®(0) = (Ina)*
fO(x) = (Ina)*(@a*Ina) = (Ina)®a* = f®)(0) = (Ina)®

By putting the values of £(0), £'(0), £ (0), "' (0), f ®(0) and £ ®(0) in Maclaurin’s series,

we get
x?2 x3 x* x5
a*=1+x(lna) +5(lna)2 +§(lna)3 +E(lna)4 +§(lna)5 +

xlna)? (xIna)® (xlna)* (xIna)®
( )+( )+( )+( )+

= a*=1+ (xlna) + o1 30 2 =

In summation form,

This is the required Maclaurin’s series of the function f(x) = a*
(iv) f(x) =log,(1+x), wherea >0anda # 1

£() = logy (1 +x) = f(0)=0
) = ﬁ = fO)=r-
o =CE
e = -0 = 0= —ﬁ
ey = 20 = 0=
o) - =80 = fO0) =52
FO @y = 2 =[O0 =1
Putting values of £(0), £'(0), £ (0), £"'(0), f ®(0), f ®(0) in Maclaurin’s series, we get

xZ 3 4

oga(1+0) =0+ x() + 55 () + 5 () + 5 () + 5 () +
8a x) = \ina) " 21\Ina) T 31\na) " 2 \Ina) T 51 \ina
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1
log,(1+x) = na [x -

In summation form,

( 1)11 n+1

loga(1+x)——a ——]

n=0

Which is the required Maclaurin’s series.

Note: Maclurin’s series of cos x, e* and In(1 + x) are left as an exercise for readers.

Find the Taylor’s series of the expansion of sinx, cos x, tan x, a*, e*,log,(1 + x) and
In(1 + x) at particular point a

Solution: @ f)=sinxata=7%

The Taylor’s series is given by

—_— ! (x B ) n ( B )3 nr
fG) = fl@)+&x-a)f'(a)+ f'@)+——f"(@+
e

Aa=g:f @) =f(g)+ (x=5)r (§) + =" () + =" (5)+~

f(x) =sinx = f(n)—sing:% (1)

f'(x) =cosx = f’(g) = cosg = ?

f'"(x) =—=sinx = f" (E) = —sin- = 2

6 6 2
T V3

F700) = —cosx = f"(6) = —cosg = -

Putting these above values in equation (i), we get

fa =2+ (x5 <§> +(x;—|%)2(—1) +("_—%)3(_ﬁ) o

6/\ 2 . 2 31 2
2 7.[3
. 1 3 1(x - V3(x—%
= sinx = 3 7("‘%)‘1—( 216) ‘7( 3l6)

s
Which is the required Taylor series of sin x at the point o

(i) f(x) =cosxata = %

The Taylor’s series at a = % is given by:
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f(x) =f(g)+(x—g)f’(g)+ﬂ

f(x) =cosx = f(g) = cosg=—

f'(x) = —sinx = f' (%) - gint o

f"(x) = —cosx = f”(g)=—cosz=
f"(x) =sinx = f" (g) = Sing _1
V2

By putting values in equation (i), we get
Com o D D
R G A O A )
SR N o 1

=c0sX = ——— + -
V2 2 V22! V2 3l

4
Which is the required Taylor series of cos x at the point "

4

(iii) f(x) =tanxata = L

4
T[ T
f(x)=tanx=y atx=Z=>f(Z):1
f'(x) =y =sec’x =1+tan’x = 1 + y? =>f,(%):2
n 17} 7 . T
fre=y"=2yy = f"(3) =4
f”’(X) = y’” = Z[yy" +y’2] = f/// (%) - 16

fr) =y* =2[yy"" +y"y" +2y'y"]
— Z[yylll + y”.y’ + Zylyll]
— " 1.1 4 E _
=2[yy"" +3y'y"] = f (4)—80

By putting the values of £(0), £(0), " (0), £ (0), f*(0), ..., in Taylor series we get,

F@ = 1 (r D) e (0= 5) 4o (x-2) o (x-0) 4o

4/ 2! 4 3! 4 4! 4
tanx = 1+2(x—%)+2(x—%)2+§(x—%)3+%(x_%)4+...

This is the required Taylor series of the function f(x) = tanx ata = %
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(iv) f(x)=a* atb =2

f(x) =a* at x =2 f(2) =a?
f'(x) =a*lna = f'(2) =a’lna
f"(x) =Ina(a*Ina) = (Ina)?a* = f""(2) = a*(Ina)?
f""(x) = (Ina)?(a*Ina) = (Ina)3a* = f'"(2) = a?*(Ina)?
The Taylor’s series of the function at point b is given by
2 3
fx) = f(b)+(x—b)f’(b)+( ) f"(b) + & ) ——f"'(b) + -

Ath=2,f() = f(2) + (x - 2f' @) + 552 2) fr(2)+ B2 2) @)+
Putting values of f(2), f'(2), f"(2),f'"(2), ... we get

_9\2

f(x)=a2+(x—2)(a21na)+( 2) (a®(Ina)? )+( 2) (a’(Ina)3) + -

v (x — )2 24 (x — )3 3y
= a*=ad’|1+(x—-2)lna+ o (Ina)* + (Ina)® +
Which is the required Taylor’s series of a* at the point 2.
) f(x)=e*ata=1
f(x)=e* atx=1=f1) =e
f'(x) =e*.Ine =e* =>f(1)=e
fl'(x)=e* =>f'D=e
fm(x) = X = f”’(l) —e
By putting the values of £(0), f'(0), f"'(0), f"'(0), ..., in Taylor series we get,

(x — )2 (96—1)3
= e*=e+(x—-1DE)+—— () + (e)+ -
_1\2 _ 3
= e*=e 1+(x—1)+(x2!1) +(x3!1) +

This is the required Taylor series of the function f(x) = e*ata =1
(vi) f(x) =log,(1+x)atb =1
Solution: By Taylor’s series we have,

( ) " ( — )3 nr
f@x)=f()+ x—Db)f'(b) + F(b) + ————F""(b) + -
At b =1, we have
J— ! ( - )2 n ( - )3 nr .
fO=fO+E-Df D +——f"D+—=—f"1D) +- (@)

f(x) =log,(1+ x) > at = f(1) =log,2
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, 1
[ = (1+x)Ina

or f'(x) = —(1;2
" —(1+ 2 1"
fre) = ( lnz) = ff= 4lna
-3
Fren = 2 SO

Putting values in equation (i), we get

(x) =log,2 + (x — 1) x ! +(x_1)2 D) (x—1)3x !
f(x) =loga2 + (x 2lna 2! 4ina 3! 4lna
-1 (-1  (x—1°
— log.2 _
= f(x) =logg2 + 2lna 42!(Ina) +4.3!(lna) *
Which is the required Taylor’s series of the function
f(x) =loga(1+x) at b=1

(vii) f(x)=In(1+x)atb=2

£ = In(1 + %) at = f(2) = In3
f0 == +0™ = (@) =3
') =-1+x)? = f(2) = _5
FG0) = 214207 L ) = 21
f¥x) =—-6(1+x)7* > fY(2) =5

By putting the values of £(0), f'(0), £ (0), f""'(0), f¥(0), ..., in Taylor series we get,

_ ( ~ )2 " (x_ )3 "
fO)=f2)+&x-2)f"(2)+ fr@O+——f"@+

(x—2)2 (x=2)23/2\ (x=-2*/ 2
(1 +x) = In3 +(" 2 (3)+ S5 (- 5)+T<ﬁ)+T(‘ﬁ)+
In(1+x)=Imn3 += (x— 2) ——(x—2)2 +—(x—2)3 —ﬁ(x— 2)* +
This is the required Taylor series of the function f (x) = In(1 + x) at point 2.

4.2.2  Use MAPLE command Taylor to find Taylor’s expansion for a given function
The format of Taylor’s expansion command in MAPLE is as under:
> taylor (f(x), x = a,n)
where,

f(x)  is the function whose Taylor’s expansion is required
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is about the point x=a, series is expanded
n is the number of terms series expanded.
In order to compute the Taylor series expansion following examples are given:

1 Xy =
> taylor ( x=0 5) > taylor (e*,x = 0,5)
v1i+x 1, 1. 1, 5
1+x+-x°+=x"+—x*+0(x>)
1—1x+§x2—ix3+£x4+0(x5) 2 6 24
2 8 16 128 > taylor (e*,x = 2,5)
>taylor< ! x=06) ez+e2(x—2)+1e2(x—2)2
i :
1 3 5 35 2 3
_Zaa22_ 2 3,22 4 +-e“(x—2)
1 2x+8x 16x +128x 6
35 +iez(x—2)4
—mx5+0(x6) 24
+0((x —2)%)
> taylor (sin(x),x = 0,10) > taylor(In(1 +x),x = 1,4)
PSR T T In(@) +3 (x = 1) = (x - 1?
*7er T120° 5040 e 8"
1
9 0 11 _ -1 3 0 -1 4
+ 380" T (™) +24(x )+ 0((x —1D%)
> taylor (cos(x),x = 0,10) > taylor(In(1 + x),x = 2,4)
1 1 1 1 1 1
1—cx?+—x*——x6+——x% In(3)+=(x—2) —— (x — 2)?
2¥ Y 2% T70" Taoser M@ P3G -D a2
+ 0(x19)

1
+ a(x -23+0((x—-2)%

Exercise 4.2 )

Obtain the first three terms of the Maclaurin’s series for

(i) cosx (i) e* (iii) In(1 + x) (iv) sin?x
; N L1
v) e (vi) xe (vii) Tix

Find the first four terms of the Taylor’s series for the following functions
(i) Inx centeredata =1 (i1) % centeredata =1

oy T . i3
(iii) sin x centered ata = ) (iv) cos x centered at a = 3

Does Maclaurin’s series of the functions f(x) = %, g(x) = cosecx and h(x) = vx

exist? If not why? Give appropriate justification.
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4. Write MAPLE Command to find Taylor’s Expression of the following functions:
(1) f(x) =e* at x =1 upto 10 terms.
(i) f(x) =sinx at x = 7 upto 10 terms.
(i)  f(x) =cosx at x = upto 10 terms.
(iv)  f(x)=In(1+x) at x =0 upto 10 terms

W) f(x) = % at x =1 upto 5 terms.
vi) f(x)= % at x = 2 upto 5 terms

4.3 Application of Derivatives

Derivatives have various important applications in Mathematics such as to find the
Rate of Change of a Quantity, to find the Approximation Value, to find the equation of Tangent
and Normal to a Curve, angle between two curves and to find the Minimum and Maximum
Values of algebraic expressions. Derivatives are vastly used in the fields of science,
engineering, physics, etc.
43.1  Give geometrical interpretation of derivative.

Let P(x,y) be any point on the curve y = f(x).

Referring to Ffure 4.1, we have, v y = f(x) I3
y= f (x) = MP A
5x = MN = PK (x+8x,y+8y) #Q T h
y+ 8y =f(x+6x) = N_Q /gngent line
~ 8y =f(x+6x)— f(x) =KQ ) by
For average rate of change, we divide both P(x, y)
sides of equation (i), by éx, bx

by _ f0c+60) ~ f() _KQ /7

— = ==—=tan® N

ox ox PK ) > X

i o & * M N
= gradient (slope) of secant PQ g
Fig. 4.1

Now, as dx approaches zero, the point Q will
approach P along the curve, then secant will eventually becomes tangent

.0y dy . f(x+6x)—f(x)
So lim —=—=Iim
8x->00x dx  8x-0 ox

= gradient (slope) of the tangent PT = tan 6

where 6 is the angle between the tangent at P and positive direction of x-axis.

Note: For derivative, Q — P = tan @ — tan6.
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e, f'(x)= % = tan 0, which is the slope of the tangent to the curve y = f(x) at point.

We conclude that slope of the tangent to the curve is the derivative of the function of
the curve at the point of tangency.
4.3.2 Find the equation of tangent and normal to the curve at a given point

Let f(x,y) = 0 is the equation of the curve. Then, to find the equation of the tangent
at any given point (a, b) is found using following steps.

(1) Find slope of tangent at (a,b) i.e.,m = (%)(a,b)
(ii) By using point slope form, equation of tangent is y —a = m(x — b).
2 2
Example 1. Find the equation of tangent and normal to the curve x3 + y3 = 2 at (1, 1)
2 2

Solution: Given curveis x3 + y3 =2

differentiate with respect to x regarding y as a function of x.

B (or)2-o
3* 37 7 )dx

_1 _Ndy 0
3 3|— =
= ()+07)Z

d 3 3
-g--5--¢f
y3

d
%) 1,1) -

Hence, the slope of the tangent at the point (1, 1) is (

Now, by using point slope form of line

y=1==1(x—Dory+x—-2=0
To find the equation of normal, the slope of the normal at the point (1,1) is equal to negative
reciprocal of the slope of tangent. Therefore, the slope of the normal is 1.

Hence, the equation of the normalisy —1=1(x —1)ory—x =0
Example 2. Find the equation of the tangent to the curve y = (x—(Zx)% at the point where

it cuts the x-axis.

Solution: The equation of curve is y = % (1)
As curve cuts the x-axis, soy = 0.
Using y = 0 in (i) we get
0=—2"7 =7
T -2)x-3) *
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Thus, the point where the curve cuts x-axis is (7, 0).
Now, differentiating (i) with respect to x, we get
(x=7) (x=7)
T (x—2)(x—3) (x2-5x+6)
dy (x?>-5x+4+6)—(x—-7)2x—-5) x*—-5x+6—2x?+19x—35
dx (x%2 — 5x + 6)? - (x% — 5x + 6)?
dy —x%24+14x-29
dx (x2-5x+6)2
dy —-494+98-29 20 1
[E 70 (499—35+6)2 400 20

y

=

1
slope of the tangent to the curve (i) at point (7, 0) is %o
Equation of tangentis y — y; = % (x —x1)

At (7,0) y—0=2—1()(x—7)=~20y=x—7
=>x—20y—7=0
4.3.3 Find the angle of intersection of the two curves.

Angle between two curves:

Let y; = f(x) and y, = g(x) be two curves which intersect each other at point
P(x41,y1) as shown in the figure 4.2. If we draw tangent line passing through intersecting
point of the curves, then the angle between these tangent lines is called the angle
between two curves.

>

To find the angle take m;, m, be the slopes of tangent
lines. By the definition of slope y=fx) y=gk)

P(x1,y1)

my =tana
and m, =tanp

where o and B are the inclinations of the lines and can be
calculated by using derivative.

(04
The acute angle between the curves is given by 0 T, >x
0 = tqn-1 | "M Fig. 4.2
1+mym,
Steps to be followed to find the angle between two curves:
(1) Find point of intersection by solving the equations of both curves.

. . dy
(i1) Find — of both curves
dx
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. . .. dy
Put value of point of intersection in Tx and get my and m,.
X

(iii)

(iv)  Put value of m; and m, in 6 = tan™?

M| and find ©.

1+my m,
Example: Find the angle between the curves xy = 2 and y? = 4x .
Solution: Given equations of curves are xy =2 (1)
y2=4x (i)

From equation (i) and (ii), we get

4

Z= 4x

= x3=1 >x=1

To get the value of y, put x = 1 in equation (i), we get y = 2, so the point of
intersection of curves is (1, 2).
Let m, be the slope of curve (i) at the point (1,2).
By differentiating on both sides of equation (i) with respect to x we get,
dy dy _-y

- =0 =
xdx+y =>dx X

@) -F),, -
m, =\\— = |— = —
P\dd gy V1

Similarly, m, be the slope of curve (ii), at the point (1,2) is given by

dy 2
"y
me),,-0),,"
dx/12)  \V/ (12
Angle between the given curves,
mi—my| | —2-1 | 23|
tan® = 1 | = |1 T2l |—_1‘ =3

Hence 6 =tan"1(3) =71.56°

4.3.4 Find the point on a curve where the tangent is parallel to the given line
Example 1.  Find the point on the curve xy = 12, the tangent at the point is parallel to the
given line 3x +y = 3.

Solution: The slope of the line 3x + y = 3,ism; = —3

From the equation of curve xy = 1250,y = %

dy -12

By differentiating with respect to x to get i =m,
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. . -12
As the given line is parallel to tangent to the curve so my = my or —3 = ~Z

>x:=4 or x=+2

By substituting the value of x in the equation of curve xy = 12 we have

y=12—2=6 atx =2
y=%=—6 atx = —2

The points at which the tangent line is parallel to the given line are (2, 6) and (-2, —6).

Exercise 4.3 )

3 27
1. Determine the slope of tangent to the curve y = x3 at the point (E ) ?) .

2. Find the slope of tangents to the curve x?+y?=25at the point on it
whose x—coordinate is 2.

3. Find the equation of the tangent and the equation of the normal to the curve
y=x+ % at the point where x = 2.

4. Given two curves y = x2 and y = (x — 3)2. Find the angle between them

5. Prove that the tangent lines to the curve y? = 4ax at points where x = a are at
right angles to each other.

6. At what points on the curve x? +y% —2x — 4y + 1 = 0 the tangent is parallel to
y-axis.

4.4 Maxima and Minima

44.1 Define increasing and decreasing functions

Maximum and minimum values of function are called maxima and minima of the
function.

A function f(x) is said to be increasing at a point x = a,
if f(a—h) < f(a) < (a+ h), where h is a positive change in x. (Fig. 4.3)
A function f(x) is said to be decreasing at a point x = a, if
f(a—h)> f(a) > f(a + h) (Fig. 4.4)
A function is said to be increasing or decreasing over an interval if it is increasing or
decreasing at every point of that interval.
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a—h a a+h a—h a ath

Fig. 4.3 Fig. 4.4

The Fig. 4.3, represents the increasing function and the Fig. 4.4 represents the
decreasing function.

4.4.2 Prove thatif f(x) is differentiable function on the open interval (a, b) then

. f(x) is increasing on (a, b) if f'(x) > 0 Vx € (a, b)

. f(x) is decreasing on (a, b) if f'(x) < 0 Vx € (a,b)
e f(x) isincreasing on (a, b) if f'(x) > 0 Vx € (a, b)

Let f(x) is increasing function at x where x € (a,b), then by the definition of
increasing function.

f(x+ h) > f(x), where h is positive change in x.

Now, by definition of derivative,

von 1 Jle+h) = f(x)
=
fx+h)—f(x)>0
rrn _ s fx+h)—=f(x0)
f'(x) = }Ll_r}(l) — > 0
Hence, the function f(x) is increasing on (a, b) if f'(x) > 0V x € (a, b).
e f(x)is decreasing on (a, b) if f'(x) < 0 Vx € (a, b)
Let f(x) is decreasing function at x where x € (a,b), then by the definition of
decreasing function.

f(x + h) < f(x), where h is positive change in x.
Now, by definition of derivative,
We have

fle+h)—fx)
h

f'(x) = lim

fx+h)-f(x)<0
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/ _ o fx+h)—f 0
f'(x) = }ll_r)r(l) ——g < 0
Hence, the function f(x) is decreasing on (a, b) if f'(x) < 0V x € (a,b).

Example 1. Check whether the function f(x) = x2 + 5 is increasing at x = 3 or not.

Solution:
f(x) =x%+5
Differentiating w.r.t x,
We get
fl(x) =2x
Putx = 3,
f3)=203)
f'3A)=6>0

Hence, the function f(x) = x2 + 5 is increasing at x = 3.

Example 2. Check whether y = sin x is decreasing on (%, 1'[).

Solution:
f(x) =sinx
Differentiating w.r.t to x
We get

f'(x) =cosx

i
cosx<0Vxe€ (E,T[)
f(x) = sinx is decreasing on (g, 11).

4.4.3 Examine a given function for extreme values.
Let y = f(x) be a function, and the graph of this function be shown in Fig. 4.5.

A

B
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From diagram F is increasing from A to B, C to D, E to F and d2lecreasing from B to
C,DtoEand F to G.

Points B, C, D, E and F are such points where the function is neither increasing nor
decreasing. The tangents to the curve at these points are parallel to x-axis. The derivative of the
function at these points vanishes, these points are called turning points or points of extreme
values or extrema.

B, D and F are such turning points where the function changes from increasing to
decreasing. These are called points of maximum values or maxima.

C and E are such turning points where the function changes from decreasing to
increasing. These are called points of minimum values or minimas.

Maxima and Minima through first derivative

Lety =

If

If

If

f(x) be a function.

1) Differentiate w.r.t ‘x” and obtain f'(x).

(i1) Put f'(x) = 0, solve it and obtain critical points.
(i)  Let x = a be a critical point.

f'la—h)<0

f'(@=0 = x = a is point of minima.

f'la+h)>0

f'(la—h)>0

f'@=0 = x = a is point of maxima.

f'la+h)<0

f'la=h)>0 f'la=h)<0

f'(a)=0 or If f'(a) =0 = x = a is point of inflection.
f'la+h)>0 fllath)<0

Note:

Point of inflection is that point of curve which is nether point of minimum nor
maximum.

4.4.4 State the second derivative rule to find the extreme values of a function at

a point

Lety =

If the
If the
If the

f(x) be a function.

@A) Differentiate w.r.t ‘x’ and obtain f'(x).

(i) Put f'(x) = 0, solve it and obtain critical function.
(ili)  Differentiate again w.r.t ‘x” of obtain f"'(x).

(iv)  Letx = a be a critical point.

f"(a) < 0 = x = ais a point of maxima.

f"(a) > 0 = x = ais point of minima.

f"(a) = 0 = test fails.
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44.5  Use second derivative rule to examine a given function for extreme
values.
Example 1. Find extreme values of f(x) = x* — 8x? using the second derivative rule.
Solution: Here f(x) = x* — 8x?
f'(x) = 4x3 — 16x = 4x(x? — 4)

Put f'x)=0

4x(x*—4)=0

= x=0orx=4%2

Again Differentiate

f"'(x) =12x%-16
Putting the values of x = —2,0 and 2 into f"'(x).
f'(=2) =12(=2)? =16 = 32 > 0 that is function has a minimum at x = —2
f"(0) =12(0)2—16 = =16 < 0 function has a maximum at x = 0
f'(2)=12(2) =16 =32>0 function has a minimum at x = 2
Minimum value at x = —2

f(=2) = (-2)* - 8(-2)* = -16
Minimum value at x = 2

f2)=@2)*-8(2)*=-16
Maximum value at x = 0

f(0)=0
Example 2. Find points of extrema of f(x) = sinx + cos x on [0,2n] using the Second
Derivative Rule.

Solution: f(x) =sinx + cosx
f'(x) = cosx —sinx

As f'x)=0

We have cosx —sinx =0
sinx = cosx

Dividing both side by cos x

tanx =1,x = tan"1(1) =% andSTZT

so in the interval [0,27r] we have f'(x) = 0 atx = % and ‘%T

Again Differentiate

f"(x) = —sinx — cosx
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T 5T

Put the values of x = O’Z’T’ 21

f"(0) = —sin(0) — cos(0) = —1 < 0 that is function has a maximum at x = 0
m(TY — _gin (%) — m_-1_1__ ; ; -

f (Z) = —sin (4) cos (4) A V2 <0 function has a maximum at x = 7

" (%r) = —sin (%T) — cos (%Tn) = % + % =+/2 > 0 function has a minimum at %T

f"(2m) = —sin(2m) — cos(2m) = —1 < 0 function has a maximum at 21t.

4.4.6  Solve real life problems related to extreme value.

Example 1. A farmer wishes to enclose a rectangular field using 1000 yards of fencing in such
a way that the area of the field is maximized.

Solution: Let x and y be the length and breadth of the field and A be the area of the field. then
A=xy.

For fencing we have an equation for perimeter

2x+2y =1000, = y=500—x
Area of rectangular field

A =x(500 — x) = 500x — x?

dA
Now — = 500 — 2x,

dx

dA
SO — =0,

dx

500—2x =0, x =250
when x = 250.

d?A

dx?

2
d“A
H — = —
ence (dxz) 2<0
x=250

The maximum area occurs at x = 250.

ie, A=250(500—250) = 62500 square and dimension of rectangular field is
x = 250 and y = 250.
Example 2. A company finds that the cost of goods C(x) is given by
C(x)=—-x3+9x2—15x+9
where x represents thousand of units. If the company can only make a minimum of 6000 units,
what is the minimum cost company required. Here, cost is in dollar.

Solution: since x is in thousand of unit we must find the minimum cost in the interval [0,6]
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C'(x) = —3x%2 +18x — 15
=—-3(x?—-6x+5)
=-3x-5x-1)=0

x=5,1

C"(x)=—-6x+18

C"(1) = —6x+18=12>0

C"(5) = —6(5)+18 = —12< 0

e, C(1)=12.

The minimum cost for the company exist at x = 1.1i.e., C(1) = 12.

U

U

4.4.7 Use MAPLE command Maximize (Minimize) to compute maximum
(minimum) value of a function

The format of Maximize (Minimize) command in MAPLE is as under:
> maximize(f(x), x=a..b)
> minimize(f(x), x=a..b)
where,
f(x) is the function whose maximize (minimize) value is required
x = a..b is the interval for maximize (minimize) value

In order to compute the Maximize (Minimize) value of a function in the interval, following
examples are given:

> minimize (cos(x),x = —M.. M)
-1 > minimize(exp(x),x = 0..10);
. —n T 1
> maximize (cos(x),x = E)
> maximize(exp(x),x = 0..10);
1
exp(10)
> minimize(sin(x),x = —T.. ) L
L > minimize(exp(x),x = 0..5);
o exp(1)
> maximize (sm(x),x = E) > maximize(exp(x),x = 0..5);
1 exp(5)

> maximize (x? + y? — 2x + 2y + 2),x = 1.2,y = —2..2, location);
10,{[{x = 2,y = 2},10]}
> minimize (x> + y2 —2x + 2y + 2),x = 1.2,y = —2..2, location);
10,{[{x =2,y =12}0]}
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Exercise 4.4 )

1. Show that function f(x) = —x% + 10x + 9 is increasing at x = 4.
2. Show that f(x) = tan® x is decreasing at x = %TT[
3. Find the maximum and minimum values, if any, of the function f:R — R in the
following cases:
Q) f(x)=x*-2x+3 (i) f(x) = x3—9x? + 15x + 3
(iii) f(x) = —x* + 2x? (iv) f(x) = e*sinx
(v) f(x) =2e*+e™* (vi) f(x) = 2x — x?
4. A rectangular reservoir with a square bottom and open top is to be lined inside with

1
lead. Find the dimensions of the reservoir to hold E a® cubic metres, such that the lead

required is minimum.

5. Find a right-angled triangle of maximum area with a hypotenuse of length h.

. o o 1
6. A particle moves so that its distance s at time is given by s = ut + Eatz, where u a

are fixed real numbers. Find its speed and magnitude of its accelerations at time t.

7. If the P and time t are connected by the formula P = t% + 11 + 9. Find force att = 5
second.
™ Review Exercie 4}
L. Choose the correct answer
() If y =1, theny"(1) = eoeerreerrre
(a) 6 (b)—6 (c)2 (d) None of these

(ii) What will be the nth derivative of 2e*

(a) 2ne* (b) 2e™ (c) 2e* (d)ez—x
(iii) If xy =k? theny' = __
2k? -2k? 3k? 2k?
@ O 0% 0=
(iv) 3" order derivative of 2% i§ --------n-----
(a) (In3)? e*in2 (b) (In2)3 e¥i3 (c) (In2)3 e*2 (d) None of these
v) 2" order derivative of f(x) = Asinx + B cOSX 1S -----mmmnn---
(a) f(x) (b) —f(x) (c) £f(x) (d) None of these
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(vi)  If S is the distance covered by a car, then Tz will be its ---------=-=-----

(a) Velocity (b) deceleration (c) acceleration (d)Average velocity

(vii)) y=tan"lx, then y''(1) = ----mmmmmmmemm-

-1 1 -1 1
(@) — b7 © @7
x3 x5 . : .
(vii) Ify=x-— 3rtEr— X€ R, then y is the Mclaurin series of
(a) sinx (b)cos x (c)e* (d) None of these
(ix) A function f(x) is said to be a decreasing function when x; < x, and
@) () < f(x2) (b) f(x1) > f(x2)
(©) f(x1) = f(x2) (d) f(x1) < f(xz)
(x) If a function f(x) is such that f'(c) = 0 then the point (c, f(c)) is called
(a) Maximum point (b) Minimum point
(c) Stationary point (d) Critical point
2. Find 2" order derivative of f(x) = In (1 + x?)
3. Find the second derivative of following parametric functions
2 2 ; dz}’
x =3u®+1landy = 3u® + 5u, Flndw
4. Evaluate the third derivatives of the given functions.
(i) vx)=x3—-x?+x-1
(i) f(x) = 7sin (%) + cos(1 — 2x)
(iii) y=e >* +8In(2x*)
5. Determine the second derivative of the given functions.
(i) g(x) = sin (2x3 — 9x) (i) z(x) =In(7 —x3)

(i) q(x) =—=— (iv) h(t) = cos?(7¢)
(6+2x—x2)
(v) 2x3+y2=1-4y (vi) 6y —xy? =1
6. Given that

y =cosx; Find y'; y"'; y";y®,
2

. aty
7. Find —; ifx = 4sint, y = 5cost.
dx?

Find the rth derivative of f(x) = x™ where r < n.

Find the Taylor series of the function x* + x — 2 centered ata = 1.



Higher Order Derivatives and Applications

Obtain the Taylor series for the function (x — 1)e* near x = 1.

11. Find the McLaurin series for In(1 + x) and hence find for In (%)

12. Find the equation of the tangent line to the curve y = x3 — 3x2 + x at the point
(2,-2).

13. At what point on the graph of y = x? where the tangent line is parallel to the line
3x—y=2.

14. Determine the interval on which the function f(x) = x? — 3x + 1 is increasing and

decreasing.



