Integration Unit

6.1 Introduction

Integration is the reverse process of differentiation. It is used in dealing with problems
in which the derivative of a function, or its rate of change is known and we want to find the
function.

The principles of integration were formulated independently by Isaac Newton and
Gottfried Wilhelm Leibnitz in the 17™ century.

Integration is usually used to find area under a curve and volume of solid of revolution.
6.1.1 Demonstrate the concept of integral as an accumulator

Integral is the outcome of the process of integration and is of two types definite and

indefinite. It is an accumulator which is used to y

find the definite integral of a function f(x), y=fx -
which is continuous on a closed interval [a, b]. In ______——--""'/

this process, the region bounded by the /’/

geometrical curve of function f(x), x-axis and
the vertical lines x = a and x = b is divided into
infinitesimal vertical rectangles each of width Ax
on x-axis and height f(x;) from x-axis, where
i=1,2,3,..,n as shown in figure 6.1. The i
accumulation of the product f(x)Ax is O x=a Ax x=b
approximately equal to the definite integral of Fig. 6.1
f(x) fromx = atox = b.

Definite integral of f(x) from a to b is Accumulation of f(x;)Ax as shown in the Fig. 6.1.

6.1.2 Know integration as inverse process of differentiation
In differentiation we are given an original function and we are required to find its
derivative, while in integration we are required to find the original function whose derivative
is given.
f(x) differentiation f'(x)
Original function derivative / derived function
f'(x) integration f(x)
Derived function original function
Thus, integration is the reverse or inverse process of differentiation.
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Indefinite integral or antiderivative
Let f be a continuous function. A function F whose derivative is f is called integral of
f,ie,F'(x) = f(x), V x in the domain of f(x).

As F is an integral or antiderivative or primitive of a function f, then

Jf(x)dx =F(x)+C

where f (x) is called integrand and C is called the constant of integration. The solution
F(x) + C, depends on the arbitrary constant C, so [ f(x)dx has indefinite solution, called
indefinite integral.
6.1.3 Explain Constant of integration

Since, the derivative of a constant is 0, therefore all the functions which differ by
constant have the same derivative.

For example:
f=x* = f'(x)=3x
f)=x*+1=  f'(x)=3x*
f=x3+c > f'(x)=3x>
So, it is not possible to find original function through integration, therefore, we use a
constant C in indefinite integral to represent the family of functions whose derivatives are the
function f (x). This arbitrary constant C is called constant of integration.
Note: In [ f(x)dx = F(x) +C,

o [ is the integral sign (elongated S) which is used to represent the process
of integration.

e f(x) is the integrand; a function which is to be integrated or under the
effect of integral sign.

e dx, x is the variable of integration that tells integrand is to be integrated
w.r.tx.

e ( is the integral constant or constant of integration.

e F(x) + C represents family of integrals or antiderivatives or primitives
whose derivatives are f(x).

6.1.4 Know simple standard integrals which directly follow from standard
differentiation formulae.

The basic integration formulae can be obtained directly from the differentiation
formulae of the functions as given I the following table.




Integration

Differentiation formulae

Integration formulae

d
a(x+c)=1

d n+1
_(x +c> =x"

d {(ax + p)n*1

dx

fdx=x+C
e
fxndx=n+1+C, n+-—1
(ax + b)"*1
b)y'dx =—+C
f(ax+ )tdx At D +C,
n+ -1

d 1
—(n|x| +¢c) ==
dx X

1
f—dx =In|x|+C
X

Trigonometric Functions

d
—(sinx+c) =cosx
dx

fcosxdx=sinx+C

d
—(cosx +c) = —sinx
dx

fsinxdx=—cosx+C

d
a(lnlsecxl +c)=tanx

ftanx dx = In|secx| + C

d
— (In|sinx| + ¢) = cot x
dx

fcotx dx = In|sinx| + C

d
a[lnlsecx +tanx| 4+ c] =secx

fsecx dx =In|secx + tanx| + C

10.

d
a[lnlcosecx —cotx| +c] =cosecx

fcosecx dx = In|cosecx — cotx| + C

11.

d 2
—(tanx + ¢) = sec* x
dx

sec’xdx =tanx + C

12.

d
— (cotx + ¢) = —cosec? x
dx

cosec?x dx = —cotx + C

13.

d
—(secx + ¢) = sec xtanx
dx

secxtanxdx =secx + C

14.

d
P (cosecx + ¢) = —cosec x cotx
X

—_— | — | — | —,

cscxcotxdx = —cosecx + C
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Exponential Functions
d
18. d—(ex +c) =e* efdx=e*+C
x
d /1 1
19. _(_eax+c)=eax e dx = — e 4+
dx \a a
d [ a* a*
20. —|—+c|=a* faxdx=—+C
dx\lna Ina
Some other Integration Formulae
21 f L | +c
' —a2 2a x+a
2 f dx _ 11 |a+x|+C
' Z—x2 2a a—x
dx
- (.2 2
23. fm 1n|x+ x +a|+C
dx
= [2 _ 2
24. fm 1n|x+ X a|+C
1 1 X
25. f a? —x%2dx ==x+a? —x2+—=a*Sin"1=+C
2 2 a
1 1
26. f\/a2+x2dx=§x\/a2+x2+§a21n|x+\/a2+x2|+C
1 1
27. f\/xz—azdx=Ex\/x2—a2—§a21n|x+\/x2—a2|+C
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6.2.1 Recognize the following rules of integration
d d
) f x [f(x)]dx = r f f(x)dx = f(x) + C where C is the constant

As we know that integration is an inverse process of differentiation. So, the process of
differentiation and integration neutralizes each other.

ie. f :—x [F(0)]dx = :—x f FOo) dx = Q) +C

i 2 .2
Example: fdx(x +5x+7) dx =x"+5x+7+C

(ii) The integral of the product of a constant and a function is the product of the
constant and the integral of the function.

Let k be a constant and f(x) be a function then,
fkf(x)dx = k]f(x)dx

Example: f 4e* dx = 4 f e“dx
=4e*+c
(iii) The integral of the sum of a finite number of functions is equal to the sum of their integrals.

Let f(x), g(x) and h(x) are three differentiable functions whose integrals exist then.

f [F(0) + g(x) + h(x)] dx = f FOo)dx + f g(x)dx + f h(x)dx

Example:

J(9x8 + 6x° + 5)dx = [9x®dx + [6x5dx + [5dx

=9fx8dx+6fx5dx+5fdx

x° x©
=9(3)+6(€>+5(J€)+C
=x?+x%+5x+C

6.2.2 Use standard differentiation formulae to prove the results for the following
integrals

n+1
@ f[f(x)]"f’(x)dx = % +C,  n=#-1
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Proof: Consider the differentiation

d ([fO)]™? _d (eIt
E{ n+1 +C}_E{ n+1

1 d
— el n+1
n+ 1ldx e +0

1

o1y d
= ——= (+ DIFEI ()

=[f1"f'(x)
By taking indefinite integral on both sides

d n+1
”E{Ufﬁh +C}] dx = f[f(x)]”f'(x)dx

d
}‘l‘a(c)

n+1
TOT 4 ¢ = [irers coax
n+1
[reorr @=L 4 cnse 1
i [L @) i = m|fw)| + ¢

f(x)

Proof: Consider the differentiation

Llfl+0) =l @I+ ©) (¢l =)
dx dx dx dx x
1 d
= m%f(x) +0
_f®
"

By taking integrals on both sides

d (@
Ja(lnf(x) +c)dx = 10 dx
(&)
Inf(x)+c= mdx
f'(x)

10 dx=Inf(x)+C

(i) [e®[af(x) +f'(0)]dx

Proof: Consider the differentiation

©




d ax — d ax d
a[e f(x)+C]—a[€ f(x)]‘l‘a(c)

By using product rule of differentiation

ax axd
e + e —

_ d
=f) el

Integration

x)+0

= f(x)(ae™) + e f'(x)

=e®[af(x) + f'(0)]
By taking integrals on both sides

d
[ Sotew G + clax = [ e laf () + £ (o)l

f e [af () + f/(0)]dx = e F(x) + C

whena =1

f e [f() + f')]dx = eXf(x) +C

Example: Evaluate

(i) f(lez + 5)8(20x)dx
Solution:
Let  f(x)=10x%>+5
f'(x) =20x
By the rule of integration
10x2 + 5)°
f(le2 +5)8(20x)dx = %
2x+3
. d
(i) fx2+3x—5 x
Solution: Let f(x)=x?>+3x—5f'(x)=2x+3
By the rule of integration
f S —nlx? +3x—5]+C
X2 +3x—5 - ¥ x
(iii) f e* (2x?% + 4x)dx

Let  f(x) =2x2%f'(x) = 4x
By the rule of integration

fe" (2x% + 4x)dx = 2e*x*> + C

+C
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Exercise 6.1 )
1. Evaluate the following indefinite integrals by using standard formulae.
() [9x5 dx (i) fi—gdx
e oz
@H)fyzi x (iv) [ by3dy
(v) [(3x%2 —9x + 5) dx (vi) [(2x75 + 3x72) dx
5+3x3-5x+6
(vii) [ x xx4 - )dx (viii) [(cosx + 3 sinx) dx
(ix) [ (3secx — cosecx) dx (x) [(2tanx — 5secx) dx
(xi) f(9e* —3cosx — 5sinx) dx (xii) [(sec? x + cosec? x) dx
2. Evaluate the following indefinite integrals by using standard formulae.

() fBx*+9x + 3)% (6x +9)dx (i) [ Vax? + 2bx + ¢ (ax + b)dx

(iii) [-&x¥D)dx g, (iv) [ (2 +4x +3)"2(2x + 4)dx
\/3x2 +5x+2
) [(x=2)(x —3)(x — 4)dx (vi) [(2x? —3)%dx

(vii) [(x®—3x2 + 9)% (x% —2x)dx  (viii) [(x? = 5)3dx

3
(ix) [ (cos x + sinx)2 (cos x — sinx)dx

(x) f(tan x + sinx) (sec? x + cos x)dx

3. Evaluate by using standard formulae of integration.
2
) x ... Sec” x+cosx
(i) f 75 dx () ] sy

(i) f Sx*+4x3—-3x24+2x
x> xt—x34x2

W Gx* =3 +6x =9 G2 —2x+ Ddx (i) [

) (ex +%)dx
dx Qo ey

4, Evaluate the following integrals by using standard formulae.

1

)dx (iv) [ e* (sec? x + tanx)dx

() [ e* (sinx + cos x)dx (i) fe*| sin™1x + dx

_1_
1+x?

(v) [ e* (%+lnx) dx

(iii) [ e* (tan‘1 x+

©
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5. Evaluate the following integrals by using appropriate formulae.
. dt
0 [ 55 (i) [ =— (i) | —=—
4—t? yy°=9

) f\/9x +16 0 f\/16x -

.. dx .
(vii) [ — (viil) [ —— (ix) [ V9 — 4x2 dx
9-x* x1/4x2—16
(x) [ V25 + 9xZ dx (xi)fgyfigl (x u)f oy

6.3 Integration by substitution
6.3.1 Explain the method of integration by substitution

Sometimes the integrals of the form [ f(g(x))g’(x) dx can be converted in standard
form or easier by substituting g(x) by introducing a new variable.

To understand the integration by substitution method.

Suppose u=g)
By the differentials du = g'(x)dx
Thus,

[ 1e@) g’ = [ radu

Obviously, the integral on the right is much easier to evaluate than that on the left.

6.3.2 Apply method of substitution to evaluate indefinite integrals
Example 1.  Evaluate by substitution method.
f(sz - 3)gx3dx
Splitting x3, we get
J-(sz — 3)gx3dx = J-(sz - 3)%x2(xdx)
Now suppose u=2x2-3 = x%= uT-I-?)

=  du=4xdx
1
= —du=xd
7 du = xdx
By substituting, we get

f(Zx —3)3x3dx = fuZ (u; 3) Gdu)
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Replacing u by 2x2 — 3, we get

—1(22 3)§+3(22 3)%+C
36" 28 ¥

Example 2. Evaluate [ cos? 3x sin3x dx
Solution: Substitute u = cos 3x
= du = —3sin 3x dx

1
—§du = sin3xdx

By substituting

1
J cos*3xsin3xdx = J u* (— §du>

—1u5+c
~ 3\s5

L coss3x 4 ¢
= ——cos® 3x
15
Example 3. Evaluate [ cos? x sin® x dx
Solution: [ cos? xsin® x dx = [ cos? x sin? x sinx dx

= f cos? x (1 — cos? x) sinx dx

Substitute U = CoS X

= du = —sinxdx

fcoszxsin3xdx = —fuz(l —u?)du

=—f(u2—u4)du
L
- 35

= —scosPx+mcosSx+C
= 3COS)C 5COSX




Example 4.

Solution:

Example 5.

Solution:

Example 6.

Solution:

Integration

Evaluate [ sin? 2x cos? 2x dx
By multiplying and dividing by 22.

1
sin? 2x cos? 2x dx = — | (2)? sin? 2x cos? 2x
(2)?
1
= Zf(Z sin 2x cos 2x)? dx
— 1f ; 24 d
=7 | sin®4xdx

_ 1f(1—C058x)d
~3 2 X

1
=§f(1—c058x)dx
_1[ sin8x]+C
) R

1

1
—gx—asm8x+C

Evaluate [ sin 4x cos 2x dx

[ sin4x cos 2x dx = f%[sin(4x + 2x) + sin(4x — 2x) dx]

1
=3 f (sin6x + sin2x) dx  (~ Using trigonometric identities)

_ 1( cosb6x cos Zx)

6 2

1

1
= —ﬁcos6x—zc052x+ C

Evaluate [ tan® x dx

f tan® x dx = [ tan3 x tan? x dx
= f tan3 x (sec? —1)dx
= f (tan® x sec? x — tanx) dx
= j tan3 x sec? x dx — f tan3 x dx

tan* x 5
= — | tanxtan® x dx

4

1
=Ztan4x—jtanx(sec2x—1) dx

1
=Ztan4x—ftanxsec2 dx+ftanxdx
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1, tan? x
=—tan*x — + In|secx| + C
4 2
1o L
= Ztan x — Etan x + In|secx| + C
Example 7. Evaluate [ sec®x dx
Solution: [secbxdx = [ sec* xsec? xdx

= f (sec? x)?sec? x dx

= f(l + tan? x)? sec? x dx

Substitute u =tanx
du = sec? x dx
By substituting

= f(l +u?)?du

= J(l + 2u? + u*)du
5

= +2 3+l 4c
—uTzw Ty

2 3 1 5
=tanx+§tan x+§tan x+C

Exercise 6.2 )

1. Evaluate the following integrals by substitution method.

|

4 7 73

. 3x . 303 3
(1)fm (i) [ x3(a3 — x3) dx

3
(iii) f L2 (v) [(2x% + 4x + 5)2 (x + 1)dx

™ [ \/ﬁdx i) [ + 2x +5) 7 (x + 1)dx
—X

i) [ 2® (9 + xz)%dx (viii) [ (* - 9)3 x°dx
(ix) [ x° (x5 + 3)%dx (x) [(x® +x2 +5x — 1)71(3x% + 2x + 5)dx
2. Evaluate the following integrals by substitution method.
G [ lrl—xdx (i) [==— xln p (iii) [ lnzigécx) dx
1
(iv) [ de V) [(1 + e?¥) 2 e?*dx

y
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5 tanx 02x
(vi) f (vii) [ eXfe X dx
(viii) [ e(c"sec 2x+1) . (cosec 2x cot 2x)dx
(ix) f 3% dy (x) f e(sinx+cosx+3) . (cos x — sinx)dx
3. Evaluate the following integrals by substitution method.
(i) [ cos®2x sin 2x dx (i )fCOt‘/—d
(iii) [(2 + sin 3x)® cos 3x dx (iv) [ sin(ax + b) dx
sinx+cosx .
(v )fmdx (vi) [ e** sec?e**dx
(vii) fcosec 3xcot 3xd;c dx (viii) [ dx .
(a+b cosec 3x) (2 cotx+3)sin “x
. secxdx
(IX) fm (X) fcos(3x - 5) dx
4. Evaluate the following integrals by substitution method.
(i) [ cos?2y dy (ii) [ sin® 3x + 5)dx
(iii) [ cos® x Vsinx dx (iv) [ sin* x cos®x dx
(v )fj% (vi) [ cos® x sin’x dx
(vii) [ sin3 x cos3x dx (viii) [ sin2x cos 4x dx
(ix) [ cos 3x cos 5x dx (x) [ sin3x cos 7x dx
(xi) [ tan? x dx (xii) [ cot* x dx
(xiii) [ tan” x dx (xiv) [ sec* 2x dx
(xv) [ tan® 3x sec33x dx (xvi) [ cosec* 3x dx
(xvii) [ sec* x Vtanx dx (xviii) [ cot 2x cosec*2x dx
cosec* X
(xix) [ W (xx) [ V1 + cosx dx
6.3.3 Apply method of substitution to evaluate integrals of the following
types:
dx dx
7 _ 2 _ax
| o [V - [ ==
dx dx
2, 2
d —_—
J a2 12 J V@ + o dx J JaZin?
f dx f dx px+q d
ax2+bx+c Jax2+bx+c ax?+bx+c "
f px+q i
vax?+bx+c
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The above types of integrals can be solved easily by using trigonometric substitutions.

If the integrand contains expression of the form Va2 — x2,vVa? + x2,Vx2 — a2; we

use the following trigonometric substitutions:

S.No. Integrand Substitution
L. Ja—x? x =asin® or x =acos0
2. Ja? + x? x=atan0 or x = acot®
3. x2 — q? x =asecO or x = acosecO

If the integral involves a quadratic expression in the denominator or under a radical,
we first make the expression perfect square by using a® + 2ab + b? = (a + b)?, then use

suitable trigonometric substitution.

Example 1. Evaluat [
xample 1. valuate A2
. dx dx
1 =
() f4_x2 sz_xZ

Substituting x =2sinb
= dx = 2cos06do

f dx _f 2cos0do
") 4—x2 ) 4—4sin20

_f 2cos6dob
~ ) 4(1 —sin20)
1 f cos0do
~2) cos26
= 1] 6do
=3 sec
=%ln|sec9+tan6l+C ()
Now,
x =2sin0 2 X
sin© :g
From the figure 6.2, we have
0 [
secO = >
4 — x2 4—x
= Fig. 6.2
tan 0 =
4 — x2

By putting the values in equation (i)
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+C

=]
4 — x2 4rl 2—x

f dx 1 12+4+x

. dx dx
) f Vo+x2 - f V32+x2

Substituting x = 3tan0
= dx = 3sec?0do
_ dx [ 3sec?0d6
“Jvorxz ) Vo +otan?e
B 3sec?0do
_f\/m
3sec?0do
 3sech
Asx=3tan® = [sec0d®
= In|secB® + tan 6| + C ..(1)

~ tanb = %

From figure 6.3, we have

x+vV9 + x2
3

=In|x++/94+x%|+ (¢; —In3)
=In|x + V9 +x2|+C, where C =¢; —In3

=In{x++v9+x2%2|+C
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dx

Jr2— Jx2—52
Gi) [ xx 25alx=f xxs

Substituting x = 5secH
= dx = 5secOtan 6 do

f x2—25d _fVZSsecZB—ZS
= 5secB

= f\/ZS(seCZG— 1)tan 6 do

= J 5tan 0 (tan0)do

. (5secBtan 6 do)

= f 5tan?6 do

=5 f(secze —-1)de ..(1)
From the Fig. 6.4, as x = 5sec = 5(tan6 —0) + C

. _X O
. secO = £ = 0 = sec S )
x? =25 Nowmprs
tan @ - x?-25
From equation (i) 0
5

fm ,/x2—25 %

— NTO"Y Fig. 6.4
Thus, - dx =5 g sec” g |+ C g
x
=x2-25- 55ec‘1§+ C
. dx
(iv) fx2—4x+8

The expression in the denominator is quadratic, so before trigonometric substitution
we make it completely square.

ie, x2—4x+8=x)?-2x)2)+()*+4
=(x-2)*+4
= (x—2)%+2°

dx dx
fx2—4x+8:f(x—2)2+(2)2
Now, substituting x—2=2tan0
= dx = 2sec?0db

f dx _f 2sec?0 do
") x2—4x+8 ) 4tan?0+ 4




_.[ 2sec?0 do
~ ) 4(tan%0 + 1)
_stecZBdB
B 4sec?0
e
T2
Asx —2=2tan0 =%9+C
— tan-1 (¥22
0 = tan ( > )
dx  _ Lon-1 (%22
Thus fm—ztan (2 )+C
(2x+5)dx _ [ 2x+2+3
) fx2+2x+5 B fx2+2x+5 dx
_f 2x+2 d +J‘ p
T ) x24+2x+5 X x2+2x+5 X
=In|x? +2 +5|+3f dx
- e x2+2x+1+4
(2x +5) dx = In|x? + 2 +5|+3f dx
XZtox 45 T (x +1)2 + (2)2

Let us find f by trigonometric substituting, we have

x
(x+1)2+22

x+1=2tan0
= dx = 2sec?6 do

. dx 2sec?0 do
"f(x+1)2+22 =J4tan29+4
_ [ 2sec’0de
B f4(tan26 +1)
2sec?0 de
- f 4sec?0

—1Jd6
2

1

=EG+C

Asx+1=2tan6 = tanez%1 = eztan_l(%l)
f dx —1t _1<x+1>+c
Tl arnze2z 20 T2

Integration
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Now, equation (i), becomes

J(2x+5)dx —Injx? + 2 +5|+3t _1<x+1)+c
XZ+2x+5 T 2\

Exercise 6.3 )

Evaluate by using trigonometric substitution.

. f x3dx 5 f 6dx
Jo—x2 9—x2
3. f x*V9 — x? dx 4. f 255:;:9
dx dx
: f (4-+x2)% N f V16+4x2
7. [x*Vox? - 36 8. f%
dx x°dx
9. fm 10. f\/m
i ijﬁ 2. —\/ﬁ
dx dx
b f Vox—x2 4 f (x+1)vVx2+2x-15
dx 2x—-5)dx
= f(x—4)\/x2—8x—9 te. f( 8x )xz
o oplme T g
4x+9)dx 2x-5)dx
- f V 2(x2+83c 10 20. f\/(5+4x) x2

6.4 Integration by Parts
6.4.1 Recognize the formula for integration by Parts

The method of integration by parts is used to integrate the product of two functions.
Suppose that f(x) and g(x) are two functions and f'(x) and g'(x) are their derivatives
respectively which exist in the domain of f(x) and g(x).

According to product rule of differentiation

d d d
2 L9l = f) o900 + g0 f(x)

Integrating both sides w.r.t x, we get
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[ tregwidx = [ [0 290 dx + [ g0 1-r ) ax
F@gt = [ [re0 g0 ax+ [ a1 r00] ex

d [ d ]
[ [0 55 9)dx = re0ge - [ |97 £ dx
Suppose u=f(x)
v=gk) = [vdx=g()

J-uvdx=ufvdx—f(u’fvdx) dx

This result is called the formula for integration by parts. It can be stated as integral of
the product of two functions equals first function same into integral of second function minus
integral of product of derivative of 1* function and integral of 2" function.

6.4.2 Apply method of integration by parts to evaluate integrals of the following
types
e [Va?z-x%dx,[+a?+x?dx, [Vx?—a’dx

Example 1. Evaluate

(@) [Va? —x%dx
Let I=f az—xzdx=J\/a2—x2(1)dx

Integration by parts
=+a?—x? f(l) dx — f [% (a? - xz)%f(l) dx] dx
=+a?—x2%(x) — fl(a2 - xz)_%(—Zx)(x)dx
= xfaZ — 42 _

== [ o

= fE T [E

_x2

_ 2
[ =xya%—x2%2— f(a * a )dx

Va? — x? \/a2 — x2

[=x/a?—x2— f\/az—xzdx+a f
[=xya%—x%2—1+a%sin” 1( )+Cl

1/a2 — x2
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21=x\/a2—x2+azsin‘1( )+C1

_l o= 1 og1(®

I—Zx a? x2+2a sin (a)+C
1 1 24

f az—xzdx=§x\/a2—x2+§azsm 1(E)+C

Example 2. Evaluate [ Va? + x2 dx.
Solution: Let = [Va? + x2dx

Integration by parts

= JaZ 22 f (1)dx — f [diJT f (D] dx
= xfa + 27— j

QR

e

I=x\/a2+x2—f—dx
va? + x2
2 2 2
x“+a“—a
I=x\/a2+x2—]—dx
va? + x2
2 2
x“+a a
I=x\/a2+x2—f +f dx
va? + x2 va? + x2

I=x\/a2+x2—f\/x2+a2+a21n(x+ x2+a2)+C
21=x\/a2+x2+a21n(x+ x2+a2)+C
I=f a2+x2+a—21n(x+ x2+a2)+C

2 2

Example 3. Evaluate [ Vx2 — a? dx.
Solution: Let I = [Vx2 — a?dx

Integration by parts

= Ver—a [ax - [ [ Ve = e [(dr] ax
= m(x) - f—z —in — dx
L= x/x?~a? - fm

x“—a“+a
I=x\/x2—a2—fﬁdx
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x?—a? a?
[=xyx?—a?— - dx
Vx2 — g2

Vx2 —q?
I=x\/x2—a2—f xz—azdx—azln(x+ xz—a2)+C
21=x\/x2—a2—a21n(x+ xz—a2)+C

2
I=E\/x2—a2—a7ln(x+ xz—a2)+C

2
6.4.3 Evaluate integrals using integration by parts

Example 1.
(1) f x sin x dx
Solution: Letu=x , v=sinx

Integrating by parts, we have

fxsinxdx=xfsinxdx—f<;—x(x)fsinx)dx
= xf(— cosx) — f(l) (—cosx)dx

= —xcosx +sinx+C

or =sinx —xcosx +C
(i1) f x° In x dx
Solution:
Let u=Inxandv = x3

Integrating by parts, we have

fuvdxzufvdx—j(u’fvdx)dx
d
fx3lnxdx=lnxfx3dx—f<—lnxfx3>dx
dx
—X4l Jl x* J
= Inx M e L

1 1
— 4-1 _ - 3
4x nx 4fx dx

1 . 1/x* N
=g ¥ Ix—2{ | +c
1

=—x*lnx——x*+¢

4 16
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(iii) f x cot 1 x dx
Solution:

Let u=cot™ lx andv ==x

fxcot_lxdx = f(uv)dx

Integrating by parts, we get

du
xcot lxdx =u | vdx — (— vdx) dx
dx
d
=cot™ 'x | xdx — (— cot™lx | x dx) dx
dx

_x? -1 J -1 [x? J
= Scot™lx T2\ 7 )4

_1om +1f1+x2—1
2PN YY) T

1, -1 +1f 1+ x2 1 4
Tt XTI T T 12/

EESP— +1fd 1f dx
BRI Y B ) B e

X

1 1 1
J-xcot‘lxdx = Exz cot™1x + SX Etan‘lx +C

(iv) f e’ sin x dx
Solution: Let = [ e* sinx dx
selecting u=sinx andv = e*

Integration by parts, we have

fuvdx=ufvdx—f(u’fvdx)dx
d
I=sinxfexdx—f(—sinxfexdx)dx
dx

[=e*sinx — f e* cosx dx
Re-integrating by parts, we get

[ =e*sinx — (ex cosx — f e* (—sinx) dx)

= I=exsinx—excosx—fexsinxdx
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[+1=e*(sinx —cosx)+ C;

= 21 = e*(sinx — cosx) + C;

1 C
= fexsinxdx =Eex(sinx—cosx) +C, whereC =?1

Exercise 6.4 )

Integrate by parts the following:

(i) f x* e*dx (ii) f x> e*dx (iii) f x cos x dx
(iv) f In x dx v) f x* sin x dx (vi) f x cosec” x dx
(i) [ xsec? xdx vii) [ (nx)? dx
Integrate by parts the following:
@) J@+DInE+1)dx Gi) [ xInxdx
(i) [ xInxdx @) [x*Inx?dx
) tanx
v) f sin x cos x In(sin x) dx (vi) f In(tan x) dx

cos? x

(vii) f cot x cosec” x In(cot x) dx (viii) f sec” x tan x In(sec x) dx

' In x?
(ix) f cosec x cot x In(cosec x) dx (x) f 2 dx
xi sec’ x dx (xii) cosec’ x dx
i)
Integrate by parts the following:
i 3x cos(3x) dx (ii) x* sin x dx
W
(ii1) f ot x @iv) f x sec? x dx
5x .

w [ — o dx i) [ cosVxdx
vii e sin 2x dx viii e " cos 2x dx
i) J (vili)

ix cos(In x) dx (x) e™ sin bx dx
(x) [ cos
Integrate by parts the following:
@) f sin”! 3x dx (ii) f x* tan"tx dx

(iii) f tan”! (Zx)dx (iv) f x cos ' xdx
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v) f 3x° sin_1(3x) dx (vi) f 2x sec x dx
(vii) f 6x cosec (2x)dx (viii) f x* cot” ! x dx
5. Integrate by parts the following:
(i) [V9—x2dx (i) [V16+ 4x2dx (iii) [ Vx? — 25dx
6.5 Integration using partial fractions
: : f(x)
6.5.1 Use partial fraction to find f E dx, where f(x) and g(x) are
polynomial functions such that g(x) # 0.
Example 1.  Evaluate by using partial fraction
2x=5
i —d
@ f X2 —5x+6
S l t' . f zx—_s d
olution: 7 sxie X
. 2x—5 2x—5
By factorization = 25216 -2)x=3)
Let 2x-5 _ A 4 B )
© (x-2)(x-3) x-2 x-3 ()
2x-5 A(x-3)+B(x-2)
p—1 =
(x=2)(x-3) (x=2)(x-3)
= 2x —5=A(x—-3)+B(x—-2) ...(>11)
As (ii) is an identity, so putting x = 3, we get
B=1
Similarly, putting x = 2 in (ii), we get
A=1
Identity (i), becomes
2x—5 1 1

= +
(x—-2)(x—3) x—-2 x-3
Integrating on both sides w.r.t x, we get

fo—s d‘f 1d+f1d
x2-5x+6 = x—2x x—3x

=lInlx - 2|+ In|x -3|+ C;
=In|x — 2| + In|x — 3| + In|C| where C; = In|C]|
=In|C (x — 2)(x — 3)|
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cos xdx

iy [

sinx(2+sinx)

Solution: To express the integrand in polynomial.
Suppose u = sinx

du = cosx dx

cos x dx du .

fsinx(2+sinx)=fu(2+u) M

Let
1 A B

u(2+u)za+2+u
1=AR+u)+Bu

A ! B !

= = — - — —

2’ 2
1 1 1

u@+w) 2u 22 +uw
By putting in equation (i)

.[ cosx dx _f 1 1 d
sinx (2 +sinx) {Zu 2(2+u)} u

1 1
= Elnlul - ElnIZ + u| + In|C]|

1 1
= In (u2 —ln|2+ui + In|C]|
=In |C Vu

V2 +u
nlc Vsinx
= In —_—
V2 +sinx
5x2+1)dx
(iii) f—( )
(x—1)(x+2)2
Solution: Partial fraction
5x2+1 A N B N C
(x—1Dx+2)2 x—1 x+2 (x+2)2
5x2+1=A(x+2)?+B(x—1Dx+2)+C(x—1)
. 2 19 1
To solve it we get A=z ,B=57,c=-53
5x% +1 2 19 1

r—Dx+22 30—1)  20x+2) 7(x+2)?
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Thus,
(5x2 + 1)dx 2 dx 19 dx
(x—D(x +2)? =§jm+%jx+z 7f(x+2)2
2 19 1
= §ln|x— 1] +%ln|x+2| +m+c
x+1
@iv) fm dx
. x+1 A  Bx+C )
Solution: Let m = ; + 212 ...(1)
x+1 A(x?+2)+x(Bx+C)
or x(x2+2) - x(x2+2)
= x+1=AKx?*+2)+x(Bx+0C) ...(i1)
As (ii) is an identity, so putting x = 0, we get
1
4=3
3
—C= 2
1
B+C= >
By solving, we get
B = —% and c=1

Now, identity (i), becomes

1 1
x+1 3 —yx+l

—— + =
x(x?+2) «x x%+2
Integrating both sides w.r.t x, we get

fx+1d_1f1d 1fxd+f1d
x(x2 +2) YT X)) e 2™ x2+2%

1 1 1 X
= Elnlxl —Zlnlx2 +2|+—=tan"'—+C

V2 V2

Exercise 6.5 )

Evaluate the following integrates by using partial fraction.
f (5x—2)dx f (7x-25)dx
(x=3)(x+7)

1. 2.

(x—3)(x—4)

1)




6.6
6.6.1

Integration

dx dx
a2 —x2 4. fxz_az
5 f (x2+2x+3)dx . f 5dx
’ x3-x ' x2-2x-15
; f (2x+7)dx ‘ f (5x+6)dx
' (x=1)(x=5)(x+3) ' (x+3)(x-2)2
7x%-2x+5)dx 2x+1)dx
0. ( )3 0. f %
(x—6)(x—3) (x=3)(x%+1)
. f sec? xdx 0 f cosec? xdx
) (1+tanx)(2+tanx) ' cot x(2+cot x)
(3x+7)dx (7x—4)dx
13. f(Zx—l)(x—4)2 4. f(x 3)(x2+42)
2x%+5x+1 x°+3x+1)dx
15 [YV/—— (@xirs41) 16, [Y=—= (2 +3x+1)dx
x2+5x+6 x2+5x—14

Definite integrals

Define definite integral as the limit of a sum.

Suppose that f(x) is a continuous function on the interval [a, b], divide the interval

[a, b] into » infinitesimal sub intervals as

A=X) <X, <X <Xy e
If Ax be the width of each subinterval, then
—x;_qfori=1,2,3,.... ,
Select a point c; on each interval such that

an_1an=b

Ax; = x; nasAx; > 0andn — oo
Xi1SC =X
The limit of the sum
= Tlli_r)go{f(x1)Ax1 + f(2)Bxg + f(x3)Axz + -+ + f (o) Axy }

By using summation notation it can be written a
n
= lim f(ci)Axi
n—-oo
i=1
This summation of f (x) on infinitesimal sub intervals is defined as the definite integral

of f(x) from a to b denoted by
b

[ r@ax = m Y Flam
i=1

Where a and b are called lower and upper limits of the integral respectively.
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6.2.2 Describe fundamental theorem of integral calculus and recognize the
following basic properties:

o faf(x)dx=0

b b
[ reax=[ s ay

b a
!f(x)dxz —bff(x)dx

ff(x)dx=ff(x)dx+ff(x)dx, a<c<b

faf(x)dx= fo(x)dx when f(—x) = f(x)
0

0 when f(—x)=—-f(x)
Fundamental theorem of integral calculus:
If f(x) is a continuous function on [a, b] and F(x) is an antiderivative of f(x)

ie., :—xF(x) = f(x) then

b
[ reax=F® - F@

is called fundamental theorem of calculus.
Example: fos(x2 + 5)dx.

3
Solution: Let f(x) = x% + 5 then its antiderivative F (x) = % + 5x

Now, by using fundamental theorem of calculus

3
J(x2+5)dx=F(3)—F(0)
0

) (0)?
= - +5(3) ————5(0)
=9+15

=24
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Basic properties of definite integrals

0 j f)dx =0
¢ b b
(i) f f(x) dx = f fO) dy

b a
(iii) ff(x) dx = —ff(x) dx
c b

(iv) ff(x)dx—ff(x)dx+ff(x)dx a<c<b

) ff(x) dx _{ zoff(x)dx when f(—x) = f(x)
) when f(—x) = —f(x)

a
Q) [ reodx=0
Proof: By the fundamental theorem of integral calculus

[rwar=r@-r@

ff(x)dx =0

(i) ff(x) dx = ff(y) dy

Proof: By the fundamental theorem of integral calculus

f £G) dx = F(b) — F(a)

and

[roray=re - F@
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Hence

b b
[rwax=[royay

b a
(iii) ff(x) dx = —ff(x) dx
a b
Proof: By the fundamental theorem of integral calculus

b
] fG) dx = F(b) - F(a)

b
f () dx = —{F(a) — F(b))

Thus,

b a
J ) dx = — J £x) dx

b c b
@iv) ff(x)dx=ff(x)dx+ff(x)dx, a<c<b

Proof: By the fundamental theorem of integral calculus

c b
Jf(x)dx+jf(x)dx=F(c)—F(a)+F(b)—F(c) \

F(b) — F(a)

b
[ reax

Thus,

ff(x)dx=ff(x)dx+ff(x)dx

when f(=x) = —f(x)

)

W) J-f(x) dx = {Of f(x)dx when f(—x) = f(x)
Za .
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Proof: By using the property (iv), we have

a 0 a
ff(x)dx= ff(x)dx+ff(x)dx, where —a <0<a (D)
-a -a 0

Suppose x=-t = dx = —dt
When x=—-a =t=a
When x=0 =t=0

By substituting in (i), we get

jlf(x) dx = ff(—t) (—dt) +jlf(x)dx
“a a 0

f fx)dx =— JO f(=t)dt + f f(x)dx

By using property (i_{), we gt aa :
j f(x)dx = f f(=x) dx + j f(x)dx ... (i)
“a 0 0

When f(=x) = f(x)

From equation (ii)

j-lf(x)dx=ff(x)dx+ff(x)dx
-a 0 0

j-lf(x)dx = fo(x)dx
“a 0

When f(=x) = —f(x)

From equation (ii), we have
a

ff(x)dx=—ff(x)dx+ff(x)dx
-a 0 0

jlf(x)dx=0

6.6.3 Extend techniques of integration using properties to evaluate definite
integrals

2_ 4
Example 1. Evaluate fz 5x dx.

a
Solution: As the upper and lower limits are equal, by using property of f a f(x)dx = 0.
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Hence

2
f5x4dx=0
2

2 2
Example 2. Shown that f 1 x* dx = fl y2 dy.

Solution:
x31°
Zd — |
[ 52 [3]

1
=3 8-1)
7
_b3 b
By the property [ f(x)dy = [ f(y)dy
Thus,
7 7
3 d - _
j Y T3
1
Hence
2 2
f x?dx = j y?dy
1 1
Vi3
) = 0
Example 3. Verify that foz cosxdx = — fE cos x dx.
2
Solution:
T
2
L
fcosxdx = [sinx]2
0
 in™ ino
= sin > sin
=1
Now — % cosx dx = —[sinx]2
2 2
= — (sin 0-— sinE)
2
=1
Hence
TT
2 0
fcosxdx =— f cos x dx | verified.
0 L
2
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_ 1 4 0
Example 4. Given that fO f(x)dx = 5and f : f(x) dx = 3, then evaluate f 4 f(x) dx.

Solution:
0 4
As f g fOdx =~ J;) £(x) dx (By using property iii)

- [fol f(x)dx + ff f(x) dx] (By using property iv)
=—(5+3)

0
ff(x)dx = -8
4

Example 5. Evaluate f_lz || dx
Solution: By property (iv), we have

[x] =4+x,x>0
flxldx+J|x|dx le —xx<0
f( x)dx+fxdx

I 2 T

=—§[0 4] + = [1—0]

—
B
Sy

Il

Example 6. Evaluate f Zn cos x dx
2

Solution: Here f(x) = cosx
f(=x) = cos(—x)
f(—x) = cosx
f(=x) =f(x)

By using property f_aa f)dx=2{ Oa f(x)dx

2 2
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SR

= 2[sin x]

=2 (sing — sin 0)

—2(1-0)
=2
1 .
Example 7. Evaluate f _,Sin " x dx
Solution: Here f(x)=sin"1x
f(=x) = sin™(=x)
f(—x) = —sin"x
f(=x) = —f(x)

f is an odd function.
Furthermore, limits are additive inverses of each other.
By property (v), we have
1
J sin"lxdx =0
-1

2v3  dx
6  xvVx2-—

Solution: Let x =3sec® = dx =3secOtan0 db

Example 8. Evaluate [ by using trigonometric substitution.

When x=-2V3 = -2V3=3secf6 = sec6=—%=>e=5?1T
When x = -6 = —6=3secH = sec6=—2=>6:2?1T

51'[
_2\[—
3secOtan® db

f x\/xzi j3sec6 (3sec)? —

tan 0 do
(sec2 06-—-1)

J_ (v Vaz =Ixl)

s_n
In
3
st
6
2m
3
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5T

6

_ f tan© do
B 3|tan 0|
T

3

Asee[21T 5“] = tan6 <0 = |tanB|=—tan®

3’6
st

6
_ f tan© do
~ J 3(-tan®)

2T

Example 9. Evaluate f OZ x sin x dx.

Solution: Integrating by parts
. 7
z dx
xsinxdx=[xfsinxdx] —f(—fsinxdx)
o dx

v
xsinx dx = [—xcosx]g + J. cosx dx

i
4
0
i
4
0
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Exercise 6.6 )
1. Evaluate the following definite integrals.
2 2
@ Jy (' + 327 +5) ax i [, +1)7dx
2 3 ) 3 1)\?
(iii) fl (9 + \/6) de (iv) fl (y + \/7) dy
f4 dx
) 0 V2+x+vx
2. Evaluate the following definite integrals or by formula.
4 ., 3 5 xdx
. > .
1) fl x(x + 9) dx (i) fz %212
3 (2x+3)dx 2, 4 L,
iii — v x4+ 2x) 2(3x" 4+ 2)dx
i) [y — (iv) fl( )72 ( )
T
= sm\/—
v cos” x dx vi
V) JZcos’xd (vi) 36
z 2
(vii) f04 v/tan x sec® x dx (viii) fO e 2 dx
T T
(ix) f03 cos® 3x sin” 3x dx (x) f03 tan’x sec* x dx
3. Compute the following definite integrals by using basic properties.
5
2 2
() fz Gt + 2x + 3)2 (2x° + 1)dx
50
(i) f_50(10x9 —8x” + 6x° — 4x° + 2x) dx
s
> T
(iii) f_zn sin® x cos® x dx (iv) f—n sec® x tan x dx
2
n n
) f_zn sin® x cos® x dx (vi) ffn tan® x dx
2 4
.. 2 4 2
(vii) f_z (x" + 2x%) dx
4 Gi thtd<x) L then evaluate [ d
. iven that — = 3 then evaluate |  ——3dx
WVI+x2) (14x2)2 (14x2)2




6.6.4

divide the region into » small rectangular strips y
each of with Ax. ___

width Ax
above x-axis will be equal to the sum of the areas

of each rectangular strip from x = a tox = b.
A= f(x)Ax + f(x)Ax + f(x3)Ax + -+ of x=a Ax x=b

Integration

2+x2
1+x2’
Given that f_sz f(x)dx =4 and f53 f(x)dx =7 then evaluate by using suitable
properties.

Given that % [F(x)] = evaluate F(v/3) — F(1). If F(1) = m, find F(x).

M ff@adx G fody i) [ o) dy
) e dx W [ fedx o) [ fO)dy
Evaluate the following integrals by using trigonometric substitutions.

. fz dx . fl dx
0= R e

. 2\/§ X 3 dx . \/§ 2

(1ii) fg m (iv) f 0 X 3 — x%dx

Compute the definite integrals by using integration by parts.

9 4

o o xe' dx i) J, A inxdr
z 1

(i) [ xsin 2x dx vy | , tan~ xdx
6

Represent definite integral as the area under the curve
Let y = f(x) is the equation of the curve as shown in the figure 6.5. Suppose

x = a and x = b be two vertical lines on x-axis. To determine the area under the curve and
above the x-axis between x = a and x = b, we Y

_ 1

=)

The area of a small rectangular strip of A

AA = f(x)Ax
The total area A bounded by the curve,

+ f(xn)Ax Fig. 6.5
If Ax >0 and n—>o by using

summation notation.

n

A = lim f(x)Ax where i =1,2,3,..,n
n—0o
i=1

By definition of definite integral it can be written as
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b
A= ff(x)dx

b
or A=fydx

a

Thus, the definite integral represents the area under the curve.

Notes: Ify = f(x) = 0, then A is above the x-axis.
If y = f(x) < 0, then A is below the x-axis.

6.6.5 Apply definite integrals to calculate area under the curve

Example 1.  Find the area, above the x-axis under the following curves between the given

ordinates:
(i) y=x?>+1, x=2,x=4
Solution: By using formula
b
A= f ydx
a
4

3 4
A= —+x]
2
1
A=§(64—8)+(4—2)
A—56+2
E
A—62
E
(i1) y=cos3x,x=0,x=%
Solution: By using formula
b
A=fydx
a

Vs
6
A=fc053xdx
0
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3

3

A= [sin Bx] 6 y
0

A =%[Sin3(g)—sin0] y =cos 3x

1 T
A=§(sin5—sin0) 5 g )
1 X €
A==(1-0) O
3
A_l
=3 | |
(i) x*+y®’=16,x=1,x=3 Fig. 6.7
Solution: y
x2+y?=16
y? =16 — x?

y =416 —x2
We need area above the x-axis, so we take positive branch of the relation y = +V16 — x?
ie., y =vV16 — x? y

By using formula
b

A=fydx

@ xe ol 1234 ¢

3
A=f 16 — x%dx

1
A= %[x\/16 — xZ]: + E (16) sin™* (2)]: y
Fig. 6.8

A=%[3\/16—9—\/16—1]

+8 [sin‘1 (%) —sin™! G)]
A= %[3\/7 —V15] + 8(0.848 — 0.252)

A=203+4.76
A = 6.8 approx.
6.6.6 Use MAPLE command int to evaluate definite and indefinite integrals.
The format of int command in MAPLE is as under:
> Int(f,x=a..b)
where,
f is the function whose definite integral is required
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x =a..b is the definite integral with lower limit ‘a’ and upper limit ‘b’
In order to compute the integral of a function under definite interval, following examples are

given:

>int(x3+1,x=1..2)

>int(x3+1,x=1..3)

> int(e3**1, x)

> int(e3**1,x =0..2)

> int (sin(x),x =0..—

19
4 1
> int(sin(x),x =0..m)
22 2
> int(x® +x% 4+ 3x +4x,x =1..2) >int(cos(x),x=——__
175 2 2
Py 2
12
> int(In(x + 1),x =0..1)
le3x+1 > int( 1 ,x)
3 iz
—le+1e7 > int(e°S*sinx, x)
3 3

Find the area, above the x-axis under the following curves, between the given ordinates.

1.

T

m T

—1+21n(2)

arcsin(x)

(cosx — 1)e°S*sin

cos?

Exercise 6.7 )

y=3x%+2 x=1,x=2
1 1 3
4—x2
y:]nx x=1, x=3
; T _T
y = xsinx x=3,x=5
1
YT o952 x=-V3,x=V3
y=4x3+3x?+2x+1 x=0,x=2
_ 2 _r T
y = 3sec’x X=¢ , X=3
y = 6sin?x x=0,x=%
y = 5e>* x=-2,x=
y = cos*x x=0,x=%
__4 _T T
Y= in? *Te XT3

sin” x
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y% =36 x=-1,x=1

2
y? =1 x=-1,x=1
2x+5 x=1,x=2
15. X = % , X = %
16.  Write MAPLE Command to find integration of the following functions:
(i) f(x) = e** (i)  f(x) =sinx

(i)  f(x) =cos2x (iv) (iv) f(x)=In(1+x) ) flx) = %

Review Exercise 6 )

1. Choose the correct option.
(i) ffn(x)f’(x)dx, wheren # —1, is
n+1(y n-1(,
n+1(y
) nf™x)+c (d) fn—-l-i) +c
(ii) ff"(x)f’(x)dx,wheren = —1,is
n+1(y
w2 ) ") + ¢
() In|fC)| +¢ (@ nfr ) +c
(iii) fx"dx, wheren = —1is
(a) adiat +c b)ynx" 1 +¢
n+1
-1
(c) 1 c (dInx+c
(iv) f sinx cosx dx =
(a)sinx +c¢ (b) cosx + ¢
(c)icos2x+c (d)—%c052x+c
v) fxz Ine*” dx =
x? x>
(a) 7 +c (b) ? +c

(c)In e*’ +¢ (d)Inx*+¢




Integration

(vi) fel“x3 dx =
3

3 X
(a)e* +c (b)?+c
x4
(C):+c (d)Inx®+c
(vii) f (1 +tan®x)dx =
(a)tanx + ¢ (b) sin?x + ¢
tan? x
(©) > +c (d)Insecx + ¢
2e”
Trex X =
@In(l+e*)+c (b)In(1+e*)? +¢
X
(©) (1+e")?+c @ +¢
eXt3lnx
f 3 dx =
(a)%e"+3lnx+c (b)e* +c
(c) eX+3Inx 4 ¢ (d)3lnx+c
) ln(ex . esmx) dx =
1 .
(a) SxrFsinT +c (®)Insinx + ¢
X2
(c);—cosx+c (d)xInsinx + ¢
1
xVxZ-1
- ;- dx=
cosec™1x
(a) In(cosec™x)" 1 + ¢ (b) (cosec™1x)? + ¢
(c) cosec™x + ¢ (d) In(cosec™x) + ¢
If F(x) is an antiderivative of f(x) then
b
[rwax=
(a) F(a) — F(b) () F(b) — F(a)
(©) f(b) — f(a) (d) o)
f(a)




15.

16.

17.

18.

19.

Integration

(b) 1000 (c) 2000 (d) 3000
T
2
f sin? x cos*! x dx
3
2
n
(a1 (b) 3 ()0 (d)2 [?sin®x cos!! x dx
0
T
2
f sin?® x cos! x dx
_r
2
n
(@0 (b1 ()3 (d)2 fOZ sin'® x cos™ x dx
Area bounded by the curve y = In e* fromx=—1tox =1is
2
(a) 3 (b)1 (¢)ln2 (d)In3
b
fa f(x) dx =

@ — [7 ) dx
(©) — fp f(x)dx

1

2 -
fz (x3 + 3x% — 5x 2) dx =

(@0
(c) 24 — 20V2

) J, £(x) dx
(d) 0

(b) 12 — 10v2
(d) 20v2

f_zz(xS — %+ x)5 (5x4 —3x* + 1)dx =

1
(@3 (26)°

(c) 2(26)°

(b) 0

(26)°
6

(d)



Integration

dx
20. — =
f a’+x?
-1 E
(a) tan 2
Ztan1E g
(© 2 an o c
21. Evaluate the following integrals.
i) [ 3xldx

(iii) [ sec®xdx

) f 1 — sin 2x dx

. cos xdx
(vii) f ] :
(2+sinx)(3+sinx)
. dae
i [ —
1+c057

3
(x1) f cot® x cosecZ x dx

(d)sin2 4 ¢

G) [ xInx"dx
2
. y
d
(iv) f Jiy? y
5
(vi) f tan® x sec2 x dx

(viii) f x* sin x dx

dx
(x) f x2-81

(xii) f cos® x sin® x dx

(xii) foz 6(x* + 3x + 2)° (2x + 3)dx

T
(xiv) foz cos® X /sin x dx

. a dx
(xvi) fo 21a2

fa dx
SR o g




