Parabola, Ellipse
and Hyperbola

Introduction

As a matter of fact, parabola, ellipse and hyperbola are the types of conic. In previous
chapter, the Greek concept of conic was discussed in detail whereas the analytic concept was
given in short.

In this chapter we will study conics analytically. Recall that in analytic geometry, a
conic is the locus of a moving point or the set of all points whose distance from a fixed point
(in the plane) bears a constant ratio to its distance from a fixed line in the same plane.

The fixed point, the fixed line and the constant ratio are called focus, directrix and
eccentricity of the conic respectively, whereas eccentricity is denoted by e.

The line through the focus and perpendicular to the directrix is called the axis of the
conic. The distance of a point on the conic from its focus is called the focal distance. The chord
through the focus of a conic is called focal chord of the conic and the focal chord which is
perpendicular to its axis is called the latus rectum.

Different conics are identified on the basis of the value of eccentricity as mentioned
below.

If e = 1, the conic is called a parabola.
If e < 1, the conic is called an ellipse.
If e > 1, the conic is called a hyperbola.

whereas
The distance from the focus to any point on the conic

e =
The distance from the directrix to that point on the conic
9.1 Parabola

9.1.1 Define parabola and its elements (i.e., focus, directrix, eccentricity, vertex,
focal chord and latus rectum).
Parabola and its elements:
A parabola is the set of all points in the plane which are equidistant from a fixed line
and a fixed point not on the line.
The fixed line is called the directrix of the parabola and the fixed point is called its
focus.
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The straight line through the focus and perpendicular
to the directrix is called the axis of the parabola. The point

where the parabola meets its axis is called the vertex of the _? 9
parabola. A chord which passes through the focus is called vergex| /¢ . .
focal chord and the focal chord which is perpendicular to the L Axis,
. . . . . Focus
axis of parabola is called its latus rectum. Focus is the mid-
point of latus rectum. In figure 9.1, P, Q and R are three points R
on the parabola whose focus is F and the vertex is V. The focal
chord QR is its latus rectum. By definition of eccentricity, Directrix
BE T Fig 9.1
|PF| [oF 'e?
e =— O0r e ==
|PT| QS|
=1 or e=1 (v |PF| = |PT|and |QF| = [QSI)

So, the eccentricity of parabola is 1.

Note: The axis of parabola is also called the axis of symmetry of the parabola as the parabola
is symmetric about its axis.

9.2 General Form of Equation of a Parabola

General form of equation of parabola means the equation which can be used to find
parabola for any focus and any directrix.

9.2.1 Derive the general form of an equation of a parabola
Consider a parabola whose focus is F(h,k) and equation of its directrix is
Ix+my+n=0.
Let P(x, y) be any point on the parabola. By definition of parabola
|PF| = |PT|

ie, -2t (y—k)E = |Amyin
\/l2+m2

> +mH)[(x - h)? + (y —k)?] = (Ix + my +n)?

12x2 — 2hl?x + 12h? + m?x? — 2hm2x + h?m? + [2y? — 2kl%y + k?[?

+m?2y? — 2km?y + k*m? = 12x? + m?y? + n? + 2lmxy + 2mny + 2Inx

= m2x? - 2lmxy + 1?y? — 2hl%x — 2hm?x — 2Inx — 2kl*y — 2km?y
—2mny + [?h? + R?m? + k212 + k*m? —n? =0

= (mx—1ly)?—2(hl? + hm? + In)x — 2(kl? + km? + mn)y + [>h? + h?m?
+k212 + k*m? —n? =0

(mx — ly)> + 2gx + 2fy+c =0 (1)

U

U
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g=—(hl+hm+In)
f=—(kl+ km+mn)

and ¢ =12h% + h®m? + k%1% + k*m? — n?

Equation (i) is the general equation of parabola.

It is evident from the equation that second degree
terms in the equation of parabola form a perfect square.

In case directrix is parallel to x-axis then [ = 0. So,
by adjusting values of g, f,c accordingly equation (i) is
reduced to

m?x? +2gx +2fy+c=0 ...(ii)

In case directrix is parallel to y-axis then m = 0. So, by adjusting values of g, f,c
accordingly equation (i) is reduced to

Fig 9.2

12y2 +2gx+2fy+c=0 ....(iii)
Leta=m?and b = [?
then

ax?+by? +2gx+2fy+c=0 ..(iv)

represents the parabola whose directrix is parallel to either of axes if either a = 0 or
b=0.
Example: Find the equation of parabola whose focus is F(3,4) and directrix I: 2x —3 = 0.
Solution: Let P(x, y) be any point on the parabola.

According to the definition of parabola

|PF| = distance of P from /

i.e., \/(x — 3)2 + (y _ 4)2 — |2x2—3

=  4{(x-3)2+ (-4 =(2x—3)?

=  4(x>—-6x+9+y*—8y+16) =4x>—12x+9
=  4x?+4y?—24x—32y+ 100 =4x%—12x+9
= 4y?2 —12x—32y+91=0

This is the required equation of parabola.

9.3 Standard Form of Equation of Parabola

The four possible orientations of parabola such that vertex is at origin and the axis of
parabola is along the x-axis or y-axis, are called the standard positions of a parabola and the
resulting equations are called the standard equations of a parabola.
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9.3.1 Derive the standard equations of parabola, sketch their graphs and find
their elements:
(a) Standard equations of parabola

e Standard equation of parabola when axis of parabola is along x-axis and vertex is at

origin. [ y-axis
. . . A A
Consider a parabola whose vertex is at origin and P(xy)
axis of symmetry is along x-axis as shown in the figure
9.3.

Let F(a,0) be the focus on x-axis then the F(a0) x-axis

equation of directrix / willbe x = —aorx +a = 0. 0 >
Let P(x,y) be any point on the parabola, where

a # 0. (Fig. 9.3)
According to the definition of parabola
|PF| = distance of P from / x g a
) Fig 9.3
ie, J(x—a)’+y?=|x+al

Squaring both sides

(x—a)?+y*=(x+a)?
= y? = 4ax
This is the required standard
equation of parabola.

If a > 0 then it is cup-right
parabola.

If a <0 then it is cup-left
parabola as shown in fig. 9.4.

cup-right parabola cup-left parabola
Fig 9.4

e Standard equation of parabola when axis of parabola is y-as

along y-axis and vertex is at origin.

A
By using definition of parabola, we can derive standard
equation of parabola, when axis of parabola is along y-axis and F(a, 0)
vertex is at origin which is
x% = 4ay x -ayis

where F(0,a) is focus and equations of directrix is

[

y = —a as shown in fig. 9.5 y=-a directrix

A

If a > 0 then it is cup-up parabola. Fig 9.5
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If a < 0 then it is cup-down parabola as shown in fig. 9.6.

Q
L
Q
»@ * F(a,0)
Vi
Z
cup-down parabola cup-up parabola
Fig. 9.6
Latus Rectum: t A
A
We know that the chord through the focus of a ¢
parabola and perpendicular to its axis is called the latus rectum
of the parabola. In the Fig. 9.7 AB is latus rectum. -
Here |AB| = 2|4F| = 2|AC| Zl O >
or |AB| = 2|EF| = 2(2a) = 4a
Thus, the length of the latus rectum is |4a|. b
B
directrix
Fig 9.7

(b) Sketching the graph of parabolas from their standard equations

Graphs of parabolas from their standard equations can be sketched using the following

steps.

1. Determine the axis of parabola from the given standard equations. If equation
contains x2-term, then its axis of symmetry is along y-axis. If equation contains
y?-term then its axis of symmetry is along x-axis.

2. Determine, in which way, the parabola opens. If parabola is along x-axis then it is
cup-right and cup-left if a > 0 and a < 0 respectively. If parabola is along y-axis
then it is cup-up and cup-down if a > 0 and a < 0 respectively.

3. Locate focus and draw the latus rectum of length |4a|.

4. Sketch parabola joining the ends of latus rectum with its vertex.

Example: Sketch the graphs of the following parabolas.

(i) y? =12x (i) x%2 = =10y
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Solution:
(i) y? =12«x
Comparing with y2 = 4ax
We get 4a = 12 = a=3

equation has y? —term

parabola is along x-axis and it is cup-right

because a > 0.

Here, latus rectum = |4a| = [4(3)| = 12

Now, we draw latus rectum AB through focus F(3,0)
and sketch the parabola as shown in figure 9.8.

©)

(i) x?=-10y
Comparing with x? = 4ay
We get 4a = —10 = a=—%
equation has x2 —term
parabola is along y-axis and it is
cup-down as a < 0.
_ _ S| =
Here, latus rectum = |4a| = |4(—§)| =10 4
Now, we draw latus rectum AB through
focus F (0, - E) and sketch the parabola as shown in
figure 9.9.

Standard forms of translated equations of parabola

Fig 9.9

The topic of translation and rotation of axes will be discussed in detail in section 9.12.

At this stage we should know that if standard parabola
is translated % units horizontally and & units vertically = » 'ﬁXis
then its vertex will be (h, k) and the resulting equations

will be

A

A

vertex

x F(a+h,k)

() (y—k)? =4a(x—h) in case axis of
symmetry is parallel to x-axis as shown in the Fig. 9.10.

%k) Axis of symmetry

Here focus and directrix will be (h + a, k) and
x = h — a respectively.

(2) (x—=h)?>=4a(y—k) in case axis of
symmetry is parallel to y-axis as shown in the Fig. 9.11.

\

\# X -axis

4

directrix

Here focus and directrix are (h,k + a) and
y = k — a respectively.

x=h

—da

Fig 9.10




along with its elements as under:
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In order to find elements of parabola from its equation, we summarize the equations

y -axis

vertex [(h, k)

»
>

directrix: y =k —a

A

[

Equation of Parabola

| o

X -axis

v
Axis of symmetry

Fig 9.11
Related information

(1) y? = 4ax

Axis of symmetry is along x-axis with vertex at origin.
Axis of symmetry: y = 0

If a > 0 then it is cup-right.

If a < 0 then it is cup-left.

Focus is (a, 0)

Latus rectum = |4a|

Directrix is x = —a

End points of latus rectum = (a, +2a)

() x* =4ay

Axis of symmetry is along y-axis with vertex at origin.
Axis of symmetry: x = 0.

If a > 0 then it is cup-up.

If a < 0 then it is cup-down.

Focus is (0, a)

Latus rectum = |4a|

Directrix is y = —a

Ends points of latus rectum = (+2a, a)

3) v —k)? = 4alx - h)

Axis of symmetry is parallel to x-axis with vertex
(hk)y—k=0.

If a > 0 then it is cup-right.

If a < 0 then it is cup-left.
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Equation of Parabola Related information
e TFocusis (h+a,k)

e Latus rectum = |4a|

e Directrixis:x —h =—a

¢ End points of latus rectum = (h + a, k + a)

e Axis of symmetry is parallel to y-axisi.e., x —h =0
e Ifa > 0 then it is cup-up.

e Ifa < 0 thenitis cup-down.

@) (x—h)2=4a(y—k) |e Focusis (hk+a)

e Latus rectum = |4a|

e Directrixis:y —k = —a
e End points of latus rectum = (h £ 2a,k + a)
(¢) Finding elements of parabola

We find different elements of parabola with the help of the following examples.
Example 1. Find focus, latus rectum and equation of directrix of the parabola with equation
y? = 12x. Also sketch its graph.
Solution: Given parabola is: y? = 12x

comparing with y? = 4ax

We get, 4a =12
= a=3 y -axis
Parabola is along x-axis with vertex (0, 0). *
Its focus = (a, 0) g A\
=(3,0) e
Now, latus rectum = |4a] / '
= 1403)| x-axis
= 12| = 12 0 FG3,00
Equation of directrix will be \ 6
X=-a
ie., x=-3 \
or x+3=0
Graph of Parabola Fig9.12

Here,
Axis of symmetry is along x-axis with vertex at origin.
a>0
Its is cup-right parabola and latus rectum is 12 units.
This graph is shown in Fig. 9.12.
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Example 2. Find vertex, focus, latus rectum, equation of axis and directrix of parabola
(x +2)% = —8(y — 3). Also sketch its graph.
Solution: Given parabola is (x + 2)? = —8(y — 3)
comparing with (x — h)? = 4a(y — k)
We get, h=-2,k=3and4a = -8
= a=-2
Axis of symmetry is parallel to y-axis.
Its focus = (b, k + a)
=(-2,3-2)
= (-2,1) .
Its vertex = (h, k) = (-2,3) Y 'ﬁXIS
Now, latus rectum = |4a|

= |—8| = 8 units V(-2,3) ¢4
Equation of axis will be
x=h K 4
ie., x=-2 < F(-2,1) X -axis
or x+2=0
Equation of directrix will be

y—k=-a
= y—3=2 X=- 2
directrix
=  y-5=0 Fig 9.13
Graph of Parabola
Here, axis of symmetry is x = —2, which is parallel to y-axis. Vertex, focus and latus
rectum are (—2,3), (—2, 1) and 8 respectively.
a<0
Its is cup-down parabola. The graph is shown in Fig. 9.13.

9.3.2 Find the equation of a parabola with the following given elements:
e focus and vertex,
o focus and directrix,
e vertex and directrix,
e vertex and points.
(i) Equation of parabola when focus and vertex are given.

The method of finding equation of parabola when focus and vertex are given is
explained with the help of the following examples.

Example 1. Find the equation of parabola when focus is (5, 0) and vertex is (0, 0).
Solution: Here focus = (5,0) = (a,0)
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So a=>5
Focus is on x-axis and vertex is at origin
Its equation will be
y? = 4ax

ie, y?2=40)x

or y? = 20x

Example 2. Find equation of parabola whose vertex is (2, 3) and focus is (2, 7).

Solution: Here, vertex = (2,3) = (h, k) and focus = (2,7) = (h,k + a)
So, k+a=7
= a=4%

According to the condition axis of symmetry is parallel to y-axis with vertex (h, k).
So, its equation will be
(x —h)? = 4a(y — k)
By using values of a, h, k
We get, (x—=2)2=44(y-3)
=  x?—4x+4=16y—48
=  x?—4x-16y—-52=0
(ii) Equation of parabola when focus and directrix are given

Method of finding equation of parabola when focus and directrix are given is explained
with the following examples.

Example: Find the equation of parabola whose focus is ﬁﬂx

) ) . A A )
(2,4) and equation of directrix is x + 3 = 0. Qk
Solution:

Here, focus = (2,4) and directrix is x + 3 = 0.
Let P(x, y) be any point of parabola.
So, |PF| = distance of P from directrix

ie. J&x—-22+@y-42=|x+3| -
Squaring both sides

(x—2)2+ @y —4)?=(x+3)?
= x’—4x+4+y?-8y+16=x2+6x+9 x+3
= y?2-8y—-10x+11=0 Fig 9.14
This is the required equation of parabola.

(ilij  Equation of parabola when vertex and directrix are given

Il
(e

Method of finding equation of parabola when vertex and directrix are given is
explained with the help of the following examples.



Example 1. Find the equation of parabola whose directrix is x = 5 and vertex is at origin.

Solution:
directrix is parallel to y-axis and vertex is origin.
axis of symmetry is along x-axis and its equation will be
y? = 4ax ..(0)
with directrix xX=-a ...(11)
whereas given directrix is: x=5 ...(111)

comparing equations (ii) and (iii)
we get a=-5
By using a = =5 in equation (i)
we get, y2 = —20x
This is the required equations of parabola.
Example 2. Find the equation of parabola whose vertex is (1, 2) and directrix is y = 4.
Solution:
directrix is parallel to x-axis and vertex is not at origin.
Axis of symmetry will be parallel to y-axis and its equation will be
(x—h)?=4aly — k) ...(0)
with vertex (h, k) and directrix y = k — a ...(ii)
Given directrix is y = 4 ...(ii1)
Here vertex = (h, k) = (1,2)
comparing equation (ii) and (iii)
we get, k—a=4
ie., 2—a=4
= a=-2
Using a =—2,h =1and k = 2 in equation (i)
we get, (x —1)2 = -8(y—2)

y -axis
This is the required equation of parabola. A \
(iv)  Equation of parabola when vertex and point are given: P K\”L
The method of finding equation of parabola when vertex
and point are given is explained by the following example.
Example: Find the equation of parabola whose vertex is (0, 0) and

passes through (1, 2).
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Solution:

Vertex is at origin.

Axis of symmetry may be along x-axis or y-axis.
Case I: When axis of symmetry is along x-axis

Let  y?=4ax ...(1) Fig 9.15
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N

be the equation of parabola
point P (1, 2) lies on the parabola
equation (i) becomes
4=4a = a=1
By using a = 1 in equation (i)
we get,
y? = 4x, which is the required equation of parabola.
Case I1: When axis of symmetry is along y-axis
Let x%=4ay ...(0)
be the equation of parabola
point P(1, 2) lies on the parabola

equation (i) becomes

1
1=8a = a=g P(1,2)

By using a = % in equation (i)

X -axis
we get g
2 1
=3y Fig 9.16
This is the required equation.
™ Baerseon )
1. Draw the following parabolas:
(i) y? = 10x (i) x2 = =12y
(i) y?—x—-2y—-1=0 (iv)x2—6x—2y+5=0
2. Determine vertex, focus, latus rectum and equation of directrix of the following. Also
find the equation of the axis of symmetry.
(i) y%? = —8x (i) x2 = —16y
(iii) (y +3)2 = 12(x — 2) (iv) (x+5)2 =8(y —3)
Vx?+4x—y+5=0 (vi)y2—6y+8x—23=0
3. Find the equation of parabola whose focus is F(1, —2) and directrix is 3x — 5 = 0.
4. Find the equation of the parabola whose focus is (3,4) and the directrix is the line
x+y—-1=0.
5. Find the equation of the parabolas whose focus and vertex are as under:
(1) Vertex (0,0) ; focus (5,0) (ii) Vertex (0,0) ; focus (0,—2)

(iii) Vertex (1,—3) ; focus (1,2) (iv) Vertex (2,4) ; focus (3,4)
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11.
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Find the equation of parabola whose focus and directrix are given:

(i) focus (3,0) and directrix x — 5 =0

(ii) focus (0,4) and directrix y + 6 = 0

(iii) focus (—4, 3) and directrix y = 6

Find equation of the parabola whose vertex and directrix are as under:
(i) vertex (0,0) ; directrix x = —6

(ii) vertex (0,0) ; directrix y =5

(iii) vertex (3,4) ; directrix x =5

Find the equation of parabola whose vertex and point are given:

(i) vertex (0,0) ; point (3,4)

(ii) vertex (5,0) ; point (4,6)

Find the standard equation of parabola whose latus rectum and vertex are the diameter
and centre of the circle respectively x2 + y? — 4x and—8y — 5 = 0.

Find the equation of circle and its circle is at the focus, whose diameter is the latus rectum
of the parabola x? = 12y and its centre is at the focus.

For what point of the parabola y? = 10x, the abscissa is equal to three times its ordinate.

Equation of Tangent and Normal of Parabola

In this section we will study about tangent and normal to a parabola along with their

equations and conditions.

9.4.1 Recognize tangent and normal to a parabola

We know that a line which touches a parabola at a P

single point is called tangent and the line perpendicular to
the point of tangency is called normal. In the figure 9.17, the
line / is tangent to the parabola at point P whereas the line m
is normal.

m

Fig 9.17

9.4.2 Find the condition when a line is tangent to a parabola at a point and hence

write the equation of a tangent line in slope form
Consider a line

Ly=mx+c ..(1)

and parabola y? = 4ax ...(ii)
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Solution:

By using y = mx + ¢ in equation (i),
we get (mx + ¢)? = 4ax
= m2x? + 2cmx + ¢? = 4ax
=  m?x?+2(ecm-2a)x +c? =0 ...(iii)

Given line will be tangent to the parabola

if A= 0 (where A is discriminant of equation (iii))
ie, 4(cm—2a)?—-4c*m?>=0

=  *m?—4dacm+4a® - c*m? =0

= 4a® =4acm

= a=cm
a
= cC =—
m

This is the condition of tangency of y = mx + ¢ to the parabola y? = 4ax.

By using ¢ = rr% in equation (i) (since a # 0)

we get,

L@
=mx +—
Y m

This is the equation of tangent to parabola y? = 4ax in slope form.
From equation (iii), by quadratic formula

we have x = — 2(M=20)
2m
a—2a a
bg(., c=9)
m? m
a
“m?

. a . L
By using x = 7 in equation (i)

we get,

So, the point of tangency is (%,2—"?)

Example: Find the condition when the line 2x + 3y = p is tangent to the parabola y? = 12x.

Also find equation of tangent and point of tangency.

Le., y=—§x+§

We have parabola y? = 12x in which a = 3 and the line I: 2x + 3y = p



9.4.3

Comparing with y = mx + ¢

we get, m = —%andc =§
Now condition of tangency is:
a
c=—
m
. p_ 3
e, =72
3
L
2
Equation of tangent will be y = mx + %
e, y= —%x + _%
3
N
3 2

This is the required equation of tangent.

Now the point of tangency = (% ) %)

(3 6
\r_2
9 73

-G
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Find the equation of a tangent and a normal to a parabola at a point

Let P(x;,y;) be a point of parabola y? = 4ax,

So y? = 4ax,

Differentiating w.r.t x

dy
Zya—ﬁta
d
— dy _2a
dx y

Now slope of tangent at P(x1,y,) = (%)

_Za

ie., =
Y1

(x1,¥1)

By point slope form, the equation of tangent will be

2

Na

90°

Normal

Tangey

v

Fig 9.19




Parabola, Ellipse and Hyperbola

y—y1 =m(x —xq)
; 2a
1.€., Y—y1= y—(x —X1)
1

=  yy, —y?=2ax — 2ax;
=  yy; —4ax; = 2ax — 2ax; (- y? = 4ax;)
=  yy, =2a(x + x1)

This is the equation of tangent to y? = 4ax at (x;,y,).

Normal is perpendicular to the tangent at point of contact P(x4,y;)

slope of normal = — 1
m

N
T 2a
Now equation of normal, by point slope form is

y—n=—%&—m>
=  y(x—x)+2aly—y) =0
This is the equation of normal to the parabola y? = 4ax at (xq,y;).
Example: Find the equation of tangent and normal to x? = 8y at (4, 2).
Solution: We have
x? =8y

Differentiating w.r.t x

dy
2x = 8—
x=8 Ix
dy x
= | ax 2

dy

Now slope of tangent at (4,2) = (dx (4.2)
4,2

ie., m=1

By point slope form the equation of tangent will be
y—y1=mx —x1)
y—2=1x—-4) [+ (x1,p1) = (4,2)]
= x—y—2=0
Normal is perpendicular to tangent
Slope of normal = m' = —1
By point-slope form, equation of normal will be
y—4=-1(x—2)
= x+y—6=0
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9.5 Application of Parabola

Parabolas have important applications in suspension bridges, design of telescopes,
radar antennas and lighting systems.

This is because of the important geometrical property of parabola which is stated as
under:
Theorem: The tangent at a point P of parabola makes equal angles with the line through P
parallel to the axis of parabola and the line through P and the focus.
Proof: Let line / be a tangent to parabola y? = 4ax at point P(x;,y;) as shown in Figure.

Let o be the angle between tangent and the line PQ parallel to the axis of the parabola
and 3 be the angle between the tangent and the line through P and focus F(a, 0).

v P (x4, 1) lies on the parabola

y? = 4ax,
2
_)1
= a= Ix;

We have y? = 4ax

differentiating w.r.t x
2 v _ 4 ! '
Yy~ *a

dx =
dy 2a F(a,0)
=S5 _ =
dx y
Now, the slope of tangent to the parabola at P will be J”g\,
dy 2a &
e,
ax/(xy) W1 Fig 9.20
()
Y1 \4x;
_n
le
Slope of PQ = m, = 0 and slope of PF = m; = xi,ia
N
2
Y1
x ——
1 4x
_ 4x1y1
4xf —yi
Angle from P_Q) to the tangent
my —mp
tana =

1+ mym,
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tana = Re - (D)

2x4
Angle from tangent to PF
_omg—my
tanB = H—T1m3
4y 1

4xf —yi 2%

- 4,101 V1
—_— X - =
M Rry

_ Sxiy —dxiyi +yi

8x3 — 2x,y2 + 4x,y?
4ty +y3
- 8x3 + 2x,y7
_ y1(4xf +yD)
- 20 (4xf + )
Y1

tan 3 =2—x1 .. (i)
a and B are acute angles and tan o = tan 8 (from (i) and (ii))
a= Hence proved.

9.5.1 Solve suspension and reflection problems related to parabola

In physics, according to the law of

S _ normal
reflection of light, the angle of incidence is equal to
the angle of reflection at point P of the surface as incident reflected
shown in the Fig. 9.21. ray ray,
2 —
ie. 6,=0, V= dax
So, a = B (complements of congruent 0110
angles) a i
It means the angle between incident ray P tangent line
and the tangent line at P is equal to the angle Fig 9.21

between the reflected ray and the tangent line at P.

Therefore, if the reflecting surface has parabolic cross sections with a common focus, then all
light rays entering parallel to the axis of parabola will be reflected through the focus as shown
in the figure 9.22.

In reflecting telescopes, this rule is used to reflect the parallel rays of light from the
stars or planets off a parabolic mirror to an eye piece at the focus of the parabola.



\ 4

A\ 4

A

y

Focus Axis
Fig. 9.22 Fig. 9.23

Conversely, if a light source is located at the focus of a parabolic reflector, then the
reflected rays will form a beam of parallel rays parallel to the axis of parabola as shown in the
figure 9.23. The parabolic reflectors in automobile headlights and flash light use this rule. The
optical principles which have been discussed above are also valid for radar signals, sound
waves, radio waves etc.

Parabolas are also used in suspension problems related to suspension bridges and
structures.

. Tower
Suspension Cable Main Cable
K
-llllll|I.III IIIIIII...II..IIII'IIIIIII IIIIIII...II-
Deck Anchor

Fig. 9.24
We know that the cables of suspension bridges are mostly parabolic in shape. This
shape provides the stability of bridges. The weight of the bridge and other physical forces
(tensions, compressions) acting on the cable are transferred by the parabolic cables to the
towers to which the cables are attached. This transfer of physical forces helps the bridges to
remain operational for a long period of time.
Let us solve few examples related to suspension and reflection.

Example 1. How far from vertex should a light source be placed on the axis of parabolic
reflector so that it produces a beam of parallel rays, whereas the depth and length of chord
perpendicular on axis of parabolic reflector are 10 cm and 12 cm respectively and the parabola
is cup-right.

Solution: Let the vertex of parabolic reflector is at origin as shown in the figure 9.25.

Parabola, Ellipse and Hyperbola
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According to the condition [AB| = 12 cm
and |OC| = 10 cm.
point C is the mid-point of AB
|AC| = |BC| = 6cm
Hence coordinates of A and B are (10, 6) and (10, —6)
respectively.

Le the equation of parabola be
2=4 (i B
yoE e . O Fig 9.25
A(10, 6) lies on the parabola
we have 36 = 40a

9
—3 = —
= 10

Now, focus = (a,0) = (%, 0)

9
So, the light source should be placed at F ((19—0, 0) which is at a distance of 1—0 cm from

vertex.

Example 2. A main cable of a suspension bridge is suspended in the shape of parabola between
two towers that are 600 ft apart and 90 ft above the roadway. If cable is at the height of 10 ft
from the roadway at the centre of bridge then find:

i) equation of parabola

(i1) height of suspender cable which is 150 ft away from the centre of bridge.
Solution: Let AC and BD represent towers of suspension bridge as shown in the Fig. 9.26.

According to the condition |QE| = 10, |QP| = 80,|BD| = 90 and |DE| = 300.

Let vertex Q is on y-axis then equation of parabola will be

x% =4a (y — 10) ..(Q)
According to the condition, point A AP B
B(300,90) lies on parabola. (300, 90)
So from equation (i), we get 80
90000 = 4a(80) Towgr90 ft 90 ft| Tower
o g 2000 QA 0,105
32 P 150 R
1125 < 5 >
=  a=— C D
So, equation (i) becomes — oooft |H —
v

x%2=1125(y — 10) ...(ii) Fig 9.26
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Let 4 be the height of suspender cable at 150 ft away from the centre of bridge.
v T(150, h) lies on the parabola

equation (ii) becomes

(150)% = 1125 (h — 10)

22500
= h—10=20
= h= 30

So, the required height is 30 ft.

Exercise 9.2 )

1. Find the condition when the line y = mx + ¢ is tangent to the parabola x? = 4ay.
Also find point of contact and the equation of tangent.

2. Find condition of tangency and the point of tangency for the following lines and
parabolas. Also find equation of tangent in each case:
(i) 2x+y=c ; y>=10x
(i1) 3x+4y=p ; x?2=12y

(i) y=cx ;o yi=8(kx—-1)
3. Find the equation of tangent and normal to the following parabolas at the given points:
(i y*=8x ; (2,4)
() x%=4y ; (6,9
(i) OG-D*=9x-2) ; B9
4. Find the equation of tangent and normal at P(x,,y;) to the parabola x? = 4ay.
5. A light house uses a parabolic reflector that is 1 m in diameter. How deep should the

reflector be if light source is placed halfway between the vertex and the plane of rim
to produce parallel beam of light to the axis of parabola.

6. There is a parabolic reflector of 12 cm in diameter is used in a vehicle where should
the light source be placed to produce parallel beam of light whereas the reflector is 8
cm deep.

7. The main cable of suspension bridge is suspended in the shape of parabola between

two towers that are 100 m apart and 30 m high from the roadway. If the cable is at the
height of 5 m from the roadway at the centre of the bridge then find the equation of
parabola and the distance of 10 m high suspended cable from the centre of the bridge.

8. The main cable of a suspension bridge is in the shape of a parabola. The towers are
600 feet apart and 60 feet high from the roadway. If the cable touches at the roadway
at the midway between the towers. What is height of the suspender cable 150 feet from
the centre of the bridge.
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9.6 Ellipse

We have already studied about ellipse that ellipse is an special type of conic. Here we
will discuss its definition and elements in detail.

9.6.1 Define ellipse and its elements (i.e., centre, foci, vertices, covertices, directrices,
major and minor axes, eccentricity, focal chord and latera recta)

An ellipse is defined on the basis of two geometrical properties, one is called focus-
directrix property and the other one is related to the distances of a point of ellipse to two fixed
points.

Definition 1: An ellipse is a set of all the points in plane whose distance from a fixed
point bears a constant ratio to its distance from a 4 A
fixed line. The fixed point is called focus, the fixed B: L
line is called directrix and the constant ratio is
called eccentricity. We denote eccentricity by e 90°
whereas 0 < e < 1. By symmetry ellipse has two
foci and two directrices as shown in the figure

Az F2 Fi As

9.27. In the figure F; and F, are two foci whereas
l; and [, are two directrices. The mid-point of the B2
foci is called centre of the ellipse. The chord ;2' ‘;1
through two foci and the centre is called major axis Fig 9.27

whereas a chord through centre and perpendicular

to the major axis is called minor axis. In the figure point C, A;4, and B; B, are the centre,
major axis and minor axis of the ellipse respectively. The end points of major axis and minor
axis are called vertices and covertices respectively.

In the figure, A; and A, are vertices whereas B; and B, are covertices. Any chord
through a focus is called focal chord of the ellipse whereas the focal chord which is
perpendicular to the major axis is called latus rectum of the ellipse. In the figure LM and PQ
are latera recta (plural of latus rectum) of the ellipse.

Note: The major and minor axes together are called principal axes and their halves
are called semi-axes.

Definition 2: An ellipse is the set of all P2 P
points in the plane, the sum of whose distances
from two fixed points is a positive constant that is Fa F.
greater than the distance between the fixed points A» : A

and equal to the length of major axis. The fixed
points are called foci as shown in the figure 9.28.

Let P; and P, be any two points of ellipse

: ) Fig 9.28
whereas F; and F, are foci as shown in the figure
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then by definition.

|PyFy| + [P F,| = |PoFy | + PRl = k
Where k >0 ,k > |F1F2| andk = |A1A2|
Basic relation of distances of focus, vertex and covertex from the centre of ellipse.

Let a, b, c are respectively the distance of vertex, covertex and focus from centre of the
ellipse as shown in the figure 9.29. The basic relation of a, b, ¢ is a? = b? + ¢?. Let us prove
it. First of all, we take two points P and Q such that P is at vertex and Q is at covertex.

According to the definition 2 of ellipse Q
|PFi| + [PF;| = [QFy| + [QF|

ie, (a—c)+(a+c)=+vbh?%+c?2+Vb2+c?

= 2a = 2Vb? + 2

Squaring both sides

=

ta? = b% + c2.
we ge + Fig 9.29
Hence proved.
Relation of a, c and e where e is eccentricity of the ellipse.

Consider an ellipse whose centre is at C and directrices [; and [, as shown in the figure
9.30. A; and A, are two vertices and F; and F,, are the foci. By definition of eccentricity

_ miF
B mA,D;
- mAlFl = e(mAlDl) (1) A

C N
Similarly, mA,F; = e(mA,D,) ...(i) Dzl & JAI l

e

From Fig. 9.30

mA,A, = mA,F; + mAF, b .
or 2a = e(mA,D; + mA;D;) Fig 9.30
= 2a = e(mA,C + mCD; + mCD; — mA,C)
=  2a=e(2mCD,)
= mCD; =% .. (i)
Now, mCF, = mCA, — mAF,
ie, c=a—emA;D, (using (i))

c =a—e(mCD; —mCA;)
= c=a-e(5-q) (using (i)
= c=a—e (a eae)
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= c=ae

or e =

c
a

i.e., eccentricity of ellipse is also the ratio of distances of focus and vertex from centre.
9.6.2 Explain that circle is a special case of an ellipse

We know that in ellipse, the eccentricity “e” is given by
c
e=- where0 <e<1

and it is the measure of the flatness of ellipse.
If we keep major axis constant then the closer the eccentricity is to 1, the flatter will be

the ellipse. Conversely if e gets closer
to zero the ellipse will become circle,
as shown in the figure 9.31.
We have
c
e=-
a e=0

e=0.5
If ¢ approaches to zero then =09

eccentricity will be zero and two foci Fig 931
will coincide and the resulting ellipse
will be a circle.

We also have

a’ = b2 + ¢?
If c=0
then a? = b?
ie., a=>b

Hence circle is an special case of circle when eccentricity is zero, foci coincide and

9.7 Standard Form of Equation of an Ellipse y-axis

The simplest equations of ellipse are obtained when
coordinate axes are positioned in such a way that the centre of ellipse
is at the origin and the foci are on either x-axis or y-axis. The two
possible such orientations are shown in the figure 9.32 and 9.33. F2 € j
These are called the standard positions of ellipse and their equations
are called standard equations of ellipse.

> ‘
‘7>'<
=3
7




9.7.1 Derive the standard form of equation of an ellipse y-éﬁiis

when major axis is along x-axis and the other when major axis is
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and identify its elements
There are two standard forms of equation of ellipse: one / a
X-axis

along x-axis

Let P(x,y) be any point of ellipse with major axis along
x-axis and centre at origin as shown in the figure 9.34. Let a, b, ¢
be the distances of vertex, covertex and focus from
the centre respectively. AL A

foci are on x-axis
foci are F; (c,0) and F,(—c, 0) /7“
Fa Fi

along y-axis. We derive both standard forms. C g
(a) Standard form of equation of ellipse when major axis is F2

Eithe de@tion 2 of ellipse 0 o0 o)
|PF,| + |PF,| =2a  wherea >b

= Jx-02+y*+(x+c)2+y2=2a

or (x+c)2+y?=2a—(x—c)?+y? v

Squaring both sides
(x+c)?+y?=4a*—4a\/(x —c)? +y?+ (x —¢)* + y?
or ay(x—c)2+y%2=a%?—cx

Again, squaring both sides

a?{(x — ¢)?> + y?} = a* — 2a’cx + c%x?

= (a® — cH)x? + a?y? = a?(a? — ¢?)

Dividing both sides by a?(a? — ¢?)
52 y2

we get E + 22 —c2 =1
X2 2

ie., _2+y_= 1 (+ a®>=b?>+c%?anda > bh)
a? b2

coordinates of vertices and covertices are (+a, 0) and (0, +b) respectively.

. . . a
centre. So, equations of directrices are: x = + z

a
We have already proved in section 9.6.1 that directrix is at distance of -

P x-axis

Fig 9.34

This is the standard equation of ellipse when major axis is along x-axis where

from the
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(b) Standard form of equation of ellipse when major axis is along y-axis

Let P(x,y) be any point of ellipse with major axis % is
along y-axis and centre at origin as shown in the figure f >
9.35. Let a, b, ¢ be the distances of vertex, covertex and @)
focus from the centre respectively. Fi(0, ¢)
foci are on y-axis .
. (0’ 0) X-ax1s
foci are F; (0, ¢) and F,(0,—c) < C >
By the definition 2 of ellipse
|PF,| + |PF,| =2a  wherea > b B
= 2+ -+ x2+(y+c)2=2a s R

2 — _ 2 — )2 \{
or  Jx2+(y+e)=2a-x2+ (-0 Fig 9.35
Squaring both sides
Y+ +x?=4a® —4ayx?+ (y—c)? +x2 + (y — ¢)?
or ayx+ @y —c)2=a*-cy

Again, squaring both sides
a?{x?>+ (y — ¢)?} = a* — 2a’cy + c?y?

= a’x? + (a® — c®)y? = a%(a® — ¢?)
Dividing both sides by a?(a? — ¢?)
52 y2
We get 2oz + - 1
2 42
X y
ﬁ+§=1 (v a?=b%*+c%anda > bh)

This is the standard equation of ellipse when major axis is along y-axis where
coordinates of vertices and covertices are (0, +a) and (b, 0) respectively.

a
We have already proved in section 9.6.1 that directrix is at distance of Z from the

centre. So, equations of directrices will be: y = i% .

Length of latus rectum:
Let AB be the latus rectum of ellipse with major axis along x-axis having equation
2 .2
x° y .
; + ﬁ =1 (l)
Focus is on x-axis
Coordinates of one focus are (¢, 0)

Now equation of line containing latus rectum is
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X=c or X =ae (v c=ae) Y
By using x = ae in equation (i)
aZe? 2

We get, 22 +§ =1

A
R
= iepa-e) 1V
o yoanisE B

So, the end points of latus rectum are

A(c,bV1 —€e?) and B(c,—bV1 — e?) Fig 9.36
Now, mAB = 2bV1—e?
a? — 2 c
=2b a2 ('.' e = E)
b
=2b(—) 2 _ 2=b2
. (v a*—c¢ )
_2b®
a
2b?

So, the length of latus rectum is PR

Standard equations of translated ellipses:

If the axes of an ellipse are parallel to the coordinate axes B:
and centre is not at the origin then, by the translation the equations
of ellipse may be determined which are as under:

(1) Ellipse with centre (h, k) and major axis parallel to x-axis.
(x-h?  (y—k)?

a? * b?
In this case foci are (h+c, k), vertices (h+a,k),

=1(a>b) > x

Fig 9.37
covertices are (h, k + b) and directricesare x — h = + %. v €
(ii) Ellipse with centre (h, k) and major axis parallel to y-axis. 1
(x—h)?* (y—k)?
52 + - 1(a>Db) (h, k)

In this case foci are (h, k + ¢), vertices are (h, k + a) covertices
are (h + b, k) and directricesare y — k = + %.
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General equation of ellipse when axes of ellipse are parallel to coordinate axes

=

=

Consider a translated ellipse

AV A
—h° =k

pz 1

b?(x? — 2hx + h?) + a?(y? — 2ky + k?) = a®b?
b2x? 4+ a?y? — 2hb%x — 2ka?y + b*h? + a’k? — a?b?> =0  ...(0)
Let A=b?%B =a?

G = —2hb?% H = —2ka? and C = b%h? + a%k? — a®b?

then equation (i) becomes

Ax? + By? + Gx + Hy + C = 0, where A and B are non-zero with same sign.

This is general equation of ellipse when axes of ellipse are parallel to coordinate axes.

Summary of equations of ellipse

Equation

Related terms and conditions

(@)

2 2

| %
<
N

b

Major axis is along x-axis and centre is origin
Foci: (+c,0),

Vertices: (+a, 0)

Covertices: (0, £b)

. . a
and Directrices: x = + z

2b?
Length of latus rectum: P

(i)

Major axis is along y-axis and centre is at
origin. Foci: (0, c¢),

Vertices: (0, +a)

Covertices: (+b,0)

. . a
and Directrices: y = + z

2b?
Length of latus rectum: P

(iii)

(x-n)?  (y-k)?
a? + b2

= 1(a> b)

Major axis is parallel to x-axis with centre at
(h, k)

Foci: (h + ¢, k), Vertices: (h + a, k)
Covertices: (h,k + b) and

Directrices: x — h = i%

2b?
Length of latus rectum: o
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A

Equation

Related terms and conditions

(x-n)?  (y-k)?
+

v

a2

Major axis is parallel to y-axis with centre at
(h, k)

Foci: (h, k + ¢), Vertices: (h, k + a)
Covertices: (h + b, k) and

Directrices: y — k = i%

2b?
Length of latus rectum: P

General equation
Ax?>+By*+Gx+Hy+C =0

A and B are non-zero with same signs. All
related elements can be found by converting
into a standard form.

2 2

2

llipse: —
ellipse: —=

2
L2
9

Here, a?=25andb?=9
So,

we know that

a? = b2 = 2

= 25=9+c?

= =16

= c=4

We know that ¢ = ae

= 4 =5e = e=§
4

So, the eccentricity is <

Now,
Foci = (+¢,0) = (+4,0),

Note: For all types of ellipses mentioned above, we have

2

a’? = b? + c?, latus rectum = % and ¢ = ae.

Aucxiliary Circle: Auxiliary circle of ellipse is the circle whose diameter is the major axis of
ellipse. For ellipse ztzT 1, auxiliary circle is: x? + y2 = a?.
Example 1. Find foci, vertices, covertices, latus rectum and equations of directrices, of the

Solution: This is the ellipse with centre at origin and major axis along x-axis.

a = 5 and b = 3 are the semi-axes of the ellipse,
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Vertices = (+a,0) = (£5,0),

Covertices = (0,1b) = (0,13),
2

Lal‘cusrectum=&=w=E
a 5 5
and equation of directrices are
a
x=4-
e
5
1e., x=4 (¢>
5
or X = 124—5.

Example 2. Find semi-axes, centre, foci, vertices, covertices, latus rectum and equations of
(x=2)*  (y+3)*
+ =1
25

directrices of the ellipse

o o =m? (=k)?
Solution: Comparing given ellipse with L2 + 2z 1
we get a® = 25,b% = 16,h = 2,k = —3 and major axis is parallel to y-axis.
We know that
a? =b%+c?
= 25 =16 + c?
= c? =
= c=3
We know that ¢ = ae
= 3 =>5¢e = e =%

3
So, the eccentricity is < and a = 5,b = 4 are the semi-axes of the ellipse.

Now,
Centre = (h, k) = (2,-3)
Foci= (hk+c)=(2,-3+3)
So, Foci are (2,0) and (2,—6)
Vertices = (h,k +a) = (2,—-3 +5)
So, Vertices are (2,2) and (2, —8)
Coverticesare (h + b, k) = (2 + 4,-3),
So, Covertices are (2,1) and (2,—7)

2
Latus rectum = & = ¥ = %

a
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and equation of directrices are

k=14-
Y e

y+3=+

ull w| L1

or y+3=i§.

9.7.2 Find the equation of an ellipse with the following given elements:

e major and minor axes,

e two points,

e foci, vertices or lengths of a latera recta,

e foci, minor axes or length of a latus rectum.

e Equation of ellipse whose major and minor axes are given

The method is explained with the help of the following example.
Example: Find the equation of ellipse with centre at origin where major and minor axes are 10
and 8 units respectively and major axis is along x-axis.
Solution: Here length of major axis = 10

e, 2a=10

= a=5

and length of minor axis = 8

ie., 2b =18

= b=4

According to the condition, equation of ellipse will be
xt y? . o .
= + 7= 1 ..(1) (~ major axis is along x-axis)

By using values of a and b in equation (i)

we get,
x2 2
LY
25 16

This is the required equation of ellipse.
e Equation of ellipse when two points are given
The method is explained with the help of the following example.
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Example: Find the equation of ellipse passing through (1, \/E) and (@, 1) whereas the centre

is at origin and major axis is along y-axis.
Solution:

major axis is along y-axis and centre at origin

equation of ellipse will be

X2 y?
ptae=1
(1, \/f) lies on the ellipse

we have from equation (i)

1 2
b2 + 2 =1
(@, 1) lies on the ellipse

we have from equation (i)
3 1

T

..(0)

...(ii)

...(iii)

Fig 9.39

3
Multiplying equation (ii) by > and subtracting equation (iii) from the resultant equation

and

or

=

By using values of @ and b in equation (i)

we get,

=

This is the required equation of ellipse.

The method is explained with the help of the following examples.

3 3 3

22" @z 2
23?+%=—1

2 1

a2 2

a’ =4 = a=2

x2 2
—+==1
2 4

4x% +2y? =8

= b2 =2

Equation of ellipse when foci, vertices or length of latera recta are given
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Example 1. Find the equation of ellipse with centre  at origin whose focus and vertex are
(8,0) and (10, 0) respectively.
Solution:

According to the condition, focus and vertex lie on x-axis.

So, major axis is along x-axis.

Here c¢=38
a=10
We know that
a? = b? + ¢?
ie, 100 =b?%+ 64
= b? =36 = b=6
Equation of ellipse will be
2 2
ZtEel
. x? y?
1.e., R + g =

This is the required equation of ellipse.

Example 2. Find the equation of ellipse with centre at origin such that its focus is (0, 3) and
32
latus rectum is of ") units.

Solution:
According to the condition, major axis is along y-axis.
We have,
c=3

and length of latus rectum = 3—52

2b% 32
ie., —_— =
a 5
16a
2 %
= b = £
We know that
a? = b? + ¢?
2 _ 16a

i.e., a —T+9
= 5a% = 16a + 45
= 50> —16a—45=0
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5a%> —25a+9a—45=0
5a(a—5)+9(a—-5)=0
(a—5)5a+9)=0

Lyl

9
a=5o0ra= -t
a cannot be —ve
we neglect a = —%

Hence a=5

We knot that
a? = b? + ¢?
ie, 25=b*+9
=  b*=16 = b=4
Now equation of ellipse will be
x2 2
LY
b? " a?
x2 2
ie., — 4+ - =1
16 25

This is the required equation of ellipse.
o Equation of ellipse when foci, minor axis or length of latus rectum are given
The method is explained with the help of the following examples.

Example 1. Find the equation of an ellipse whose focus is (5,0) and minor axis is 12 units
long and along y-axis where centre is at origin.

Solution:
According to the given conditions, equation of ellipse will be

x2 yZ

P + 2 1 () /‘—\
Here c¢=5 12 units) g (5, 0)
and length of minor axis = 10 \\C (0, 0)
ie, 2b=12
= b=6 Fig 9.40
We know that

a? = b% + ¢?
ie, a*=36+25
a? =61 = a=+61
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By using values of a and b in equation (i)

we get
x?  y?

61736 |
This is the required equation of ellipse.

Example 2. Find the equation of an ellipse whose minor axis is 10 units long and along x-axis
whereas latus rectum is 8 units long and centre is at origin.

Solution:

According to the condition, the equation of ellipse will be

X2 y?
pta=!

Here length of minor axis = 10

ie, 2b=10 = b=5

and length of latus rectum = 8

, 2b? 10 units
1.e., — =38
a
=  b®=4a
- _2
e, a=-
By using values of a and b in equation (i) Fig 9.41
We get
2 2
X
¥ v
25" 25
4
2 2
X 4
= —+ 2> 1
25 25

This is the required equation of ellipse.
9.7.3 Convert a given equation to the standard form of equation of an ellipse,
find its elements and draw the graph

In section 9.7.1, we have already studied the general equation of ellipse when major
and minor axes of ellipses are parallel to the coordinate axes. The equation is as under:

Ax*+By?*+Gx+Hy+C=0
where A and B are non-zero and having same sign.

Equation (i) can be converted into standard form of equation of an ellipse. The method
will be explained in the following examples.
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Technique for drawing graph of an ellipse

Graph of an ellipse can be drawn from their standard equations using the following

three steps:
1. Determine whether the major axis is along x-axis or y-axis or parallel to one
of them. If denominator of x2 or (x — h)? is larger then major axis is along
x-axis or parallel to x-axis respectively. If denominator of y? or (y — k)? is
larger then major axis is along y-axis or parallel to y-axis respectively. If both
denominators are equal then it is a circle.
2. Determine the values of a and b and draw rectangle extending a units on each
side of the centre along major axis and b units on each side of the centre along
the minor axis.
3. Using the rectangle as guide, sketch the ellipse so that it touches the sides of
the rectangle where the sides intersect the axes of the ellipse.
Example: Find foci, eccentricity, vertices, covertices, latus rectum and equations of directrices
of ellipse 9x% + 16y2 — 144 = 0. Also draw its graph.
Solution: We have

9x2 + 16y% — 144 =0

or 9x2 + 16y? = 144

Dividing both sides by 144
X2 y?

E + ? =1

Here a? =16 and b?> =9, so a = 4 and b = 3 and major axis is along x-axis and

centre at origin.

We know that
a? = b% + ¢?
16=9+c2 = %=7 or c=+7
Also, we know that
c=ae
V7
So, T =e
Now,

Foci = (+¢,0) = (£V7,0)
So, Foci are (\/7, 0) and (—\/7, 0)

Vertices = (+a, 0) and (+4,0)
So, Vertices are (4,0) and (—4,0)



Parabola, Ellipse and Hyperbola

Covertices = (0,+b ) = (0, £3)

So, Covertices are (0,3) and (0, —3) y-il:(is
2
2b 2x9 9
Latus rectum = =1 =3 / 3\
equations of directrices will be > raxi
q . YRRGI) 7> vaxis
x=+- \ 3/
e
EEE Fig 9.42
T
16
= =+—.
T
Graph of ellipse

Here centre = (0,0)

Semi axes area = 4 and b = 3
Major axis is along x-axis
Graph is shown in Fig. 9.42.

Example 2. Find centre, foci, vertices, and latus rectum of ellipse 9x? — 18x + 4y? + 16y —
11 = 0. Also draw its graph.

Solution: We have
9x2 —18x + 4y + 16y — 11 =0
=  9x?-2x)+4@pt+4y)=11
= 9(x2—2x+1)+4(y>+4y+4)=114+9+16
= 9(x —1)2+4(y+2)> =36
Dividing both sides by 36
2 2
i) A
(x-h)?  (y+k)?
b2 * az
We get centre = (h, k) = (1,—2)
a’ =9and b? =4

= a=3andb =2

Comparing with 1

Also, major axis is parallel to y-axis.
We know that
a? = b? + ¢?
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ie, 9=4+c?

= =5 = =45

Now, foci= (h,k+c)= (1, -2+ \/E)

So, foci are (1, -2+ \/E) and (1, -2, _\/E)
Vertices = (h,k + a) = (1,-2,%3)

So, Vertices are (1,1) and (1, -5)

2 y
Latus rectum = % 4
_2(4) 8 A BN > X
9 9
Graph of ellipse 2 2_

Here centre = (1,—2)
Semi-axesarea = 3 and b = 2

N Q
~
—
NY
~

Major axis is parallel to y-axis. Fiz 9.43
1 .
Graph of the ellipse is shown in the Fig. 9.43. 8
Exercise 9.3 )
1. Find semi-axes, eccentricity, foci, vertices, covertices, latus rectum and equations of
directrices of the following ellipses. Also draw their graphs.
2 2 2 2
. Xty . x y
—+=—==1 —+—=1
@ 9 25 (i) 16 + 10
x—3)? +4)2 x+1)? -2)?
a2 GNP € L5 A e GO
25 16 9 16
(v)  9x?+25y% =225 (vi) 4x2 —16x + 25y% + 200y —316 =0
2. Find the equations of the following ellipse whose centres are at origin and their axes
are along coordinate axes. Also satisfy the given conditions:
(1) Major and minor axes are 12 and 8 respectively with minor axis is along y-axis.

(i1) Ellipse passes through <1, \E) and (%, 1 ) with major axis is along y-axis.
(iii)  Foci at (£3,0) and vertices at (£5, 0)

18
(iv)  Foci at (0, +4) and latus rectum 0

V) Foci at (5, 0) and minor axis is 12 units long and along y-axis.

(vi)  Minor axis along x-axis with length is 8 units and latus rectum are 6 units long
and along y-axis.

22
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(vil)  Covertices at (0, £3) and distance between foci = 10 units.

o 25 32
(vii)  Directrix y = = and latus rectum =

Find equation of auxiliary circle to 5x? + 7y% = 11.

4, Is the point (4, 5) inside on or outside the ellipse 2x% + 3y? = 6.

5. Find equation of ellipse with centre at (5, —3), one vertex at (10, —3) and one focus
at (9,—-3).

6. If ellipse is 9x% + 13y? = 117 then find:
1) distance between foci;
(i1) distance between vertices;

(iii)  distance between covertices.

7. Find eccentricity of ellipse if:
)] axes are 32 and 24;
(i1) latus rectum is equal to half of its major axis.
8. Find equation of the circle passing through focus of parabola y? + 8x = 0 and foci of

ellipse 25x2 + 16y2 = 400.

9. Find the length of, and the equations to, the focal radii drawn to a point (4\/§, 5) of
the ellipse 25x% + 16y2 = 1600.

10. Find equation of ellipse with centre at (0, 1) and major axis parallel to y-axis. Also, it
passes through (2, 1) and (0, 4).

9.8 Equations of Tangent and Normal of an Ellipse

As tangent and normal are very important to solve many physical problems, so we will
discuss concept, conditions and equations of tangents and normals to an ellipse in this section.
9.8.1 Recognize tangent and normal to an ellipse

Like any other curve, tangent to an ellipse is the line
which touches the ellipse at a certain point P. The point P is
called point of tangency. Normal to the ellipse is a line which is
perpendicular to the tangent at the point of tangency.

In the figure 9.44, [, is tangent to the ellipse at P and [,
is the normal.

9.8.2 Find points of intersection of an ellipse with a line including the condition
of tangency
As a matter of fact, a line can cut or touch an ellipse and sometimes it neither cuts nor
touches the ellipse as shown in the figure 9.45. We will discuss the method of finding points
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of intersection of an ellipse with a line along with condition of
tangency in this section.

Consider aliney = mx + ¢ ..() %
_x? P y

and the ellipse ? + b_2 =1 ...(ii)

Solving both equations simultaneously,

we get b?x? + a?(mx + ¢)? = a®b?

= (b% + a?m?)x? + 2mca®x + a®(c? — b?) = 0 .. (iii)

Roots of quadratic equation (iii)
represent abscissas of the points of intersection.

=~ Abscissas of points of intersection will be the roots of (iii) and the corresponding
ordinates of points of intersection will be obtained by

Substituting the values of x in (i)

Moreover, the nature of roots of quadratic equation (iii) will represent the nature of
parallel lines, [;, [, and 5 each having slope m with respect to given ellipse.

Here, discriminant of equation (iii) is
A= 4m?c?a* — 4a?(b? + a’>m?)(c? — b?)
= 4m2c?a* — 4a®’b%c? + 4a’b* — 4a*m?c? + 4a*m?b?
= 4a%b?(b? — c? + a’*m?)
If A> 0 then line will cut the ellipse because there will be two distinct real roots.

If A< 0 then the line will neither cut nor touch the ellipse because there will be no real
root.

If A= 0 then line will be tangent to the ellipse because there will be only one real root.
ie, 4a’b?’(b>*-c*+a*m?) =0
= b -c*+a*m?=0
=  c?=b*+a’m?
2 2

This is the condition of tangency of line y = mx + ¢ with the ellipse = + T 1.

Example: Show that the line y = 2x + 4 is tangent to the ellipse 4x2 + 3y? = 12. Also find
point of contact.

Solution: We have
Line y=2x+4 ...()
and ellipse: 4x2 + 3y% =1 ..(ii)

Solving equation (i) and (ii) simultaneously,

223
y
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we get 4x> +3(2x+4)>—-12=0
= 4x% +3(4x*+16x+16)—12=10
= 16x%+48x+36=0
= 4x2+12x+9=0 ...(iii)
Here A= 144 —4(4)(9)
=144-144=0
A=0
Given line is tangent to the given ellipse.
From equation (iii), we have x = — %
i.e. x = _l2_ 3
’ 8 2
By using x = —% in equation (i)
we get y = (—%)+4
=1

So, the point of intersection is (— %, 1).

9.8.3 Find the equation of a tangent in slope form

Lety =mx +c¢ . (1)
2 2
be the equation of tangent to the ellipse 2z + bz 1

By the condition of tangency
c? =b% + a’*m?
or ¢ =Vb?% + a?m?

By using this value of ¢ in equation (i)

we get y = mx + Vb? + a?m?
2 2
This is the required equation of tangent in slope form to the ellipse P + o 1.
x2 2

Example: Find the equation of tangent to Te + y? = 1 whose slope = 2.

Solution: Here slope = m = 2,a? = 16 and b? = 9.
We know that the equation of tangent in slope form is
y = mx ++/b? + a’?m?
ie., y=2x++v9+16x4

y=2x++v73
This is the required tangent.
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x2 y2
Let P(x4,y;) be a point on the ellipse E + b_2 =1

Differentiating w.r.t x

2x  2ydy 0
a2 bZdx <
d b*®
- |Z__2*
dx azy
dy
N 1 ft tat (xq, ==
ow, slope of tangent at (x4,y;) ( dX)(x1,y1)
_ bPxy
~ a?y;
By point-slope form, the equation of tangent will be

B ble( )
y—nh= azyl X=X

- x1(x — xq) +}’1(}’ - 1) _

a? b2 0
xx, yyi (X ¥i _ 0
= @ T e Thz)T
XX1 YW1
= | @ et

2 2

This is the required equation of tangent to the ellipse p) + v

Normal is perpendicular to the tangent at P (x4, y;)

a?y,
slope of normal = —== at (x4, y1).
X1

By point-slope form, the equation of normal will be

a’y;
Yy—»1 = _ble(x_xl)

- b*(y = y1) _ a?(x — x1)

1 X1
a’x b?
22 2V peypr=g
X1 V1
a’x b?
ori X 2Y g2 _p2
X1 V1

2 2

X
This is the equation of normal to the ellipse — + A 1 at (xq,¥7).

a? b2

1 at (xq,y1).
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. : x? y? 5 [3
Example: Find equation of tangent and normal to = + 3= 1 at 342 |

2 2
Solution: We have ellipse: = + 3" 1

differentiating w.r.t x

2x 2ydy
TR
dy ~ 2x 3
dx 5 2y
dy 3x
dx 5y

Now, slope of tangent at ( \E, \E) =m= (%)( \/E JE)

242
3
N

So, by point-slope form, the equation of tangent will be

Y=y =mx—x)
] 3 |3 5
ie., y= 3= (¥ |3
Normal is perpendicular to the tangent at < \E, \E)

slope of normal = \/g =m'
By point-slope form, the equation of normal will be

y—y1=m'(x —x)

) 3 _[5 5
ie,y 5= [31* 5

Exercise 9.4 )

1. Find the condition when line y = v/5x + ¢ is tangent to the ellipse 4x? + 9y? = 36.
2 2
2. Show that the line x = 2y + 4 touches the ellipse 7 + 3= 1. Also find point of

contact.
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2 2
3. Find the condition of tangency of line y = mx + c to the ellipse 0z + i 1.

2 2
4. Find the condition of tangency of given line to the ellipse = + T 1.
. x Yy .
(1) -—+==1 (i1) xcosa+ysina=p
p q
(i) Ix+my+n=0
x2  y2

5. Find the equation of tangent to 3 + i 1 with slope 3.
6. Find the equation of tangent and normal to

() 9x2+25y2=225at(3,%)

(i)  49x% + 64y? = 64 x 49 at (8 cos a, 7 sin )
7. Find the equation of tangent and normal at the ends of the latus rectum with positive

2 2
abscissa of the ellipse 3 + o= 1.
x?2  9y?

8. Find the equation of tangent to the ellipse 0 + >0 - 1 at the points where abscissa

is 1.

9.9 Hyperbola

In previous chapter we defined hyperbola as conic section of right circular cone but in
this section, we will discuss hyperbola in detail on the basis of eccentricity and directrix.
9.9.1 Define hyperbola

A A

Hyperbola is defined on the basis of two geometrical P
properties, one is directrix-focus property whereas the other one is
based on the distances of a point from two fixed points.

Definition 1: A hyperbola is the set of all the points in a )
plane whose distance from a fixed point bears a constant ratio to its
distance from a fixed line such that the ratio is greater than 1.

The fixed point, fixed line and ratio are called focus,

vV Vv
directrix and eccentricity respectively. Hyperbola has two foci and L I
two directrices as shown in the figure 9.47. Fig 9.47
Definition 2: The locus of a point, the difference of whose

. o . P(x,y)
distances from two fixed points is constant, is called hyperbola. The
fixed points are foci.

F> Fi

Let P(x,y) be any point of hyperbola whereas F; and F,
are two foci as shown in the figure 9.48 then
|PF,| — |PF;| = constant (say k). Fig 9.48
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9.9.2 Define elements of hyperbola (i.e., centre, foci, vertices, directrices,

transverse and conjugate axes, eccentricity, focal chord and latera recta)

As discussed above hyperbola has two \X A

fixed points and two fixed lines which are
called foci and directrices respectively. In the
figure 9.49, F,,F, are foci whereas l;,l, are _ Focus

A

P

Fi Focal_

directrices of hyperbola. ) F> o 4
The mid-point of the line segment

joining the foci is called centre. In the figure /Y
point C is the centre of hyperbola. The line
through foci is called focal axis.

Hyperbola intersects focal axis at two points called vertices.
In the Fig. 9.49 A; and A, are two vertices of the hyperbola. The
two parts of hyperbola are called its branches. Any chord of
hyperbola through any one of its foci is called focal chord. In the
figure LM is a focal chord. The focal chord perpendicular to the focal
axis is called latus rectum. In the figure PQ and XY are the latera
recta (plural of latus rectum) of the hyperbola. The ratio of distances
of any point from focus and directrix is called eccentricity and is
denoted by e where e > 1.

A line passing through centre and gets closer and closer
to hyperbola but never touches it is called asymptote. There are
two asymptotes of any hyperbola as shown in the figure 9.50.

respectively. Asymptotes are in fact diagonal lines of a rectangle
which extends a unit from centre on either side on focal axis and
it extends b units from centre on either side on the line

Let distance of focus and vertex from centre are ¢ and a >
/A

perpendicular to focal axis and through centre as shown in the
Fig. 9.51 where we define b as b = Vc¢? — a?.

The line segments A1 A, and B, B, are called transverse and
conjugate axes respectively where A; and A, are the vertices but B;
and B, are the ends of conjugate axis of hyperbola.

The relationship of a, b and ¢ is pictured geometrically in the figure.

Relation is: ¢? = a? + b?

AN Focus Axis

ON\M

Fig 9.49

Centre

F>

Fi
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Property: The differences of the focal distances of a
point on a hyperbola is equal to the length of its transverse axis
as explained with the help of the figure 9.53. We take vertex A
as a point of hyperbola.

By definition 2 of hyperbola

mAF, — mAF; = k (constant)

ie, {(c—a)+2a}—-(c—a)=k

= c—a+2a—-c+a=k y-axis
or k = 2a. Fig 953
This is valid for any point of hyperbola.

Hence difference of focal distances of a point on a hyperbola is equal to the length of
its transverse axis.

Distance of directrix from the centre and the relation ¢ = ae

Consider a hyperbola in which distance of a focus and vertex from centre is ¢ and a
units respectively and [ is the directrix cutting focal axis at point D as shown in the figure 9.54.

mF; A
Now, mAl—Dl = e > 1= mF,;A; = e(mA,D) as point A, is nearer to D then F; and
1
mF; A, A
mAD = —e (asmF; A, = —mA,F,)
= mF A, = —e(mA,D
Fufly = —e(mAaD) AN
= mAzFl = e(mAzD) AZ Al
The points A; and 4, are on the opposite sides of /. Take
C as origin and CF; as positive x-axis. Now, by definition of
hyperbola v
mA1A2 = mA2F1 — mA1F1 Flg 9.54

=md,F, — mF A,
= e(mA,D + mA,D)
e(mA,C + mCD) + e(mA,C + mCD)
2a = 2e(mCD) (~ mA,C = —mA,C)
— a

= mD=1 ..()

a
Hence, directrix / is at a distance of — from the centre.
e

Similarly, mCF, = mCA; + mAF;
=mCA; + e(mA,D)



Parabola, Ellipse and Hyperbola

c =a+e(mCA; —mCD)

a
= c=a+e(a—z)
= c=a+ae—a
or c=ae ...(11)

9.10 Standard Form of Equation of Hyperbola

The simplest form of equation of hyperbola is when the coordinate axes are positioned in
such a way that centre of hyperbola is at the origin and the transverse axis and conjugate axis are
on the coordinate axes. The two possible such orientation are shown in the figure 9.55 and 9.56.

conjugate Y-axis y-axis
axis \ \
\ conjugate
) ¥ axis
X-axis /
transv‘ege
axis
transverse
axis
Fig 9.55 Fig 9.56

These are the standard positions of hyperbola and the resulting equations are called
standard equations which will be derived in the next section.

9.10.1 Derive the standard form of equation of a hyperbola and identify its
elements
(a) Standard equation of hyperbola when transverse axis is along x-axis.

Let P(x,y) be any point on hyperbola with centre at origin, transverse axis on x-axis
and conjugate axis along y-axis as shown in the figure 9.57 whereas foci are F;(c,0) and
F,(—c,0). The length of transverse axis is 2a.

By the definition of hyperbola P(x,y)
|PF;| - [PFy| = 2a 0|2a

ie, Jx+o?P+yi—Jx—0?+y?=2a Fa(=c,0) /42 | A\ Fi(c,0)
or Jax+o)?2+y2=2a+(x—c)?+y?

Squaring both sides

(x+c)?>+y? =4a% +4a/(x — )2 + y?

+(x—c)? +y?

Fig 9.57
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= 4ex — 4a? = 4aq/(x — €)% + y?
cx
= ;—a=w/(x—c)2+y2
Again, squaring both sides
2

cx
——2cx+a* =x* = 2cx +c* +y?
a
= c?x? + a* = a®x? + a’c? + a’y?
= (CZ _ aZ)xZ _ a2y2 — aZ(CZ _ aZ)
Dividing both sides by (c? — a?)a?
we get
2 2
x
2 zy ;=1
a? c2-a
2 2
- Yy _ w2 02 4 2
ie., az—bz—l (v c*=a*+b*)

This is the required equation of hyperbola whose transverse axis is along x-axis.
with centre at origin whereas foci are (0, +c), vertices are (0, a), ends of conjugate

2
: . . o 2b
axis are (tbi, 0), equations of directrices are y = + % and latus rectum = -

With centre at origin whereas foci are (£c, 0), vertices are (+a, 0).

In order to find ends of conjugate axis, we find y-intercepts of hyperbola by using
x = 0 in the equation

X2 42
7—L=1
a’? b?
we get y? = —b?
= y = +bi

So, the ends of conjugate axis are (0, +bi)

a
Distance of directrix from centre is — as we studied in section 9.9.2.
e

Equation of directrices will be x = + %.

Length of latus rectum of hyperbola
2
Let PQ be the latus rectum of hyperbola Pl 1 ...(1)
with a focus F; (¢, 0) as shown in Fig. 9.58
latus rectum PQ passes through focus F; (c, 0) and perpendicular to the focal
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its equation will be x = ¢ ...(ii)

n.- P
Solving (i) and (ii) simultaneously

c2 2
We get -t / Fi(c,0)

a2 b2

0 {Cz_az

a Q

ie.,

<

2 .
Fig 9.58
y = i% ( CZ _ a2 — bZ) 1g

b? —b*
So, the coordinates of P and Q are (c, 7) and (c, T)

2 2

2
S 2b 2b
Now, |PQ|= <_a ) ==

 2b?
So, the length of latus rectum is PR
(b) Standard equation of hyperbola when transverse axis is along y-axis

Let P(x,y) be any point on hyperbola with centre at origin, transverse axis along
y-axis and conjugate axis along x-axis as shown in the figure 9.59, whereas foci are F; (0, ¢)
and F, (0, —c). The length of transverse axis is 2a.

By the definition of hyperbola
|PF;| - [PFy| = 2a
e, JxX2+@+c)?r—Jx2+(y—c)2=2a

or JX2+ @ +c)?=2a+x2+ (y—c)?

Squaring both sides

x2+(y+co)? =4a’+4ax?+ (y—c)?+x%+ (y —¢)?

=  4cy—4a® =4a/x2 + (y—c)? 10.0) P (x.y)
Z-a=\+G-F 4
Again, squaring both sides < 5 2a >
CZ}ZIZ—ch+a2=x2+y2—ZCy+c2 4
= c?y? 4+ a* = a’x% + a®y? + a®c? F2(0,—¢)
= (c? —a?)y? — a?x? = a®(c? — a?) Fig 9.59

Dividing both sides by a?(c? — a?)
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we get

=1

This is the required equation of hyperbola whose transverse axis is along y-axis.
Equilateral or Rectangular hyperbola

A hyperbola, in which transverse axis and conjugate axis are of same length is called
rectangular or equilateral hyperbola.

ie., 2a =2b

ie, b=a b

So, the equation of hyperbola is: x? — y? = a? a a

where e = /2 bl

because ¢ = a? + b?

ie, a’e?=2a’ (¢ = ae) Fig 9.60
= e =12

In rectangular hyperbola asymptotes are perpendicular to each other as shown in the
figure 9.60.

Conjugate Hyperbola

The conjugate hyperbola of a given hyperbola is the hyperbola whose transverse and

conjugate axes are respectively conjugate and transverse axes of given hyperbola.
2 42 . ‘ x2  y?

Thus, 2 gz 1 is conjugate hyperbola of 22T 1.
Standard forms of Translated Hyperbolas

If centre of hyperbola is not at origin but the transverse
and conjugate axes are parallel to the coordinate axes then it is ¢
standard form of translated hyperbola and its equations along (h,k)
with its elements are given below.

() Equation of hyperbola when centre is at (h,k) and 0
transverse axis parallel to x-axis is: Fig 9.61
(x-h)? (y-k?
az bz 1
Here foci are (h + ¢, k), vertices are (h + a, k), ends of conjugate axes are (h, k + bi).

2b?
. o a .
Equations of directrices are: x —h = + p and latus rectum is -




(b)
axis parallel to y-axis is:
y-k? (x—h?
a b

Equation of hyperbola when centre is at (h, k) and transverse

1
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et (hk)

Here foci are (h, k + c), vertices are (h,k + a), ends of

conjugate axes are (h+ bi, k). Equations of directrices are
2
y—k=+ % and latus rectum = %.

0]

Fig 9.62

() General equation of hyperbola when transverse and conjugate axes are parallel

to coordinate axes.
Consider a hyperbola
(x-h? O -k?_
a2 b2
On simplification, it becomes
b?(x? — 2hx + h?) — a?(y? — 2ky + k?) = a?b?

1

= b2x% —2hb%x + b%h? — a?y? + 2ka’y — a’k? — a*h?* =0
=  b%x%? —a?y? — 2hb?x + 2ka?y + b%h?® — a?k? — a’bh? =0

(i)

Let A=b?%B=-a%G=—-2hb?F =2ka?and C = b*h? — a®k? — a?b?

So, equation (i) becomes

Ax?>+ By?+Gx+Fy+C=0
Where A and B are non-zero and have different signs.
Equation (ii) is the general equation of hyperbola.

Summary of standard equations of hyperbola and related terms

... (ii)

Equation Related Terms
) x%  y? ) Foci are (+c, 0)
@ az b2 Vertices are (+a, 0)

Centre at origin and transverse axis is along | Ends of conjugate axis are (0, +bi)

X-2xis. Directrices: x = + %
Asymptotes: y = igx
. y?  x? Foci are (0, +c)
(@) az b2 1 Vertices are (0, +a)

o . . a
y-axis. Directrices: y = +2

Asymptote: y = + %x

Centre at origin and transverse axis is along | Ends of conjugate axis are (+bi, 0)
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Centre at (h,k) and transverse axis is
parallel to x-axis.

Equation Related Terms
(x-h)? (y-k)? Foci are (h + ¢, k)
(i) a2 b2 1 Vertices are (h + a, k)

Ends of conjugate axis are (h, k + bi)
Directrices: x — h = i%

Asymptote: y —k = + b (x—h)

. -k)? (x-h)?
(iv) a2 pz

Centre at (h,k) and transverse axis is
parallel to y-axis.

1

a
Foci: (h, k *+ ¢)
Vertices: (h, k + a)
Ends of conjugate axis: (h, +bi, k)

Directrices: y — k = i%

Asymptote: y — k = + % (x —h)

Note:

2
Latus rectum = %

¢ =ae and c? = a? + b?

For all standard equations of hyperbola, we have

Similarities and differences between ellipse and hyperbola

o  Similarities for standard forms along x-axis

with e = 0 and foci coincide

Ellipse Hyperbola
@) Two foci: (+c¢, 0) (i) Two foci: (+c¢, 0)
(i) Two vertices: (ta, 0) (ii) Two vertices: (+a, 0)
(iii)  Two directrices: x = i% (iii)  Two directrices: x = i%

. 2b° . 2D
(iv) Length of latus rectum = & (iv) Length of latus rectum = &
) c=ae ) c=ae
(vi) axes are 2a and 2b (vi) axes are 2a and 2b

o Differences
Ellipse Hyperbola
(1) a>c (1) a<c
(ii) c?=a%?-b? (ii) c?=a?+b?
(iii) Ellipse is closed curve (iii) Hyperbola is not closed figure
(iv) If b = a then it is an auxiliary circle | (iv) If b=a then it is an rectangular

hyperbola with e = /2 and foci do
not coincide
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Example 1. Find eccentricity, foci, vertices, ends of conjugate axis and latus rectum of

2 2
hyperbola: — — =— = 1.
yperbola: 7= — =
2 2
Solution: We have hyperbola o o - 1

Comparing with standard equation.

we get a® = 16,b? = 9, transverse axis is along x-axis and centre at origin.
we know that
c?=a%+b?
ie, ¢*2=16+9=25
So, a=4,b=3andc =5.
We obtain eccentricity by ¢ = ae

) 5
ie, —=e
4
Foci = (+¢,0) = (£5,0)
Vertices (+a, 0) = (+4,0)

Ends of conjugate axis = (0, +bi) = (0, £3i)

2

and Latus rectum = %
B 18 B 9
T4 2

Example 2. Find eccentricity, equation of directrices and equations of asymptotes of hyperbola

Solution: Comparing given hyperbola with standard equation of hyperbola.

we get a? = 9,b? = 4, transverse axis along y-axis and centre at origin.
We know that
c2=a%+b?
ie, ¢*=9+4+4=13
So, a=3,b=2andc =+13.
We obtain eccentricity by ¢ = ae

1e., V13 = 3e
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Its directrices will be

y=xe

. 3
1e., y=iﬁ
3

9
or y:i\/T_3

Also, the equation of asymptotes will be

a

y=+gx

w T

ie., y=4 5 X.
Example 3. Find centre, foci, vertices, latus rectum and equations of directrices, for the
@=3)? G+9? _

36
Solution: Comparing given equation of hyperbola with

x-m? G-k _

hyperbola

a? b? 1

Weget h=3and k = —4
Also, a? =64 = a=8
and b%2=36 = b=6
Its transverse axis is parallel to x-axis with centre = (h, k) = (3, —4)
We know that

c? =a? + b?
= c? =64+ 36
= c? =100
= c=10
Now, foci= (h+c,k)

=(3+10,—-4)

So, foci are (13, —4) and (—7,—4)
Vertices = (h + a, k)
=(3+8,—-4)
So, vertices are (11,—4) and (—5,—4)

2
Latus rectum = %

_2(36)
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Here, ¢ =ae
ie., 10 = 8e

- _>5
€=z

Transverse axis is parallel to x-axis

Equations of directrices will be

a
x—h=%+-

e

. 8
1.e., x—3=i§
4

= x—3=-i_-%

9.10.2 Find the equation of hyperbola with the following given elements

e transverse and conjugate axes with centre at origin,

e two points,

e eccentricity, latera recta and transverse axes,

e focus, eccentricity and centre,

e focus, centre and directrix.

The equation of hyperbola can be found with different conditions and elements. Here
we discuss some of them.
(a) When transverse and conjugate axes are given with centre at origin

The method is explained with the help of the following example.

Example: Find the equation of hyperbola if transverse axis and conjugate axis are 8 and 6 units
long respectively, where centre is at origin and transverse axis is

along y-axis.
Solution: Here
2a =8 and 2b=6

8
= a=4 = b=3 6

centre is at origin and transverse axis is along

y-axis.
y2  x2

Its equation will be 2 1 Fig 9.63
2 2
X
ie., Y T .15 9y2 — 16x2 = 144
16 9

(b) When two points of hyperbola are given
The method is explained with the help of the following example.
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Example: Find the equation of hyperbola with centre at origin and transverse axis along

145

y-axis, such that the hyperbola passes through the points (? , —) and ( 1 _3).

z) 57

Solution: Centre is at origin and transverse axis is along y-axis.

©

2,2
its equation will be 22T 1 ...(0)
(% ’ g) lies on the hyperbola
we have (l E)
)

5 1 . 272

402  4b2
...(i1) ( 1 __3)

( 1 -3 is on hyperbola V8’ V8

)
W; have 1 Fig 9.64
saz apz 1 ... (iii)

1
Multiplying equation (ii) by E and subtracting resultant equation from (iii)

we get
4 _1
8a2 2
= a’=1

By using a? = 1 in equation (ii)

1
We get —-———=1
© 8 4  4b?
1 1
= —-=— b? =1
4  4b?
By using values of a? and b? in (i)
We get y2—x2=1

When eccentricity, latera recta or transverse axis are given

The method is explained with the help of following examples.

Example 1. Find the equation of hyperbola when centre is at origin and transverse axis is along

x-axis with the length 10 units, whereas eccentricity is /3.

Solution: Centre is at origin and transverse axis is along x-axis

Its equation will be
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Here, e = V3
and 2a =10
ie, a=5 = a’> =25

Now, ¢ =ae
= c=5V3
We know that
c? =a?+ b?
ie, 75=25+b?

=  b?2=50
By using values of a? and b? in equation (i)
2 .2
x
We get = _X_ 1
25 50

=  2x2-y?2=50

Example 2. Find the equation of hyperbola with centre at origin and transverse axis is along
y-axis, such that latus rectum is 12 units long and eccentricity is 2.

Solution: Centre is at origin and transverse axis along y-axis

its equation will be

2 2
Z_z - Z_z =1 .(0)
We have e = 2 and latus rectum = 12
, 2b?
1.e., T =12
= b? = 6a ...(>i1)
We know that
c? =a? + b?
ie, a’e?=a%+6a (¢ =ae)
= 40’ = a? + 6a
= 3a> —6a=0
= 3a(a—2)=0
= a=0 or a=2

Neglectinga = 0

We have a=2 or
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(@

Example: Find the equation of hyperbola with centre (2,3) and transverse axis parallel to
x-axis, such that a focus is (6, 3) and eccentricity is V/5.

Solution: Centre is not at origin and transverse axis is parallel to x-axis

So, from equation (ii)

we get b? =12

By using values of a and b in equation (i)
y2 X2
412

or 3y2 —x2 =12
When focus, eccentricity and centre are given
The method is explained with the help of the following example.

equation of hyperbola will be

(x-h)?  (y-k)?
a2 bz

1 (D)

We have
Centre = (h, k) = (2,3)
and  Focus= (h+ ¢ k) =(6,3)
ie, (2+¢3)=(63)
= c=4
Now, ¢ =ae
ie., a= % ( e= \/g)
We know that
c? =a?+b?
16

6,2
5+b

_80-16
-5
_ 64
-5
By using values of h, k, a? and b? in equation (i)
We get
(x—2)> (y—3)?
T e !
5 5
5(x —2)? 5(y—3)?
f—1 — =

ie., 16 =

= b?

= b?

1

16 64

=)
y



Solution:
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When focus, centre and directrix are given

The method is explained with the help of the following example.

Example: Find the equation of hyperbola whose centre is (3, 4) and transverse axis is parallel
to y-axis, such that one focus is (3, 12) and one equation of directrix is y = 7.

Centre is not at origin and transverse axis parallel to y-axis.
The equation of hyperbola will be
2 2
(yaf) —(xbf) =1 ()
We have
Centre = (h, k) = (3,4)
and  Focus = (h,k +¢) = (3,12)
ie., k+c=12
= 44c=12
ie., c=28
and one equation of directrix is y = 7
Comparing it with y= % +k
We get
E+4=7
e
= a=3e ...(il)
Also, we know that
c=ae
1e., ae =8

By using a = 3e from equation (ii)

we get

So, equation (ii) becomes a = 3 \/g

ie, a’=24
We know that

c? =a?+ b?
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ie, 64=24+0b?
= b? = 40
By using values of h, k, a? and b? in equation (i)
we get
(y-4? (x-3)°
24 40
9.10.3 Convert a given equation to the standard form of equation of a hyperbola,

find its elements and sketch the graph

1

As we have studied in section 9.10 that the general equation of hyperbola when
transverse and conjugate axis are parallel to coordinate axes is
Ax?*+By*+Gx+Fy+(C=0
Where A and B are non-zero and have opposite sign. Also, 4, B, G, F and C are real
numbers.
This general equation can be converted into standard forms by the method of
completing square which will be explained in the following examples.

Technique for graphing hyperbolas
Graphs of hyperbolas from their standard equations can be drawn by using the

following steps.

1. Determine whether the transverse axis is along or parallel to x-axis or y-axis which can
be determined by checking the sign of x2-term or y2-term. In case of positive x2-term,
the transverse axis will be along or parallel to x-axis.

In case of positive y2-term, the transverse axis will be along or parallel to y-axis.

2. Determine the values of a and b and draw a rectangle extending a units on either side
of the centre along the transverse axis and b units on either side of the centre along the
conjugate axis.

3. Draw the asymptotes along the diagonals of the rectangle.

4. Using the rectangle and the asymptotes as guide draw the graph of hyperbola.

Example 1. Find the eccentricity, foci, vertices and directrices of hyperbola

9x2 — 16y2 — 144 = 0. Also draw its graph.

Solution: First of all we convert the given equation into the standard form.

Given hyperbola: 9x% — 16y? — 144 = 0

or 9x2 — 16y? = 144
Dividing both sides by 144
We get

b
N

1

Yy
9

)}

=)
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Here, centre is origin and the transverse axis is along x-axis with
a’=16and b?* =9

So, a=4andb =3

We know that
c? = a? + b?

ie, ¢2=16+9

= ?=25 or c=5

Now, c=ae
1e., 5=14e = e= %

Major axis is along x-axis.

coordinates of foci = (+c, 0)

= (£5,0)
and  coordinates of vertices = (+a, 0)
= (+4,0)
Equation of directrices will be
a
x=+4-
e
or x=i% ie., x=i%
4
Graph of Hyperbola y_:lids
Standard form of given hyperbola is
x2 y? 3
2 oy
16 9 4 4 )
By using the steps of drawing graph, we sketch the » x-axis
graph as show in Fig. 9.65. 3
Fig 9.65

Example 2. Find centre, foci, eccentricity and vertices of
hyperbola

16y? —9x% + 36x + 64y — 116 = 0. Also draw its graph.
Solution: We first convert the given hyperbola in standard form.
Given hyperbola: 16y? — 9x? + 36x + 64y — 116 = 0

By re-arranging the terms
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we get (16y2 + 64y) — (9x? — 36x) = 116
or 16(y? +4y) — 9(x? — 4x) = 116
or  16(y%+4y+4) —9(x? — 4x +4) = 116 + 64 — 36
or 16(y +2)? —9(x — 2)® = 144

Dividing both sides by 144

we get
O+ @-2F
9 16
Comparing this equation with
G-k _G=m?_

a? b?
Weget h =2,k =-2,a%> =9and b? = 16.
and transverse axis is parallel to y-axis.
We know that
c? = a® + b?
ie, ¢>=9+16=25
So, c=25a=3andb =14

Now, c¢=ae

Le., 5=3e = e=

3 \

Now, centre = (h, k) = (2,-2) 3
Foci=(hk+c)=(2,-2+5) C(2,-2) | >
So, Foci are (2,3) and (2,—7) 4 3 4

and  vertices= (h,k+a)=(2,-2+3) /
So, vertices are (2,1) and (2, —5)
Graph of Hyperbola

Fig 9.66

By using the steps of drawing graph, we draw the graph as shown in the figure 9.66.

Exercise 9.5 )

1. Find the equation of the hyperbola with centre at the origin satisfying the following
conditions.

(1) Transverse and conjugate axes are 16 and 12 respectively. Also, transverse

229
y

axis is along y-axis.
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Hyperbola passes through (3Tm, 1) and (3,0) with transverse axis along

(ii)
X-axis.
(iii)  Transverse axis of length 8 units and along y-axis where eccentricity is /5.

(iv)  Transverse axis along x-axis with latus rectum = 10 units and eccentricity = %

W) Focus (5, 0), directrix x = 2.

(vi)  Eccentricity = 3 and focus (8,0).

(vii)  Eccentricity = 2 and vertex = (0, 4).

Find equation of the hyperbola with centre (1, 3) and satisfying the following condition.

(1) Focus is (2,3) and eccentricity is v/3, whereas transverse axis is parallel to
X-axis.

(i1) Focus is (4,5) and an equation of directrix is y = 1 where transverse axis is
parallel to y-axis.

Find eccentricity, foci, vertices and latus rectum of each of the following. Also, draw
graph.

2 2 2 2
. x* y N
— == —_==1
@ 9 16 (i1) 5 4
2 2
X
(i) 9x2—y2+1=0 (iv) T—%=1

Find centre, foci, eccentricity, vertices and equations of directrices. Also draw the
graph.
i =5 @+3* (i W= @+8)*
9 16 36 64
(i)  9x%—4y?+36x+8y—4=0
(iv)  25x%—150x —9y? + 72y +306 =0
Find equation of rectangular hyperbola with centre at origin whose vertices are (+4, 0)
and find equation of its conjugate hyperbola. Also, find equations of asymptotes of the

rectangular hyperbola.

Find the eccentricity of a hyperbola whose latus rectum is double the transverse axis.
Show that the eccentricities e; and e, of the two conjugate hyperbolas satisfy the
relation e? + e? = eZeZ.

Equation of Tangent and Normal of a Hyperbola

In this section, we will discuss about the tangent and normal to a hyperbola along with

their conditions and equations.

Parabola, Ellipse and Hyperbola
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9.11.1 Recognize tangent and normal to a hyperbola

In the figure line [ is tangent to the hyperbola as the
line touches the hyperbola at a single point, whereas line m
is the normal to the hyperbola as it is perpendicular to the
tangent at the point of contact P.

Fig 9.67
9.11.2 Find 8
e points of intersection of a hyperbola with a line including the condition of
tangency,
e the equation of a tangent in slope form.
2 2
Consider a hyperbola PRt ...(D)
and a line y=mx+c ...(i)
Solving both equations simultaneously
we get
x?  (mx+c)?
2 T !
=  b%x?—a’m?x? — 2a’cmx — a*c? = a?b?
or (b? — a’>m?®)x? — 2a’cmx — a*c? — a’b?> =0
Here, A= 4a*c?m? + 4(a®c? + a?b?)(b? — a’m?)
By quadratic formula Fig 9.68
2a’cm + VA
X=—""-
2a
By using this value of x in equation (ii), we will get value of y, so we will get point of
intersection.

The given line will be tangent, if A= 0

ie, 4a*c®m?+4a®b?c? — 4a*c*m? + 4a?b* — 4a*b*m? =0
= 4a’b%(c? + b2 —a’m?) =0
or c? = a’m? — b?

=  c=tV@E D2

This is the condition of tangency when given line is tangent to the hyperbola.
By using this value of m in equation (ii)

we get, y = mx + Va?m? — b?

This is the equation of tangent to the given hyperbola in slope form.

)
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Example 1. For what value of k, will the line y = kx + 1 be tangent to the hyperbola
3x2 —4y? =127
Solution: We have

Hyperbola: ~ 3x2 —4y? =12 ..(Q)
and line: y=kx+1 ...(ii)
Solving simultaneously,
we get 3x2 — 4(kx + 1)? = 12
= 3x2 —4k*x* —8kx—4-12=0 ...(1i1)

(3—4k®)x>—-8kx—16=0
A= 64k? — 4(3 — 4k?)(—16)
= 64(k%+ 3 — 4k?)
= 64(3 —3k?)
The given line will be tangent to the given hyperbola
if A=0
ie, 643-3k>)=0
= k’=1
= k=41
This is the required value of k.
Example 2. Find the equation of tangent to the hyperbola 2x? — 3y2 = 6 whose slope is 2.
Solution: We have
Slope =m =2
and hyperbola: 2x2 — 3y2 = 6

2 2

. X y

1.e., -—=1
2

3
Here a?=3andbh?=2
2 2

We know that the equation of tangent to the hyperbola 2 1lisy = mx £ Va?m? — b?

By using values, we get

y=2xxvV12-2
y=2x-|_-\/ﬁ

This is the required equation of tangent.

9.11.3 Find the equation of a tangent and a normal to a hyperbola at a point
2 2

Consider a hyperbola ; - Z_Z =1 ..()

Let P(x;,y;) be a point of this hyperbola
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e, —-=L=1 ...(ii)

dy b%? 2x b%x

dx 2y @ a2y
Now slope of tangent to the given hyperbola at
(x1,y1) is

(@
m=|—

) b%x,
dx (x1,y1) a2y1

By point slope form, the equation of tangent will be

y—y1=mx—xq)

b%x

e, y-y =7 -(x-x)
= a’yy, — a?y? = b%xx; — b?x?
= b%xx, — a’yy, — b*x? + a’y? = 0
Dividing both sides by a?b?
we get,

XX1 YW1 xi yi 0

a2 b2 \a? b2

xx
ie., a_; - % -1=0 (Using equation (ii)

Xy
or 2 p2 =

2 2

This is the equation of tangent to the hyperbola 2 p s 1 at (x1,y1)

Normal is perpendicular to the tangent at the point of contact
a?y,
bzx 1

Slope of normal = m' = —

By point-slope form the equation of normal will be
y=y1=m'(x —x)
@y,

ie, y—y1=———(x—x)
bx1

y
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b%x,y — b*x1y, = —a’xy; + a’x;y;

Dividing both sides by x;y,

we get,
b? a’x
y_ b? = ——+a?
V1 X1
2 2
a‘x b
Y &
X1 1
2 2
This is the equation of normal to the hyperbola 2 1 at (x4, v41).

2 2

x
Example 1. Find the equations of tangent and normal to y: -5 = 1 at (\/g, 2\/7)

Solution: We have

2

2
Hyperbola: y: -

x
5

Differentiating w.r.t x

d
2}’% 2x_O

=1

4 5

d 2x 2
& _xz
dx 5 'y

d 4
Y

dx 5y

dy

Now slope of tangent at (\/g, 2\/5) =m= (ﬁ) (E2v3)
i.e., m= 45

5(2v2)

2
y
By point slope form, the equation of tangent will be
y—y1=mx—x)
e, y-2v2= \E(x—\/g)
= 5y —-2V10 =v2x —+10
=  2x—+5y+V/10=0

Normal is perpendicular to the tangent at the point of contact
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9.12

simplify the equation of a curve and to bring conics in standard forms. We discuss these
concepts in detail as under.
9.12.1 Define translation and rotation of axes and demonstrate through examples

geometrical shape is changed but its size, shape or orientation remains same.

Fig. 9.71.

o1
Slope of normal at (\/g, 2\/7) =m' =-—

ie., m' =- |5

By point-slope form the equation of normal will be
y—y1=m'(x—x)

ie., y—2ﬁ=—\/§(x—\/§)

= V2y—-4=—-5x+5

=  V5x+V2y-9=0

Translation and Rotation of Axes

Translation and rotation of axes are the transformations which are commonly used to

The concept of translation is of a transformation in which the location of the

A

Fig. 9.70 Fig. 9.71
For example, an ellipse in Fig. 9.70 has been translated 2 units to the right as shown in
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The concept of rotation is also of a transformation in which the location of the

geometrical shape is rotated around a fixed point but its size and shape are not changed, for

example an ellipse in Fig.9.72 has been rotated 45° clockwise as shown in Fig. 9.73.
Definition: A translation of axes is a transformation Y v

between two rectangular coordinate systems in which the origins O

and O are at different locations but the corresponding axes are

parallel and have the same directions as shown in the figure 9.74. X’
Ol
0 X
Fig 9.74
Definition: A rotation of axes in the plane is a Y Y

transformation in which the axes OX and OY of one rectangular X
system are rotated about the origin O through an angle 6 to locate
the corresponding axes OX' and OY’ of other coordinate system as
shown in the figure 9.75. 9 X
9.12.2 Find the equations of transformation for 0

Fig 9.75

e translation of axes,

e rotation of axes.
e Equations of transformation for translation of axes

In order to obtain the equations of transformation for translation of axes we have
translated the axes of an xy —coordinate system to get a new x’'y’ — coordinate system whose
origin O’ is at the point (h, k) as shown in Fig. 9.76.

As a result, a point P in the plane will have both (x,y)- coordinates and (x',y')-
coordinates as shown in the Fig. 9.77. These coordinates are related by

x=x"+h, y=y'+k
or x'=x—h, y=y—-k
These equations are called the equations of transformation for the translation of axes.

)

y v y y
A A A
____________ Px, ) or P&, )
K * '
>x' = ) ,
t o |t l ¥ ,
k ~= YVeue- ' xr
¢ I T z :
|- >\ ' .
o|«h— rx v ; .
Ol «h» « X' =,
— X —>!

Fig. 9.76 Fig. 9.77
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e Equations of transformation for rotation of axes

In order to get the equations of transformation for rotation of axes, the axes of an
xy — coordinate system have been rotated about the origin through an angle 8 to produce a new
x'y" — coordinate system as shown in the Fig. 9.78.

As aresult, any point P in the plane will have both P(x, y)- coordinates and P(x', y')-
coordinates as shown in the Fig. 9.79.

In order to relate these coordinates, we suppose r as the distance from the common
origin to the point P and let a be the angle of OP from x'-axis as shown in the Fig.9.79.

’

y Y Yoy
A A
¢ P(x,y)or P(x',y")
x'
0
‘ > x » X
(0]
Fig. 9.78 Fig. 9.79

From figure 9.79, in AOAP

x
cos(0 +a) = " and sin(0 + a) = %

or x =rcos(0 + a) ...>0)
or y =7 sin(6 + a) ...(11)
In AOBP

x' =rcosa ...(iii)
and y' =rsina ...(iv)

Using trigonometric identities equation (i) and equation (ii) become
X =rcosBcosa—rsinBsina
and y=rsinBcosa+rcosbsina
By using equation (iii) and (iv)
we get
x =x"cos0 —y’sine}
y =x"sin® + y'cos0
These equations are called the equations of transformation for rotation of axes.
9.12.3 Find the transformed equation by using translation or rotation of axes

The method of finding the transformed equation by using translation or rotation of axes
is explained with the help of the following examples.
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Example 1. Find the transformed equation of parabola (v + 5)? = 4(x — 3) when axes are
translated with new origin (3, —5).

Solution: Given parabola is (y + 5)% = 4(x — 3) ..(1)

Shifting the origin to (3, —5) and keeping the axes in parallel position.
Let (X,Y) be the new coordinates of any point P(x, y) after shifting the origin.
By equations of transformation
x'=x—handy' =y—k
Here (x',y')=(X,Y)
and (h, k) =(3,-5)
So, we get
X=x—3andY =y +5
So, equation (i) becomes
Y2=14

This is the required transformed equation.

Example 2. Find the transformed equation of 5x? — 6xy + 5y% — 8 = 0 when the axes are
rotated through an angle of 45°.

Solution: Given equation is 5x? — 6xy + 5y2 —8 =0 ...(0)

Now, we rotate the axes about the origin through an angle of 6 = 45°
Let (X, Y) be the new coordinates of any point P(x, y) after rotation
By equations of transformation, we have

x =x"cos0 —y’sine}

y =x"sinB 4y’ cosO
Here (x',y") = (X,Y)

and 6 = 45°
So, we get
— Xcos45°Y sin45e =~ "
x = X cos sin = 7
and
X+Y

= Xsin45°+Y cos45° = ——
Y V2

Substituting these values in equation (i), we get
S(X_Y)Z 6(X—Y)(X+Y>+5<X+Y)2 80
V2 V2 /N V2 V2 -

5 5
= S (X2 = 2XY + V) = 3(X* = ¥?) + 5 (X* + 2XY +¥?) =8 =0
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5
:E(2X2+2Y2)—3X2+3Y2—8=0

= 2X2+8Y2-8=0

or X2 +4y?=4

This is the required transformed equation.
9.12.4 Find new origin and new axes referred to old origin and old axes

Let O be the origin of xy-coordinate system as shown in the figure 9.80.

A new XY-coordinate system is introduced with new )j‘
origin O'(h, k). This system is translated h units in the x-direction
and k units in the y-direction and then rotated anticlockwise by 6

radians as shown in the figure.

The relations among x, y, X, Y and 0 are given below
x=(X+h)cos®— (Y +k)sin® 0
and y=X+h)sin0+ (Y +k)cos6 Fig 9.80

Example 1. Find new origin in O’ and new axes (X-axis and Y-axis) with respect to xy-
P g

T
coordinate system if it is translated 5 units to the right, 3 units down and rotated " radius

anticlockwise.
Solution: Here h=5andk =-3
So, new origin = (h, k) = (5,—3)
Here inclination of X-axis = 0 = %
So, slope of X-axis = tan 45°
=1
By point slope form equation of X-axis will be
y—(=3)=1(x-5)
= y+3=x-5
= x—y—8=0

Now, inclination of Y-axis = 6 = % + %
3T
or 9 = T
Its slope = tan 6
3w _
= tanT =-1

By point-slope form, the equation of Y-axis will be
y=(=3)=-1(x-5)
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So new origin = (5,—3),
Equation of X-axisis: x —y —8 =0
and equation of Y-axisis: x +y—2=0

Example 2. Find new coordinates of P (4, 5) if new origin is (2, 3) and XY-coordinate system

s
is rotated with " radians anticlockwise from xy-coordinate system.

Solution: Here (x,y) =(4,5)
(h k) =(2,3)
and 0= %

By the equation of transformation
x=X+h)cos0 — (Y + k)sin6 and y=(X+h)sin0+ (Y +k)cosB
(X+2) (Y+3) _(X+2)  (Y+3)
V2 V2 T2 V2
= 42=X-Y-1 (i) = 5/2=X+Y+5 ...(i)
Adding equation (i) and (ii), we get
W2 =2X+4
9J2-4
2
By using this value of X in equation (ii), we get

N2 — 4
5V2 = \/_2

ie., 4= ie., 5 +

X =

+Y+5

= 5v2—5— —(9€_4) =y

2 2
9.12.5 Find the angle through which the axes be rotated about the origin so that
the product term xy is removed from the transformed equations

9,/2—-4 ﬁ—é)

So, new coordinates of P (4, 5) are (

If we remove xy-term from the second degree equation in x and y then the equation is
reduced to familiar form of equation of conic.

The following theorem tells how to determine an appropriate rotation of axes to
eliminate the xy-term of a second degree equation in x and y.

Theorem: If the equation Ax? + By? + Hxy + Gx + Fy + C = O is such that H # 0
and if an XY-coordinate system is obtained by rotating the xy-axes through an angle 0
satisfying.
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t20 = ——
co I

then in XY-coordinates, the given equation will have the form
A'x*+B'y?+G'x+F'y+C' =0
Example: Identify and sketch the curve xy = 1.
Solution: We have xy = 1 (D)
Comparing given equation with Ax? + By? + Hxy + Gx + Fy + C = 0, we get
A=0,B=0andH =1

Now, cot26 = # =0

= 20 =

N A

s o
= 0= Z =45
By the equation of transformations
X =Xcos® —Ysin0 and

y =Xsin® +Ycos0

YRR
By substituting these values in equation (i)

We get,
(X Y)(X+Y>—1
V2 V2/\W2 2 Fig 9.81
X% vy?
= — =1
2 2

This is the equation of rectangular hyperbola with centre at origin and rotation of 45°.
Here a? =2 andb? =2

So, c¢?=4=c=2

Here vertices are (\/7, 0) and (—\/Z 0) in XY-coordinate system.

The graph is sketched as shown in Fig. 9.81.

Exercise 9.6 )

1. For what value of k , the line y = 2kx will be tangent to 2x? — 5y2 = 10.
2,2

2. Find the condition when the line y = mx + c is tangent to 2 1.
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Find the equation of tangent to the hyperbola 3x% — 4y? = 12 when slope is 3.

2 2
X
Find the equation of tangent and normal to Z—z v 1 at (x4, y1).
x2 y?
Find the equation of tangent and normal to s 1 at (2\/3, V7 )
, . (x=6)*  (y+7)*
Find the transformed equation of + e - 1 when axes are translated

with new origin (6, —7).

If xy-axes are rotated through given angle 6 then find the new coordinates of given
point P

(1) (2,3),86 =60° (i) (6,7),8 =45° (iii) (—4,6),6 =30°
Find new origin O’ and new XY-axes with respect to xy-coordinate system if it is

T

translated 6 units to the left, 5 units up and rotated . radians anticlockwise.

Find new coordinates of P(4,5) if new origin is (1,2) and XY-coordinate system is
s

rotated with . radians anticlockwise from xy-coordinate system.

Identity and sketch the curve xy = 9.
Through which angle the axes be rotated about origin so that the transformed equation
of 9x% + 12xy + 4y? — x — y = 0 does not contain the term involving XY.

Review Exercise 9 )

Tick the correct option.

If the eccentricity is zero, then the conic is ----------------

(a) parabola (b) ellipse (c) circle (d) hyperbola
The focus of parabola x2 = —16y is ------------
The latus rectum and vertex of (y — 3)? = —8(x + 4) is ------------
(a) —8,(3,—-4) (b)8,(3,—4) (c) 4,(=3,—4) (d)8,(—4,3)
The equation of tangent at (4, 6) to the parabola y? = 9x i§ --------------
@) 6y =5 (x+4) (b) 6 = 9(x —4)
(c)4y=%(x+6) (d)3x—4y+12=0
2 2

The latus rectum of ellipse — + =— = 1 is -----------

25 16

s N 50
@ o ®) ©
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(vi)

(vii)

(vii)

(ix)

(xi)

(xii)

(xiii)

(xiv)

2 2
x
The eccentricity of the conic ? + T = 11§ -mmmmmmmm-

(a) V5 (b) \/ig ()5 (d) None
2 _2)2
The centre of ellipse (x+5) + (yz(?) [ ——
(a) (V10,20) ) (5,3) (c) (=5,3) (d) None
2 2
The equation of directrix for the conic T + 7 = 118 -—=mmmmmmm-
@ =17 (0)x =+ ©Ox=t% @r=:27

ax? + by? + gx + fy + ¢ = 0 where a, b, g, f and c are real numbers that represents
hyperbola if

(a) a and b are non-zero and of same sign
(b) a and b are non-zero and of different sign
(c) eithera=00rb =10 (da=b=0

2 2
Auxiliary circle of ellipse ? + ? = 11§ -mmmmmmmmm-

(a) x> +y2 =36 (b)x2 +y? =25
(c)x?+y%?=5 dx*+y2=6

. o (x-h)?  (y-k)?
The equations of directrices for 2 + 72 = 1 are ----------- where g > p
a)x=1=% x—h=%-
(@)x =& by x—h=+1
©y-k=1+{ @x—h=2+E

2 2

The vertices of hyperbola ? + 31/_6 = 1 are -----------

(a) (£5,0) (b) (0,£5) ) (0,44)  (d)(+4,0)
2 2
Conjugate hyperbola to s 118 =-----m----

2

=1 (b)y?_

The eccentricity of rectangular hyperbola is ------------

(a) 1 (b) 2 (©)V3 (d)v2

2 xZ

x 2 x?
—=1  ©

2
Sl




(xvi)

(xvii)

(xviii)

(xix)

(xx)
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X2 2
The equation of tangent to s + y? = 1at (Ve ()) T

(@)x =6 ®x=v6 (c)y=+v6  (d)None

X2 2
For what value of k, y = k is tangent to the ellipse o + y? = 118 ---------
(a) £3 (b) 5 ©+1 (d) None

2 2
X
The equation of tangent to E - ? = 1 with slope 2 is ----------------

(a) y =2x +23 (b)y = 2x + V41

(c) x =2y ++23 (d)y = 2x £/55

The equation of xy = c? represents

(a) parabola (b) ellipse (¢) hyperbola (d) circle
If origin is shifted to (2, 3) then coordinates of (5, 6) are -----------

(@) (2,2) (b) (3,3) (c) 44 (d) None

o
If xy-coordinate system is rotated at angle of " transformation for abscissa is

!

_X_y _X_y
(@) x =3 7 (b)x—\/7 7
(c) x= %—% (d) None

Find the foci, vertices and directrices for the conic
(x=5)? N (r+3)? (x+4)%  +7*

@ 25 16 1 ®) 9 16 1
Find the condition of tangency the line y = x + ¢ is tangent to the conic
(i) y? =10x () 2x*2+3y’=6
(i) 5x2—7y?=35
. (45 (y-3)? o
Find transformed equation of T s - 1 when new origin is (=5, 3).

If xy-axes are rotated through angle 6, find coordinates of P if new coordinates is
(=2,7),0 = 45°.



